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1.0 OBJECTIVES

In this chapter a student has to learn the
¢ Concept of Adjoint of a matrix.
¢ Inverse of a matrix.
e Rank of a matrix and methods finding these.

1.1 INTRODUCTION

At higher secondary level, we have studied the definition of a
matrix, operations on the matrices, types of matrices inverse of a matrix
etc.

In this chapter, we are studying Adjoint method of finding the
inverse of a square metrix and also the rank of a matrix.

1.2 DEFINITIONS

a) Minor of an element :

Consider a square matrix A of order n

Let
A= [au‘]m
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The matrix is also can be written as

4, A, A3 - T T 3y
Ay Ay Ay T T T 3y,
A=|- - - - - - -
_anl an2 an3 - - = ann n

Minor of an element a; is a determinant of order (nd) by deleting
the elements of the metrix A, which are in ith row and jth column of A.

E.g. Consider,

Iy
a a
M,, = { 21 22}
a3 dg
E.g. (i) Let,

(b) Cofactor of an element :-
If A= [aij] is a square matrix of order n and a; denotes confactor

of the element a;.
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C. = (-1)" .M, Where M, is minor ofa,.

ij

E.g. Consider,

1 3 4
A=[0 2 1
37 6
0 1
:_11+1M — _1l+2
Ci ( ) 1 Cip ( ) 3 6
a 12 1 3
= (=" = (-1) x (0-3
S 1)’ x (0-3)
= (1) x (12-7) = (-1) x (-3)
:5 = 3

(C) Cofactor Matrix :-
A matix C = [CU} where C;; denotes cofactor of the element a;.

Of a matrix A of order nxn, is called a cofactor matrix.

In above matrix A, cofactor matrix is

5 3 -6
C=(10 -6 9
-3 -1 2

1 2 4 =3
Similarly for a matrix, A = L 9} the cofactor matrix is c= { | }

(d) Adjoint of Matrix :-

If A is any square matrix then transpose of its cofactor matrix is
called Adjoint of A.

Thus in the notations used,
Adjoint of A = C!
Adjoint of a matrix A is denoted as Adj.A

Thus if,
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1 3 4 5 -10 3
A=]0 2 1|thenAdjA=|3 -6 -1
37 6 -6 9 2

(d) Inverse of a square Matrix:-

Two non-singular square matrices of order n A and B are said to be
inverse of each other if,

AB=BA-=I, where I is an identity matrix of order n.

Inverse of A is denoted as A™! and read as A inverse.

Thus
AAT=ATA=T

Inverse of a matrix can also be calculated by the Formula.

Al= |i Adj.A where |A| denotes determinant of A.

Al

1.3 ILLUSTRATIVE EXAMPLES

Ex) Find the inverse of matrix A by Adjoint method, if

>
1l
w = O

1
2
1

—_— W N

Sol) Consider

0
Al =1
3

—_— N =
Y S I )

=0(-1)-1(-8)+2(-5)
0+8-10
= -2

Co factor of the elements of A are as follows
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1+1 2 3
C.=(-1) . =—1
R
ol 3
c, =(-1)". =8
12 ( ) 3 1
1 2
c, = (-1)". =-5
w12
C, =(-1) . =1
242 [0 2
C22—(—1) 15 1‘=—6
243 0 1
C,.=(-1)". =3
a0l
1 2
C. = (-] 3+1. -1
e
32 100 2
C32—(—1) 1 3‘:2
343 (01
C.=(-1) . =—1
w0 f )
Thus,
-1 8 -5
Cofactor of matrix C=|1 -6 3
-1 2 1
And Adjoint of A= C!
-1 1 -1
=8 -6 2
-5 3 1
Ex 2) Find the given matrix, A| =27
6 -3 3]
Cofactor matrix C=|6 15 -6
-3 3 6
6 6 3]
© Adj. A=|-3 15 3
3 -6 6]
Now, A1A™ = 1 Adj.A
A
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Exercise 1.1

Q. 1) Find the inverse of the following matrices using Adjoint method, if
they exist.

12 12 3 . |cos@ —siné
1) ) 11) b lll) . 4
2 -2 4 -1 sind cosé
1 3 2 cosd —sind O 1 -2 3
iv) -3 0 -5|, v) [sin@ cosé@ O, vi)| 2 3 -1
2 50 0 0 1 -3 1 2

1 1 1
vil) [1 2 =3
2 -1 3
o (7
. 1 —tan — 1 tan —
cosd —siné 2
Q-3) IfA= . ,B= ’C= s
sind cosé@ o0 (7
tan — 1 —tan — 1
2 2
prove that A= B.C"!
4 -3 -3
Q4HIf A=|1 0 1 |,provethat Adj. A=A
4 4 3
1 2 1
Q.5IfA=|0 1 1|,verifyif (Adj.A)'=(Adj.A")
1 1 2
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1 2 -1
Q.6) Find the inverse of A=|0 1 -1|, hence find inverse of
2 2 3
-3
A=|0 3 -3
6 9
1.4 RANK OF A MATRIX

a) Minor of a matrix

Let A be any given matrix of order mxn. The determinant of any
submatrix of a square order is called minor of the matrix A.

We observe that, if ‘r’ denotes the order of a minor of a matrix of
order mxn then 1 <r<mif m<n and 1<r <nif n<m.

e.g. Let
1 3 -1 4
A=(4 0 1 7
8 5 4 3

1 3 -1 3 -1 4 1 -1 4
The determinants |4 O 1|, (0 1 7 {,(4 1 7],
8 5 4 5 4 3 8 4 3

0 1
5 4

3 4
0 7

1, (0], |-3

9 b 9 9 b

1 3
4 0

Are some examples of minors of A.
b) Definition — Rank of a matrix
A number ‘r’ is called rank of a matrix of order mxn if there is almost one

minor of the matrix which is of order r whose value is non-zero and all
the minors of order greater than ‘r’ will be zero.

e.g.(1) Let
1 0 2
A=12 4 1
3 57
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, 1 0 0 2
Considere.g. Let A, = =4, A, = =-8 etc
2 4 4
1 0 2
A, =12 4 1[=1(23)+2(-2)=19=0
357
. Rank of A=3
1 1 2
i A=|1 2 3
0 -1 -1
Here,
11 2
A =1 2 3 |=1(1)-1(-1)+2(-1)=0
0 -1 -1
I 1
A, = =120
I 2

Thus minor of order 3 is zero and atleast one minor of order 2 is non-zero
..Rank of A =2.

Some results:
(1) Rank of null matrix is always zero.
(i) Rank of any non-zero matrix is always greater than or equal to 1.

(iii) If A is any mxn non-zero matrix then Rank of A is always equal to
rank of A.

(iv) Rank of transpose of matrix A is always equal to rank of A.

(v) Rank of product of two matrices cannot exceed the rank of both of the
matrices.
(vi) Rank of a matrix remains unleasted by elementary transformations.

Elementary Transformations:

Following changes made in the elements of any matrix are called
elementary transactions.

(1) Interchanging any two rows (or columns) .

(i) Multiplying all the elements of any row (or column) by a non-zero
real number.

(i11)) Adding non-zero scalar multitudes of all the elements of any row (or
columns) into the corresponding elements of any another row (or
column).
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1.5 CANONICAL FORM OR NORMAL FORM

(0)

I
If a matrix A of order mxn is reduced to the form {r }using a

o O

sequence of elementary transformations then it called canonical or normal
form. Ir denotes identity metrix of order ‘r’ .

Note:- If any given matrix of order mxn can be reduced to the canonical
form which includes an identity metrix of order ‘r’ then the matrix is of
rank ‘r’.

e.g. (1) Consider
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2 1 -3 -6
A=l3 3 1 2
11 1 2
R, & R,
1 1 1 2]
013 3 1 2
2 1 -3 6
R, -3R,, R, -2R,
1 1 1 2]
013 -6 =2 -4
10 -1 -5 -10]
R, -7R,
11 1 2
710 1 33 66
10 -1 -5 -10]
R,-R,, R, +R,
[1 0 -32 -64
710 1 33 66
10 0 28 —56
R3><i
28
[1 0 32 -64
710 1 33 66
10 0 1 =2
R, + 32R,, R,- 33R,
10 0 0
J/10 1 0 0
00 10
O[L, o]
. Rank of A=3
e.g. (2) Let
1 2 3
A=2 4 7
3 6 10
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R,-2R,, R,-3R,
1 2 3
012 4 7
13 6 10

0[L, o]
.. Rank of A=2

3)
1 -1 -2 -4

,—2R,, R,-3R,, R, —6R,,
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Rz_R3

1
<+ 0 o ~
| = -
oA \O
7 o &
4|_Al49
—_ O O O
L - = =
(]

R,+R,, R,—4R,, R, -9R,

=7
-3

0 -8
-6
0 0 33 22
0 0 66 44

1

0

1

R, -2R,
10

0 1

7
-3

-8
-6

0 0 33 22

0

=7

0
0 0 O

0

C3' C4

0

—7

-1

0

0

0

0

R,+R,, R, +3R,
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.. Rank of A=3
Exercise:-

Reduce the following to normal form and hence find the ranks of the
matrices.

2 3 4 -3 4
1 2 3 ..
1)[ }, m4 3 1 m)| 5 =5 7
31 2
1 2 4 3 1 -4
1 2 1 O
1 2 3 0
2 1 -3 -6 3 2 1 2
12 4 3 2 .
1v) v) 3 -3 1 ] vip)2 -1 2 5
321 3
1 1 1 2 5 6 3 2
6 8 7 5
1 3 -1 -3
2 6 -2 6 10 3 4 5 6 7
-3 3 -3 -3 -3 4 5 6 7 8
vi)| 1 -2 4 3 5 vi) |5 6 7 8 9
2 0 4 6 10 10 11 12 13 14
1 0 2 3 5 15 16 17 18 19

1.6 NORMAL FORM PAQ

If A is any mxn matrix ‘r’ then there exist non singular matrices P and Q
such that,

I o_PAQ
0 0|

We observe that, the matrix A can be expressed as
A=ImIn............ (1)

Where Im In are the identity matrices of order m and n respectively.
Applying the elementary transformations on this equation. A in L.H.S.
can be reduced to normal form. The equation can be transformal into the

equations.
I O i
{ r } =PAQ............ (i1)

Note that, the row operations can be performed simultaneously on
L.H.S. and prefactor (i.e. Im in equation (i)) and column operations can be
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performed simultaneously on L.H.S. and post factor in R.H.S. i.e. [(In in
eqn (1)]

Examples :-

Find the non-singular matrices P and Q such that PAQ is in normal and
hence find the rank of A.

2 -1 3
1) A=|3 4 -1
1 5 4

Solutions : Consider

A=1; Al,
2 -1 3] [1 00 1 00
34—1={010A010
1 5 —4] |0 01 0 0 1
R, & R,
1 5 —4] [o 0 1 1 00
34—1:010A010}
2 -1 3| |1 0O 0 0 1
C,-5CS,, C, +4C,
1 0 0 0 0 1 1 5 —4
3 11 -11{=|0 1 O|A|O0O 1 O
2 —11 -11 1 00 00 1
Rz_R3
1 0 0 0 0 1] 1 -5 4
1 0 O0|=|-110/A|0O 1 O
2 —11 -11 1 0 0 0 0 1
R,-R,R,- 2R,
1 0 0 0 0 1 1 5 —4
0 0 O|l=|-11 -1|]A|0 1 0
0 —11 11 1 0 =2 0 0 1
C,+ C,
1 0 0 0 0 1 1 -5 -1
0 0 O|=(-11 -1]A[0 1 1
0 -11 0 1 0 =2 0 0 1
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R, x— ,
11
1 00 0 0 1 1 -5 -1
00 O0l=|-11 -1|A|l0 1 1
010 1 ) 0 0 1
M0,
R, & R,
1 00 0 0 1 1 -5 -1
-1 2
01 oj==4, 0 2 a0 1 1
0O 00 -1 1 =1 0O 0 1
Thus
0 0 1
-1
_ -1 2 _ 1
P= My 0 Ay A Pl=g
-1 1 -1
1 -5 -1
Q= [0 1 1 A |Q =1
0 0 1

P and Q are non-singular matrices
Also Rank of A =2

2 1 -3 -6
i) A=l3 -3 1 2
1 1 1 2
Solutions:
Consider:
1 0 0O
1 00
01 00
A=|0 1 0| A
0O 01 O0
0 0 1
0 0 01
1 0 0O
2 1 -3 -6 1 00
0100
3 -3 1 2|=10120
0010
1 1 1 2 0 0 1
0 0 0 1
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S O —

0 0 0
-6 2 —4
-5 -10

-1

1
3
2

56

R,-3R,, R, - 2R,
0 0 28

R,-6R,,
C,-2C,

|

0 O
-6
1

|

|

0
0 0 28 0

0

0
-5 0

-1

1

C,-5C,

|

0 O
-6 1
0

1

11

0
0 0 28 0O
0 O

0

0

-1

1

0 1
Vs 72
0 -2

0
3
1
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R, <R,
1 -1 4 0
1 000 0 0 1
01 -5 0
01oo=—102A0012
0010 3 /9
%44848 0 0 0 1
1 -1 4 0
0 0 1
01 -5 0
[130]:102,40012
3 1/ 9
444848 0 0 0 1
0 0 1
P:102,P|:i
3 1/ 9 28
/144848
1 -1 4 0
Q_01—50Q|_1
o0 1 =2
0 0 0 1

. P&Q are non singular.
Also,
Rank of A = 3.

Exercise:

Find the non-singular matrices P and Q such that PAQ is in normal form
and hence find rank of matrix A.

1 0 2 1 2 3 2 3 1 1
) |2 3 4 i (2 3 5 1| m)|1 1 1
3 3 -6 1 3 45 1 -1 1
3 5 7
2 3 4 7
) 6 8 10
iwv) |-3 4 7 9| (v)
15 27 39 51
5 4 6 -5
6 12 18 24
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VECTOR CALCULAS

UNIT STRUCTURE

5.0 Objectives

5.1 Introduction

5.2 Vector differentiation
5.3 Vector operator V

5.3.1 Gradient

5.3.2 Geometric meaning of gradient
5.3.3 Divergence

5.3.4 Solenoidal function

5.3.5 Curl

5.3.6 Irrational field

5.4 Properties of gradient, divergence and curl

5.5 Summary

5.0 OBJECTIVES

After going through this unit, you will be able to
e Learn vector differentiation.
e Operators, del, grad and curl.
e Properties of operators

5.1 INTRODUCTION

Vector algebra deals with addition, subtraction and multiplication
of vertex. In vector calculus we shall study differentiation of vectors
functions, gradient, divergence and curl.

Vector:

Vector is a physical quantity which required magnitude and
direction both.
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Unit Vector:
Unit Vector is a vector which has magnitude 1. Unit vectors along
co-ordinate axis are { and J, k respectively.

A A

J =1

Scalar Triple Vector:

Scalar triple product of three vectors is defined as

a. (BXE) or [a bc ] . Geometrical meaning of [5 bc J is volume of

parallelepiped with coter minus edges a, b andc.

We have,
[565]:[655] =[E£B ]
[abe]=-[bac |

Vector Triple Product:

Vector triple product of ab and c is cross product of a and
(b X c)i.e. a x(b X c) or cross product of (a X b) and ¢

cax(bxc)=(a.c)b-(a.b)e
(axb)xc=(a.c)b-(b.c)a

Remark : Vector triple product is not associative in general

i.e..-.ax(BxE) * (EXE)XE

Coplanar Vectors:

Three vectors 5, b and c¢ are coplanar if [5 b c} = 0 for

‘5\;&0, ¢ #£0

B\io,

5.2 VECTORS DIFFERENTIATION

Let v be a vector function of a scalar t. Let dv be the small
increment in a corresponding to the increment dt in t.
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Then,

ov="1 (t+0t) -v(t)
v _ Vv (t+at) -v(D)
a ot

Taking limit dt —»0 we get,

v v (t+0t)-v(t
lim 9 = (L0 VO
a—0 It %t—0 ot
d&v . ov .. V(t+at)-V(D)
— = lim — = lim
dt a—0 It =0 ot
v .. v (t+at)-v(D)
— = lim
dt t—0 ot

Formulas of vector differentiation:

@) % =(kV) = ki—:[ k is a constant |

.. d _y du dv

nm) — (u+v)=— + —

) dt ( ) dt dt

Lod oy _ dv _ du

m) — (u.v)j=u. — + v.—

( )dt ( ) dt dt

(iv)i (ﬁxV):ﬁxﬁ + d—uxv
dt dt dt

wIf v= vli + sz + V31A<

& dvp dve s A

Then, dt  dt a 17 ae

Note:
If T= Xi+yj+zk thenr= |?| =X’ +y*+ 7’
Example - 1:
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If T= (t+1)i+(t2+t-1)j+(tz-t+1)12ﬁndd—fandﬁ
dt dt
Solution:—
= (t+1) i+ (C+t-1)j+ (C-t+1)k
ar_ i+ (2t+1) 5+ (2t-1)k
dt
d’r A A
?: 2J+2k
Example - 2:
If T= acoswt+ b sinwt where w is constant show that
p— 2_
ix oy (@xb)and Sf = wr
dt dt
Solution: —
T = acos Wt + b sin Wt-------— 1
d_r: R L N R — (i1)
dt
. TX d_r: (Ecos wt + b sin wt) X (—Ew sin wt + bw cos wt)
dt
_ = ) — waxa=0
=(a><b)wcoswt—(b><a)ws1n wt - _
bxb=0
. _ bxa=0
=(Exb)wc0szwt+ (Exb)wsinzwt { xa_}
=-aXxb
= (EXB) w [coszwt + sin® wt]
= (ExB)w(l)
= W(EXB)

Again differentiating eq™ (ii) w.r.t. ‘t’

@r
dt?

= -w’ (Ecos wt + b sin Wt)

= -aw’cos wt - b w’sin wt

= -w’r from (i)

Example 3. Evaluate the following:
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d - _ d _ da d*a
i)—=|a b ¢ 1) —=|a — —
)dt [ J T { dt dtz}
Solution: — i) —= |2 b ¢

d _ _
= a[a. (bxc)}
d da
=za.— (bxc)+|bxc).—
[ (bxT)+(bxe).
=a (Exd—c —bXCj+(BXE).d—a
dt t dt
:_(Exd—cj+§.@xc +(B><c) da
dt dt dt
={EB d—c}+ a g +{Bed—a}
dt dt t
—_— 2_
Solution: — ii) i: a d_a d—?
dt dt dt
_da d%a _ _d*a da da d*a da
=la — —F|+|ac— ——F|+| +— —F5 —
dt dt dt t dt dt dt
(From Result 1)
p— 3_
Sl da) 040
dt dt

_ da d’a
=la. — —
dt df’

Example 4. Evaluate the following: %: [(E X B) X C }

Solution: — iv) %: [(EXB) xE]
_ = dc d,_ =
=(axb)xd—:+a(axb)><c

=(E><E)><d—C +|ax ﬁ+d—ax5 X ¢
dt dt  dt

:(Exﬂ)xd—c + §><ﬁ X ¢+ (d—axﬂjxc
dt dt

dt
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O
Example 5. Show that T X o —zdt, where £ = =
dt r r
Solution : We have T = L
r
& _ 4 (1)
dt dt \r
dr _dr
- I‘i
_ _dt dt
I_Z
_Ldr r dr
r dt r® dt
LHS. f = —
r
T (1df T drj
= — X -
r rdt r? dt
_ T 1dF_ EXT ar
r r dt rr dt
T dr — o
:r—sz—O [.‘rXI‘:O]
dr
rx —
_ dt
r2
= RHS
Example 6. If T =t> i + (21;3 - S—LJ j. Then show that T X C;—rt =k
Solution:
T=thi+ (2'[3— #j]
ar _ spy (6t2+ %)1
dt 5t
L.H.S.
1 ] k
VLN e 21;3—L2 0
dt 5t
3t 6t2+i3 0
5t
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Il

-
1

-+

W
7 N\

o))

-+

Wi

+
| N

|

o))

-+

Wi

+
| W
N
L 1

=k
= R.H.S
—= — _mt 1. —mt dz? 2—
Example 7. If 1 =ae™ +be ™. Show that i =n'r
Solution:
T S A ™ D ™ e (1)
dar ae™ -mbe™
dt
2_
d_;‘_ 2 = mt+m2be—mt
dt
=m’ (E e" + be™)
=m’T (from (1))
2_
d_§: .
dt
Check your progress:
(D) If du =wXu and v = WXV
dt
Show that % (U x v)=wx(u xv)
_ - dr d°t
D) If T=ti+(3¢-¢°)j+ (7t +1) k Find —, —
2 ( Ji+ ) dt = dt’
B)If: T=ti—tj+(st-1)k Fing 9T, &7 |dr] 1T
' ! ’ dt’ dt* " |dt]| " |dt?

2—

(4)If T==g"i+(2cos 3t) j+ (7sin 3t)j Find C;T; at t = %

(5) Show that: a. ((11—11 =a % where a=aji+a,j+ak and a is
magnitude of a.
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5.3 VECTOR OPERATOR
The vector differential operator V is defined as
20 ~0d ~ 0
V=i—+j] —+k —.
ox = dy 0z

5.3.1 Gradient:

The gradient of a scalar function is denoted by grad ¢ or V¢ and

is defined as V¢—1—¢ +] a¢ ¢ Note that grad ¢ is a vector
ox ay az

quantity.
5.3.2 Geometric meaning of gradient:

The grad ¢ is a vector right angled to the surface, whose equation

is @ (X,y, z) = ¢, where c is constant.
Hence for T =xi +yj +zk any point on surface ... V¢ .dr=0

i.e. V@ at is right angles to dr and dr lies on the tangent plane to the
surface at P(T).

V¢ L dr

Geometrically V¢ represents a vector normal to the surface
o (x, y, z) = constant.

Example 8: Find grad ¢, where ¢ =x* y° ¢’

Solution: grad ¢ = (1 ai+3 ~+k ij (x2 y’ ez)

2 (eye)s 3ai(zy3ez)+1z
= (2xy )+j(3x ye)+1A<(xzy3eZ
y

’e” (2y i +3X} + XylA( )

Example 9: If T=xi+y] + zk find grad r
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Solution:

+d 120 ~ 0
Gradr =|i —+] —+k — | X’ +y’+7°
( ox Jay BZJ Y
=fi x2+y2+z2+3i x2+y2+z2+f<i X’ +y+7’
ox ady 0z
A 1 A 1 A 1
=1 (2x) + ] (2y) +k (2z)
22X+ yi+ 7 X+ yi+ 7 22X+ y + 7
ISR
r roor
iy
r
sogradr = r

r

Example 10: If 1 = Xi+ y} + zk find grad 1
r

Solution:

T=Xxi+Yyj+zk

r={x’+y +7’
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Example 11: If ¢=2x’y—y’z find grad ¢ at (1, -1, 2)

Solution:

=1 (6X2y) + 3 (2)(3 —2yz) +k (— y2)

=f6x2y+ 3 (2)(3 —2yz) -k y’
At (1, -1, and 2)

grad ¢ =6 (1) (-1) i+j (21) -2(-1)(2)) -k (-1
=6i+j (2+4)-k
=-6i+6j —k

Example 12: Evaluate grade” , where r’ = x>+ y>+2’

Solution : Grad ( ) = (f ;—X+3 aiy+12 %) o
~ 0 2y ~ 0 2 ~ d 2
=1a_x(e )+]a—y(e)+kg(e)

=ie" .arE +je" .arE +ke” .arE
ox ady 0z

o2 X N2 A2 Z
=ie" dr.— + je' aY yket ol
r r r

2

=re (xf +yj +zﬁ)

2
- —

=rer
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Example 13: Find grad r"

Solution: grad " =

+ 0 A d -
=i—1"+j—r1r" +k —1"
ox ay 0z
_ar ~ - _ar
=inr"' — + jnr"'— +knr" —
ox y 0z
o a4 X ~ _ ~ Y/
=ine 2 4 jnemY ka2
r r r

=inr"’x + jnr"’y +knr"’z
=nr“‘2(xi+yj+zk)

=nr"’r

Example 14: Find grad log (x2 +y + 22)
Solution:

grad log (x2 +y + 22) = grad log r* = grad (2log r) =2 grad (log r)

2 (I (_;ix(log r)+j %(log r)+1A< %(log r)}

-2 (; Tor ~1or ¢ lij

_ ( ) llmzj
rr

a.t) a n(a
Example 15: Show that grad |— |=—= r where
r r

T =ri+yj+zk

Solution: let
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o
|
I}

HQD
>
+
o

[ %)

<
+
o

[9%)

:ii+ji+ki (a1x+a2y+a3zj
ox “dy 0z "

. 0 (alx+a2y+a3z)

now .. 1—

ox r
L oor
" a-(a, x+a,y+a,z) " —
=i aX
I_2n
4OX
|- (a, x+a, y+a,z) nr"”' .
=1 2n
r
_ (1" a-(a, x+a,y+a; z) nx" 1"
=1 an
similarly
_ 9 ((a x+a,y+a,z)
ady r"
n n-2
(1" a,-(a, x+a,y+a;z)nyr
- J r2n
and

n

r

9 [(a1x+a2y+a3 z) j

2n

n n-2
" a,- (a, x+a,y+a,z)nzr
r

Il
=
e N Q)

" (a1 i+a,j+a, k)— (a, x+a, y+a, z) nzr“‘z(xi+yj+zk)

- I,2n
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a® -n(aT)r"T
= e - )

ar" n(E f) _
= 2n - n+2 I

Check your progress:
MIFT =xi+yj+zkand T = |T|

Show that:

'-gml =

a) grad (log 1)
b) gradr’ = 3rT

c) grad f (r) = f' (1)

= | =

(2) If ¢ =4x’yz + 3xyz” —5xyz
Find grad ¢ at (3, 2, -1)
(3) Show that gradr’ = -3r° T

@IfF(x,y,z) = x>+ y’+2z° Find VF at (1, 1, 1)

(5) Show that V£ (r)xT =0 where T =xi +yj + zk

(6) Find unit vector normal to the surface x*+y”>+z°=3a” at (a, a, a)

\%
[Hint :- Unit vector normal to surface ¢ i.e. _(P]

Vol
5.3.1 Divergence:

Ifv(xyz= vlf +V, j+ Vs k can be defined and differentiated

at each point (x, y, z) in a region of space then divergence of v is defined
as divv=V.v

INSTITUTE OF DISTANCE & OPEN LEARNING



APPLIED MATHEMATICS 1

£+ d ~+0d =~ 0 : :
:(1 a—X+Ja—y+kgj.(v11+v2J+v3k)

0 d d
= B_X(v1)+ a_y(v2)+ g(‘@)

Example 16 If F = (x2 —yz) 1+ 2xyj + (y2 —2xy) k,find F

Solution: div F =V . F

= (I %+3 aa—y+ k %j . {(xz—yz)i+2xy3 + (y2—2xy)12}

d d
= g(xz—y2)+ a—y(ny)+ —(y2—2xy)
=2x+2x+0
= 4x

Example 17 Show that divr =3 where T = Xi + y} +z k

Solution: div T
=V.F

=(i%+j%+ kaij (s i k)

= () 50+ 2(2)

=1+1+1
=3
Example 18 For 1 = Xi + yj +zk show that div (r“ ?) =(n+3) 1"

where r = |f|

Solution: L.H.S. div (r“ T) =V. (r“ r)
2 a “ 8 ~ 8 n ~ A A
= (1 a—X+J 8_y+ kgj T (X1+yJ+Zk)
0 0

n J n n
:a—x(r X)+ a—y(r y)+ g(r Z)

=r"(1) +x nr"” o (1) +ynr"! L. (1) + znr &
ox dy 0z
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=3r" + " | x + or or
ox ady 0z
=3r" + o'’ (x.—+ y.l+ z —j
r r r
=3r" + nr"* (X2+ y + Zz)
r
2
=3r" + nr" —
r
=3r" + nr"
=(3+n)r"
=R.HS.

Example 19 Evaluate div ()where T =xi +yj+z k
Solution: We have " = —
r

xi+yj+zk

div (1)
= V.t
_ Ii+ai+f<i ' Xi+y3+zf<
ox ~ dy 0z r
sl )
ox \ r oy \ r oz\ r
or
r(l)-xgr r(l)-yafy r(l)-zgr
= - X + - + - z
r r

- 2
T T
2 -x2 r2—y2 2 - 72
= 3 + : 3
r r r
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Example 20 If F=x’y’ z* Find div (grad F)

Solution: grad F

= VF
= [ 2439452 ey
ox = dy 0z
= 2xy’z* i+ 3y’z* 3 +4x°y’7’ k
- div (grad F)

= V. (2xy3z4 i+ 3y’x°z* 3 +4x°y’z’ 12)
0 0 0
= —(2xy’z*) + —(3y’ x* z*) + —(4x%y’ 2’
5 (20) (B )+ 5 (4 )
= 2xy’z' +6x°yz' + 12 X%y’ 7°
Example 21 Find the value of div (a X T) r" where @ is a constant
vector and T = xi + yj +z k

Solution: div (2 x 1) r"

~ 0 o\
= 1a—X.{(a><r)r}

-3 H% (@ x T)}}ru(a < T) % (r)}
=20 Ka X g—zjr“+(§ X T)nr"” g_j
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T [ Yxi=T]
XT).T|

—

=" (a xT

hl

*(0)

=

—_

=nr
=nr

5.3.4 Solenoidal Function: A vector function F is called solenoidal if
div F =0 at all points of the function.

5.3.5 Curl: The curl of a vector point function F is defined as curl
F= VxF if Fi+Fj+Ek.

wcurl F=V x F
= (V x F)
AN S L R
ox = dy 0z

i ] Kk

_ |9 9 9
ox dy 0z
I::l FZ F3

i @B _9B) A _R) (9 oK
dy 0z ! ox 0z ox dy
The curl of the linear velocity of any particle of rigid body is equal

to twice the angular velocity of body.

re. if w= WliA + sz +W31A( be the angular velocity of any particle of the

body with position vector defined as 1= Xi + yj +zk then linear velocity
V=W XT

Hencecurl v =V XV

=V x (WXT)

1 ]k
=V X|w, w, w,
X 'y z
=V X [I (wyz -w,y)—j (w,z -wx)+k (w,y —wzx)]
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j k

9 9

ady 0z

WoZ -W,y  WiX -W,Z W,y -W,X

=1 (w, +w,)=](-w, -w,)+k (w; +w,)

= 2W1i+2w23 +2W312

=2W

- curl v=2w

5.3.6 Irrotational field:

A vector point function F is called irrotational if F= 0 at all
points of the function.

Example 22 Find curl (curl F) If F=x>yi-2xzj+2yzk at(1,0,2)

Solution: Curl F

i ]k
]9 d 0
Tlax oy

Xy —2xy 2yz

i j k

3 0 0 0

Tl ox 9y oz
2z+2x 0 —2z-x’

+ﬁ{%(o)—;—y(2z+2x)}
=1(0)—j (-2x-2)+k(0)
= (2x+2) ]
At (1,0,2)
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(curl F)= [2(1) +2]
= 4]

Example 23 Find curl V if V = (xz +yz) i+ (y2+2x) j (z2+xy) k
Solution: curl V
=VxV

S
9 9 9

ox ady oz

X*+yz y'+zx z°+Xxy

=1 ai(z2+xy)—%(y2+2x) —3 aix(zz+xy)—%(y2+yz)
y

+1A{aix(y2+2x)—aiy(x2 +yz)}

=iA£x -x) - j(y-y)+k(z-2)

=0

QU =

Example 24 Evaluate curl T where if 1 = Xi + y} +7k

Solution: Curl T

A

T

Example 25 Evaluate curl [
r

j where if f:xf+yj +7k

Solution:
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r X2 ¥y~ Z
-.curl (—j =V X (—214'—2] +—2

r r r r
i j k
BERERE
T lox 9y oz

X 'y z

PR

~| =2z 2r 2y 2r
=1 —_— _ +
i r o2y r 2z
2z y 2y z
=1 - 4+ = — +
| or r’ r}
| (2yz—2yz )\ ~(2zx-2zx
) ()
L r r
=0i + 0] + Ok
=0

Solution: curl

i
9 9
ox dy

x’y
[ai 2y7) -2 (Xz)} -] L’%

+k {ax (x z)—aiy (x> z)}

=i (2z-x)- j(0-0) +k (Z—Xz)
=(2z-x) i+ (z—xz)ﬁ
div (curl F)
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_ (;i X +kaij [(22-%) F+(z-x7) §]

Example 27 If F = grad (xy +yz +2x), find (curl F).

Solution: F = grad (xy +yz +2x)

=V (xy+yz +zx)

— {1i +j=— +ki} (xy + yz +zx)
z

Xy +yz +2x) + ] ai (xy + yz +2x) +128i( y + yz +zX)
y z

ol
=i (y+2z) + j(x+z) +k (y+x)
<. (curl F)

i j k
9 9 9
ox ay oz
y+z X+zZ X+y

_5 {;_y(xﬂ) % (X+z)} -] [;—X (x +y) aaz (Y+Z)}

CURL

)V (ftg) =V I+ Vg

(i) V.(A+ )=v7v_r V.B
(iii) V x (A+B) =Vx A £ V.B
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Proof:
~(0d ~0 ~ 0
DV (fte) =i | L +72+k 2| (f +
@ ( g) ' (ax +J8y+ 0z ( g)
~ 0 A~ 0 ~ 0
=1 — (f £ + 37— (f = k —
lax( g) ay( g)+ 0z
% )

=Vf + Vg
(i) Let A=Aji+A,j+Ak

B,] +B,k
+

=V.A +V.B
(i) Let

V x (A£B)

~ 0A » _ OB
- Yix &2+ ¥Vix &
ix = _§1><ax

= VxA+VxB

INSTITUTE OF DISTANCE & OPEN LEARNING
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Check your progress:

(MIf A=Ai+A,j+Ak, T=x1i+y]j+zk Evaluate div (AxT)
(2) Prove that

div (log rfj: D+ 210g0)
T T

| =

(3) For T =x i+ yj +zk ) show that the vector div ( j is both

solenoidal and irrotational.

(4) Prove that div (a.7) a= [a|

(5)For T =x 1+y]+zk show that V.(Vr“) =n (n+1)r"?
(6) show that the vector F = yzi + zxj + xylA< solenoidal.

(D If A= (ax+3y +4z) i + (x-2y +3z)] + (3x + 2y - z)k is
solenoidal find value of a.

(7) Find the direction derivative of a scalar field ¢= x’y z at(4,-1,2)
in the direction of (3, 2, 1).

[Hint :- direction derivative of ¢ (x,y, z) along a is= a. grad ¢]

5.4 PROPERTIES OF GRADIENT, DIVERGENCE AND
CURL

1) If S represents displacement vector, m represents velocity and —-
t

represents acceleration.

2) For Sg_;9, ji+ k9
dt ox ~dy 0z
grad f =V F
grad F=V.F
curl F =V x F

3) grad F and curl F are vector quantities.

4) div F is scalar quantity.
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Using equation (1), we have

dt
dx

ﬂ=t2+4
dx

) 1
T 1244
Which is invariable seperable form

— 4=t

-dt = dx

Integrating we get,

1
+4

. |5——-dt=[dx+constant
t

ji tanl(lj =X+C
2 2
t=x+y

g 1 tanl(u) =X+C
2 2

; tanl(XLzy) —2x+c; wherec,=c

Which is the required general solution
4)

Put X+y=t
Differentiating with respect to x, we get
1+ d_y — ﬂ
dx dx
LAy
dx dx
Using equation (1), we have

. t-(ﬂ—ljﬂ—x:O
dx

58
ﬂ_;[:i_l
dx t
dt  x
dx t
xdx = tdt

Which is invariable seperable form

Integrating we get, I xdx = j tdt + constant

x>t
—=—+cC

2 2
XP =t +2c
t=x+y

X2 =(x+y) +2c

X =XP 42Xy + YR+ 2¢

S2Xy+y? =-2¢

- y? +2xy =c, where ¢, = —2C
Which is the required general solution

3) Solve: [X cosxj -dx — (i sin + cosxj .dy =0
X X y X X

Soln:
The equation is,
(lcoszj -dx - (ﬁ~sin1+ coslj -dy=0
X X y X X

Substitute Y_y
X

RYERY)
Differentiating above with respect to x, we get

dy dv
===V X —
dx dx

But the above equation can be written as

Y. cosx —(i . sinX+ cosXJ -ﬂ
X x \y X X ) dx

0

[§smescosv)(vx g
S.VCOSV-| —-sinv+cosV || V+X-— |=0
\Y; dx
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By rearranging the terms, we have

1 sinv + vcosv
—.dX=——————dv
X vsinv
1 sinv +vcosv

. —dx+—————dv=0
X vsinv

Which is invariable seperable form
Integrating we get,

1 sinv +vcosv
. [=-dx+ [—————dv =constant
X vsinv

. logx +log(vsinv) = ¢
log(x - vsinv) = légc
XV-sinv=c

v=¥

X

><|<

sinY - c
X

. ysin Yy_ c
X

Which is the required general solution

Checkpoint :-

Solve the following

1) ﬂJre% _Y Ans:logcx:e%

2) (1+e%j+e%(1—5)ﬂ=0 Ans:x+y.e%:c

y ) dx

3) (2x—y).e%+(y+x.e%j.g—z:0 Ans :y? + 2x%e’% = ¢

[tany y. zy}dx+sec2y dy=0
X X X

X
Ans X+ tan[xj C
X

60

Homogeneous Equations

A differential equation Mdx+Ndy=0 is said to be homogeneous if M & N are homogeneous
functions of x and y of same degree

Working Rule :

1) Check whether differential equation is homogenous in x and y

d
2) Express & in terms of x and y

dx
3) Put y=vx
9 ﬂ=v+x-£
dx X

5) Seperate x andy variables and get F(ex)dx+ g(v) dv=0
6) Solve by integration
7 Put ,_Y and simplify
X
Solved examples:-
1) Solve : (x2 + yz)dx +2xy-dy=0
Soln We have : (X2 + yz)dx+ 2xy-dy=0
Here M and N are homogeneous expressions in x and y of the second degree

. 2xy-dy= -(x2 + yz)dx

. 2xy -dy = -(x2 + yz)dx

2xy
put y = vx
_y=V+X.£
dx dx

dx - —2X- VX

av K1)
. V+X&=——2V-X2
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dv_1+2v
dx -2V
dv1+3v°
dx -2V
— 2v -dv = 1dx
1+3v? X

Which is invariable seperable form

Integrating above expression we have

1. 6v

Lo —— -dvzjl dx + constant
371+3v? x

- %Iog(l+ 3v2) =logx +logc

- %Iog(1+ 3v2) = log(cx)

1
1+3v?% =
c3x3
vy
X
2
y 1
1+3. L =
x? 3%
1
3 2
X~ + 3xy :c_3

. x3 +3xy? =k where k:%
c

which is the required general solution

62

2) Solve
y2 +X2 .ﬂzxy.ﬂ
dx dx

Soln :
The given equation is
2 2 dy dy

ARl
y2+x2~%=xy-%

. y2=%(xy—x2)
o

Which is a homogeneous equation

Put y = VX

using equation (1),we have

dv v2x?
VA X —=
dx  x-vx-x2
V+ X dv_ vox®
dx  x*(v-1)
v
dx_(v—l)
ﬂ_ \Y%
dx_(v—l)
V—_1~dv=1 dx
v
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63
Which is invariable seperable form 3
_ v 12
Integrating we get, T hdx 3y2
1 1 2
[l1-=|dv =[= dx+constant 3v 1
\Y X . -dv=—dx
1-2v® X
. vlogv =logx +logc Which is invariable seperable form
. v=logv +logx +logc Integrating we have
. - 2
. v=log(vxc) —E-IL-dv=Ildx+constant
2 "2v® -1 X
v=Y 1
X .= 3_1)=
ST Iog(2v 1) logx+logc
y y
. ==log =X
X g(x X C) Iog(2v3 - 1) = —2log(cx)
3 X = |og cy " |¢Q(2V3 - 1) = |¢Q(CX)72
X
. y=xlog cy (2v3 _ 1) _ 21 .
Which is the required general solution Put y cx
3) solve : (x3 +y3)dx—3xy2 .dy=0 X
Which is a homogenous equation . ﬁ o1
2 v 1= 52

(x3 + yg)dx =3xy? -dy
2 3 3 X
". y —_ X — _2

3 3 c
% e @ .
y - 2y® —x® =kx where k = =
Put Y=VX c
d d Which is the required general solution
S AV
dx dx 4) solve: y 5y 5y
using equation 1 we have xtan; Cysec dx+xsec X dy=0
3 3,3
vy _ X +vix 4) soln:
2,2
X 3x-v7x The given equation s ,
3 3
X714+ v
V+Xd_V:M xtanl—yseczl dx+xseczx-dy=0
dx  3v?.x3 X X X
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Which is a homogeneous equation

put y =vx

Using equation 1 we have

dv tanv
X — = W —
dx

ar >
sec” v

dv tanv

dx sec?v

sec?v
tanv

dv=—l~dx
X

2
. w~dv+—l~dx=0
X

tanv
Which is invariable seperable form

Integrating we get,

2
sec’v 1
. [——-dv+[=dx=constant
X

tan” v

. logtanv + log x =logc
~ log (tanv-x ) =log c
. x-tanv = ¢

Putv="Y
X

" x~tanX =C
X

Which is the required general solution

Check Point
1)solve the following

(i) xdy — ydx = y/x* + y? -dx
Ans: y+ [\2 1y? = ox?

(ii) (x +y- cot%) dy -ydx=0

Ans: Y= CSGCE
y

dy dy
a2 X2 —— =Xy —
@iy + dx y dx

%

(iv) (x2 - yz)dx = 2xydy

Ans:Cy=¢€

Ans: x(x2 —3y2) =c

W) xﬂ=y+\/x2 +a’

dx

Z%
y=c-e 3y

(w')(x+y)%=x—y

ANS:

Ans: —y? _2xy+x®=c
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Exact Differential Equation L AN_2 (4X3y_12X2y2 B 5y4)

Definition :- X X
The equation Mdx+Ndy=0 is said to be an exact differential equation if and only it. = 12x%y - 24xy? -
Mdx+ Ndy=du AN
Where u is some function of x and y B 12Xy — 24xy?
e.g. xdy+ydx=0 is exact

Cu=xy M N
Where Hence differential equation (1) is exaé/
xdy+ydy = du - Its solution is given by

Necessary and sufficient condition :-
The necessary and sufficient condition that the equation Mdx+Ndy=0 is exact is.

Rules for the General solution :-
If the equation Mdx+Ndy=0 is exact then its general solution is given by

[M (treat y as constant) dx+ [N (terms free from x ) dy =c

Where
MIM@M C%%SIPaﬂj int r?e'm{tsh FSSF%FOCHX X, treat y as constant Which is the required general solution
y & y i)Ins cond in egral do not take theyterms containing x i.e. take only those terms of N (2) Solve : 3 2
. (5x + GXZW‘ %ﬁzolxgre rog&,x) |fd90 such term is available then second integrals may not be ﬂ __4X’y" +ycosxy
consideréd dx 2x*y + x cos xy
s x5 6%y (igycis arb|tr)§9ry c;r@ant of Integration. The given equation is
2 Stzlve(? E&amﬂles 2 ° dy  4x%® +ycosxy
2,,2 3 2,,2 4 -V =~
%5+ 2x%y 1)43)(9'}‘/? C(Sx +6x%y —8xy)dx +(4x y—12x%y? -5y )-dy =0 dx 2%y + XGOS Xy
Soln: The given equation is: (4x3‘y2 +YyCos xy)dx + (2x4 +YyCos xy)dy =0.coveenee.
4 2\,2 3 3 —
(SX +6x7y" —8xy )dX + (4X y- 12x* y - oy )dy =0-—=-—- @D Comparing with Mdx+Ndy=0; we have

M =5x* + 6x°y* — 8xy°®

03,2
N = 4x% —12x°y® - 5y* M = 4x%y® + y cosxy

N = 2x*y + X COS Xy
M_ 0 < (5x* + 6x%y* — 8xy°)
oY oY .M 0”( NN )
S—= y® +ycosxy
=0 +12x%y — 24xy? &y &
oM M_ 8x%y? + cos xy — xy sinxy

s —— =12x%y — 24xy? -
oy y y &
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_._%zé(zx“y +ycosxy)
N 3 i
g:8x Yy +COS Xy —XysInxy
M_AN
A

Hence differential equation (1) is exact

Its solution is given by
[Min(treat y constant)dx + [ N(terms free from x)-dy = c
(4x3‘y2 +YyCos xy)dx + Iody =c

4yzjx3dx +yjcos Xy =C

4

ay> .x_+ysinxy e
4 y
x*y? +sinxy = ¢
Which is the required general solution
(3) Solve: (x—2ey)dy+(y+ xsinx)dx =0

The equation given is
(x — 2ey)dy +(y+xsinx)dx=0
o (y+ xsinx)dx + (x - Zey)dy —0———__ o)
Comparing with Mdx+Ndy=0; we have
M =y + xsinx

N=x-2e¥

(y+sinx)

SN

Il
=

(x—2ey)

22 22 2D

SYRN
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Hence differential equation (1) is exact
Its solution is given by

[M(treat y constant)dx + [N(terms free from x)-dy = ¢
[(y+ xsinx)dx+j(—2-ey)-dy= c
xy+[x(— (:osx)+sinx]—2-ey =c

Which is the required general solution

(4) Solve: y[l-i— ij +COoS y} dx + (X +logx —xsin y) dy=0
X

The given equation is

y(1+ 1] +Cos y}dx +(x+logx —xsiny)-dy = 0 - — — —(1)
X
Comparing with Mdx+Ndy=0; we have
1
M = y(l+—j +cosy
X

N = x+logx — xsiny

" ?Yv' =g[y(1+§) + cosy]

=1+1—siny
X

-(x+logx—xsiny)

SRS

=1+1—siny
X

M
%
N
X
N
X
M
o

2|2

o

Hence the differential equation (1) is exact

Its solution is given by
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Which is the required general solution
(4) Solve: dy+ycosx+siny+y _0
dx sinX+ Xcosy + X

The given equation is
ﬂijcosijsinijy=
dx sinX+ XCcosy + X
Ldy (ycosx +siny +y)

dx (S|nx+xcosy+x)
[M(treat y constant)dx + [N (terme frae syt iy =C(y cos x + siny + y)dx
cosx+sm +y)dx +(sinx + xcosy + x)Jdy =0 - —— —(1
J(y.[1+lj+cosyrjdx+fogl y+Y) ( Y+ X}y = @
X Comparirig with Mdx+Ndy=0; we have
y - '[[ +jdx+'|.cosydy =M =ycosx+siny+y
N =sinX+ XCoSYy + X
y(x +logx) + xcosy = ¢ Mo
. == (ycosx+siny +y)
& ¥
oM
—— =C0SX+cosy+1
2
N 0
. = ="(sinx+xcosy+x)
X X
N
.. — =C0SX+cosy+1
X
LM _N
T
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Hence the differential equation (1) is exact

Its solution is given by
[Mi(treat y constant)dx + [ N(terms free from x)dy = ¢

’ I[ycosx+siny+y]dx+jody=c
g y-chosx-dx+siny-jdx+y-jdx:c

. ySinX+XsSiny + Xy =c¢
Which is the require general solution

Check Point :
Solve:(1) (a2 = 2xy — y?Jax — (x + y)? -dy =0
3
Ans. %% — Xy — xy" y? .
) (1+ e%jdx + e%’(l— §de =0
Ans. X+Yy- e% =C
) [cosx - tany + cos(x + y)dx + [sin X - sec? y + cos(x + y)]dy -0
Ans. sinx-tany + Sin(x + y) =
) (yzexyz +4x3 }jx + (2xy . eXy2 _ 3y2 }iy -0
Ans. e¥ +x* - y’=c
() [1+ Iog(xy)]dx + {1+ ?}dy =0
Ans. y + xlog(xy) =
©) (2xy + € Jax + (x* + xe?)-dy = 0
Ans. X%y +xe’ =¢
@) [y sin(xy) + xy? cos(xy)ix + [x sin(xy) + x?y cos(xy)dy = 0
Hint;- %VI = g—')\(l = sinXy + Xy cos(Xy) + 2xy cos(xy) — xy? sin(xy)

General solution is given by

xysin (xy)=
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Equation Reducible to Exact Equations

In some cases equations which are not exact can be converted to exact differential
equaion by multiplying by some suitable factor called as Integrating factor.

Definition :-
If leMDX +leNDY=0 is exact

then le is said to be an integrating factor of the equation Mdx+ Ndy =0

Rules of finding Integrating factor :-

Rule (1)

If the equation Mdx+Ndy=0 is homogeneous then ——
Mx + Ny

Solved Example :

1) Solve (x2y —2xy?)dx - (x* —=3x%y)=0

Soln: The given equation is
(xzy - 2xy2)dx - (x3 - 3x2y) =0........ @)
Which is a homomgeneous equation.

Comparing with Mdx +Ndy=0 ; we have

M = x%y — 2xy?
N=- (x3 - 3x2y)

Y

Mx + Ny

1

- x%y — 2x%y — x%y + 3x%y?

is integrating factor
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_ (xzy — 2xy2) dx - (x3 — 3x2y)

2\,2 X2y2

ie. (E - gj dx - (iz —3} dy = Ois exact

dy = Ois exact

y

Its general solution is given by

[M(treat y const) dx + [N (terms free from x)dy = ¢

1 2 3
j(;—;jdx+j;dy=c
.-.%-Idx-zj%dx+3-j$dy:c

g—ZIogx+3logy =C

Which is required general solution
Check Point :

1) Solve

(3xy2 - y3)dx + (xy2 - 2x2y)dy =0

General solutionis given by
2
o _ %

X3
(x2 —3xy + 2y2)dx +x(3x-2y)dy =0
. 1
Hint :I.F.:F

General solutionis given by
x*log x + 3xy = y® +¢cx”

Rule (I1) : If the equation Mdx+Ndy=0 can be written as
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yfi(xy) N=xf,(xy)-dy =0
ie.M=yf (xy) N=xf,(xy)

then

Mx - Ny

is an integration factor.

Note : - f, (x y), f,(x y) are functions of xy.

Solved Examples :-

1) Solve : (xzy2 + 2)ydx + (2 — 2x2y2)xdy =0

Soln : The equation is given by
(xzy2 + 2)ydx + (2 - 2x2y2)xdy =0

Comparing with Mdx+Ndy=0; we have
M= (xzy2 + 2)y
N :(2 - 2x2y2)- X

o Lt
Mx — Ny
“Lf.= L
T xy(xPy? £ 2 -2+ 2x%y?)
1
Lf.=——
3X3y3
2,2 C9y2y2).
. (xy 3+32)de+ 2 2X3y3) Xdy =0
33X’y 33X’y

Lel—+—-
(3x 3 x%?

1 2 1

2 2
dX+| ———-—1|-dy=0
J (3x3‘y3 3y} y

which is a exact equation
.. Its General solution is given by

[M (treat y constant)dx + [N (terms free from x)dy = ¢

j(

1,2 1
3x 3 x%?

de+.[-3£-dy:c
y
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lj.ldx+izj.i3dx_g.[ldy:c
37 x 3y X 37y
-llogx———glogy—c

3 6x%y*> 3

.-.Iogx-%—Zlogy =C, Wherec, =2c
X7y

Check point :-
1) solve :
(i) (xzy2 + xy+1)y-dx + (x2 +y? —xy+1)xdy =0
Hint : I.F.%
2X°y
G.S.isgiven by
1
Xy +logx-——logy =c
Xy
2) y(xy + 2x2y2)+ X (xy - xzyz)dy =0
1
Ans: x*=cy-e"
Rule (111) :
Let Mdx+ Ndy=0 be the given differential equation
oM_oN
If 0 yN ox — g function of x alone. Say f(x) then is integrated. factor.

Solved Examples :-

1) Solve:

Soln: The given equation is

(x“eX — 2mxy2)dx +2mx’ydy =0
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Check Point :

1) solve:

1 (xzy2 +x)dx+xy-dy =C
HintIf = €% =x
General solution is given by
4x* +4x° +6X°y* =cC

i) (x2 —2x+2y2)dx+2xy dy=c

Hint :If = x
General solution is given by
3x* -8x° +12x%y* =c

Rule (IV)

Let Mdx+Ndy=0 be the given diferential equation.
ON oM

it 9% 9Y _ 4 function of y alone = f(y)

E _ejf(y)dy

Solved examples :-
1) solve (y“ + 2y) dx + (xy3 +2y* — 4x)dy =0
Soln :- The given equation is

(y“ + 2y) dx + (xy3 +2y* — 4x)dy =0
comparing with Mdx+Ndy=0; we get

M=y* +2y
N=xy® +2y* —4x
oM 0 4
DL SVEN
oy ay( y)
ﬂ:4y3'+2

oy

oN_ @

™ _5(xy3 +2y* —4x)
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oN 3

—=y° -4
0 X y
ON oM

_0X 0y
T

_-3-y*+2
yly® +2
3 .

= —— =function of y alone
y

LE :ejf(y)-dy

4 3 4
(y +32y)dx+(xy +2Z 4X)-dy:O

y y
Which is exact differential equation
Comparing with Mdx+ Ndy=0; we get

M:y+£2
y

N=x+2y-4>
y

General solution is given by
[M(treat y constant) dx + [N (terms free from x)dy = c

.-.j(y+y%}dx+2-jydy:c

2
.-.(y+y%jjdx+2y?:c
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2 2
£y+y—2jx+y =C

Which is required general solution.

Check Point :-
Solve:
) (2xy“ey +2xy° + y)dx + (xzy“ey —X%y% - 3x)dy =0

Hint:I.LF.= i“ ..........

y
General solutionis given by
2
x2e¥ + X4 13 =C
y 'y
i) x?y*dx + (x3y - 2)dy =0
3 %

Ans 3x’y-2y-6=cy-e
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Linear Equation And Equations Reducible To Linear Form : Solved Examples :-

The first order and first degree linear - y . )
diferential equation is of the type 1) Solve:: (x+ 1)& —y=e*(x+1)
d Soln : The given equation is

y
ax =0 (XJrl)d—y—y:ex(x+1)2
X

Wherey is dependent variable and x is independent variable. and p& Q are functions of

throughout by e have
x only. (may be constant ) (X + 1)W

d 1
The above diferential equation is known as Leibnitz’s linear differential equation. @o_ = . y =¢e* (X + l) ........ (@]
Working Rule : o dx (X + 1)
1) Consider linear differential equation. This is of the type y
dy ™ +py =Q
—+py= Q X
dx Hence equation (1) is linear differential equation.
Where P and are function of x or constants only 1
_ _ o Where P:__’Q:ex(XJrl)
Its integrating factor is given by (X N 1)
d
IF.=el™ LLF.=el™
dx iAn i i 1
EWL pX = Qltls solution is given by _ e—jx—ﬂdx
y-(LF.)= IQ (IF.)dx + ¢ _ goa(c:)
Where c is arbitrary constant. Iog(il
2) For linear differential equation lF.=e !
1
LIF.=——
X+1

Hence the solution of differential equation (1) is

y-(LF)=[Q(F)dx~+c

Where p,and Q, are functions of y or constants only

Its integrating factor is given by

: 1 _[ox 1
CLE. =P ..y-X—Jrl—J'e (x+1)(x+1)dx+c
Its so;ution is given by .'.sz.ex‘derc
x+1
x-(|F)=jQ(|F)dy+c y
=e*+cC
x+1

Where c is arbitrary constant. Ly = (ex + C)‘ (X +1)

Which is the required solution.
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2) Solve :
(1+ yz)dx = (tan 1 x)dy
Soln : The given equation is
(1+ yz)dx = (tan yt— x)dy
. dx _tany™ —x
Cdy 1+y?

Jdx _tanty 1
Tdy  1+y? 1+y?

X

dx 1 tan™y
S+ 5 X = 5
dy 1+vy 1+y
This is of the type

dx
—+px=40
dy P

1 , tan'y
1+y?' 1+y?
Hence equation (i) is a linear differential equation

Where p =

1f=el™
1
= e'[lﬂlz.dy

IF.—e@ Y

The solution of differential equation (i) is
X(F.)=[0(.F.)dy+c
-1
SX-eRl = .[tan—zy-eta”*ly -dy+c
1+y
consider the integral
-1
J’tan 2y etan’ly ) dy
1+y
put z =tan™y
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Differentiating with respect to z

1 dy

T1+Y? dz

1
-dy =dz
1+Y? y
.'.Iz-ez-dz

:z-.[ez-dz—(.[%zjez-dzjdz

=z.e"—[l-e*-dz

=z-e" —¢’

= ez(z - 1)

put z =tan'y

—e“ Y(anty-1)

.. solution is given by

XY =gy (tan*l y— 1)+ c

~x=tanly—-l+c-e™ Y
Which is the required solution.
3) Solve: x(l— xz)% + (2x2 —1)y = X3

Soln: The given equation is

x(l— xz)g—i + (2x2 —1)y =x°

+ through out by x(1- x*) we have
2 3
Ly @e-g X
dx x(l— X )

Hence equation (1) is linear in depedent variable y

This is of the type
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dy o _
i +py =Q
2x2 —1) x3
erep - | _
where x(l— xz)’Q x(l—xz)
SLF —el™
2x? -1
LetP=— " "=
o x(l— x)(1+ x)
p_ 1 1 1

Tx T 2=x) 20+x)
(By partial fraction)

1,1 1}dx

CE= eﬂ7 2(1-x) " 2(1+x)

-logx+ % Iog(l—x)—%log(hx)

_ e—[logx-\/ﬁ}

Iog-[x-\/ﬁ}il

Hence solution of differential equation (i) is

y (IF)=[Q(F)dx+c

1 1

'.'y.x\/l- - :J.(l—xz)' o

=.|'(L-dx+c

1—x2)3/2

:—%-J.(—Zx)(l—xz)e/2 -dx +c
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Yy 1
Cxd1-x2 J1-x2

Sy = X+CXy1-x%2

Which is the required solution.

4) Solve :

e™ 1y | dx_,

CVx o Wx | dy
Soln: The given equation is
ey |ax_,
CVx o Wx ] dy
—24x

Ly e

dx  Vx o Wx
Which is of the type

dy

— + —

ax Y Q

1 g2
whereP=—,Q=—+
NN
The equation (1)islineariny
ALF.—el
1

_ ejﬁ-dx
IF. = e

Hence the solution of differential equation (1) is

[ =

fn+l

n+1



86 87

Hence solution of differential equation (1) is given by

y-(F)=[¢-(F)dx+c

o oeE x-(F)=[Q(F)dy+c
y-e? =|-——.e** .dx+c :
\/; tan y o
X - etan]y J' et y'dy+C
1 1+y?
= j—dx +C
X 2tan y
Ix X- e = j cdY + Coverennn. (2)
y-e?* =2/x +c 1+y?
Which is the required general solution. puttan™y =t
5) Solve : q 1 q it
Soln : The given equation is <~ equation (2) becomes
(1+y ( et y)_y X-etanrly:J.eZt-dt+C
dx
NIPC
(x eta”]“’) ( ) 2
putt =tan™y
X etan ly — _(1+ y2 )% B e2tan’1y
dy Lx-eRy = S +ce
cdx o ox ety o "
Ty 1+y2:1+y2 -------- (1) S 2x-e" Y =e®™ Y 4 ¢, wherec, =2c
Which is of the type Which is the required general solution
dx Check Points :
d_y+ pX = ¢ 1) Solve ) (2y + xz)dx = xdy
1 gtany Ans :y = x?log(cx)
where p = @ =
1+y? 1+y? ii)ﬂ+L:x2—x
The equation (1) is linear differential equation dx 1-x
Hence Ans:2y = (1- X)(C2 - X2)
_olP
IF=e i) (x2+1)-ﬂ=x3-2xy+x
j lz'dy dX
1+y

—e 4 2
) Ans:(x2+1)yzx—+x—+c
IF=ge"™"" 4 2
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X f1-x2)> L-x2
} 1
Hintl.F.= e V1¢
1
y = tc.c
1-x

v dx + xdy = e’ sec® dy
Hint:l.F.= e’
Xx-e’ =tany +c

v xcosx-g—y+(cosx—xsinx)-y:1
X

X
Sec X
XyCOSX = X +C

Hint:l.LF.=

Vi) (x2+1f' -g—i4r4x-(x2+1)2 y=1
Hint : If :(x2 +1)2
(x2+1f -y =tan'x+c

viii)(x+y+1)-g—i:1
Hint:I.F.=e”

X+y+2=c-e’
iX) (x+2y3)-dy = ydx

Hil‘ltl.F.zE
y
X =y +cy
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Equations reducible to linear form :

I) Bernoullis Equation :
The equation of the form

d "
Fipy=Q-y
dx

is called as Bernoullis Equations.

d n
—y+py:Q-y
dx

is called as Bernoulli's equations
+throughout by y",we get

. d o
Sy -—y+P-yl =Q.veee (D
dx
Lety™" =u
o dy du
SAL-n)- — =
( )y dx dx
using equation (1) we get
1 dy
S———+Pu=
1-n dx Q
du
S —+(1-n)-pu=(1-n
5 " n)-pu=Q-n)Q
%+PX=Q-Xn
dy

Which is Bernoulli’s differential equation and can be solved.
Note : The equation is also Bernoulli’s equation

we divide by x" and substitute u= x'" and proceed.

Solved Examples :-

1) Solve:
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Y eyt (1)

dx X
Which is of the type

dx
1 x
Wherep=—,Q=xe*,n=2
X

Equation (1) is Bernoulli's differential equation
+ throughtout by y*, we get

-'-)"2'(j—y+1-y’1:x-eX ................. (2)
dx x

Put y*=u

Differentiating with respect to x

_-'_1.y*2.ﬂ:d_u
dx dx
2 dy __du
dx dx

usingequation 2 we get

Y

Which is linear differential equation.
1

where p=—,Q=-x-¢€"
X

~IF = el

1
-| —dx
=e jx

— e—logx
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SLF=—
X

Hence,General solution is given by

u-(F)=[Q(F)dx+c

.'.U'EZJ.-X'exldX-l-C
X X

Putu=y™*

1 x
—=-e"+C
Xy
Which is the required solution.

2) Solve :
dy
xyll+xy? ) —L =1
y( y ) dx

Soln: The given equation is

which is of the type,

%+px:Q-x”
dy

wherep=-y,Q=y>,n=2

Equation 1 is a Bernoulli's differential equation
+through out by x*,we get
L dx
SXP S exThy =y (2)
dy

Letxt=u
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S X2 dx_du
ly dy
2. 9X _ _du
dy dy
equation (2) becomes
-
dy
JAuy uy = -y*
dy

which is a linear differential equation.
p=y, ¢=-y’
ALF. =l

F—e

Hence general solution is given by

u-(F)=[Q-(F)-dy+c

u-eyg :J‘—y3-ey4-dy+c

2

LetY_—t
2
s ydy =dt

.'.u-eyé :—.[Zt-et-dt+c

u-ey% :—2[t-e—et]+c

2
oy li_Y
Putu=x",t= 4

.'.l-ey% :—Z{y—;-ey% —ey%}+c

X
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2 -ey% +2-ey% +C

e
X

2 =y

i-ey%+y2-ey%—2-ey% =C
X

Which is the required general solution.

Check points:-
i) solve:-

i) ﬂ—ytanx=y4secx
dx
Hint : If = sec®x
3
sec3 X f3tanx+tan®x = ¢
y
i) ﬂ—xy:yz o2 -log x
dx
Hint :L.F.= e "2

1
—-e 4+x|ogx—x:c

i) Xy A y* e
dx
Hint :If = e~

eX =y?*(2x +c¢)

v) xd—y+3y _ xte/% -y®
dx

Ans: Y© + xe{e%z + cj =1

v) 2xdx—y2(y3 + xz)-dy =0
Hint:1f = e "%

x? :c-eyg—y3—3
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Vi) g—i = ex’y(ex - ey)

Hint:IF =e®
e'=c-e® +e* -1

dy
=2 _oy(1-2
dx y{L-2xy)

Hint:-I.F.=e*
1:(2x—1)+c-e’2X
y
(1) Equation of the type :
Th ti d
e equation fl(x)_d_i_'_p_f(y):Q

Where P and Q are functions of x can be reduced to linear by substituting f(y) =u and
equation becomes

du
- u=
dx+p Q

Similarly the equation

A(x) 2 +pf0 - Q

Can be reduced to linear by substituting f (x)=u
Solved Examples :-

1) Solve:
siny g_y = (1-xcosy)-cosy
X

Soln :
The given equation is siny - g_y = (1_ X COS y)-cosy
X

siny-d—yzcosy—xcoszy
dx

+ throughout by cos?®y, we get
. siny dy cosy
“cos’y dx cos’y
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.. secy - tany Ay SEeCY = —X..oeeuunn (@]
dx
which is of the form

Ply)- 2 +pily)=Q

where f(y)=secy,p=-1.Q =-x
Letsecy =u
Differentiating with respect to x
dy du
-.secy-tany - —— = —
y Y dx dx
.. equation (1) becomes
du
SL——-Uu=-X
dx

Which is a linear differential equation.
Where p=-1,Q =-x

“IF. —el™

— e—dx
If.=e™

Hence General solution is given by

u-(F)=[Q-(F)dx+c
u-e” :j—xoefx.dx+c
=-[x-e™ dx+c

u-e” = —[x(— e’x)—l-e’x]+c
Putu=secy
s.secy=x+1+c-e”

Which is required general solution
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1) Solve:
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ﬂjtitany:itany-siny

dx X x?

Hint = throughout by tany - siny
1 1

xsiny  2x2

dy x°® cos’y = —xsin2y
dx

Hint ﬂ+ X sin2y = x* cos’y
dx

= through out by cos?®y

IF=e*

2tany =x°* -1+c,-e™*
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8

dx
X— intersept of tangent = X1 — yl(ajp

APPLICATIONS OF DIFFERENTIAL EQUATIONS

dy
y —intersept of tangent = Y1~ X1 dx P
COMETRICAL APPLICATIONS : Equation of the naormal at P is given by

tesian Co-ordinates : dx
esian Co-ordinates y_yl:_[d_yj(x_xj)

Letf(x,y) =0 be the equation of the curve Let p (x,y,) ie any point on it.

Y dx) 2
N 6) Lenght of tangent = PT = Y1,/1+ d_y

d 2
P=PN-=y, 1+(_yj

7) Length of Normal at dx
P(x,y)=0
8) Length of Sub tangent = 3/1
Jj
(d X
= X 9) Length of Sub normal = y; - (%j
(0,0) M N X
the tangent and normal at p meet X — axis in T and respectively. 10) If e is a radius of curvature at p then
Lef Pm 1 X — axis 5 g
Let £ MTP = ¥ 1{0'3/}
s LMTP =Y ... [ Geometrical Contruction] dx
Then, €= d? y
dy dx?
Slope of Tangent at p =tan ¥ = (&j (Xl.yl)

Equation of tangent at p is

-
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The Curve passes through the points [2,1] and [6, 2]

SOLVED EXAMPLES: putx=2, y=1,ineq" [1]
1) Find the curve which passes through the points [ 2, 1] and [ 8, 2 ] for which sub
. . : . s 1€ =cx2
tangent at any point varies as the abscissa of that point.
Soln : Let p [ x,y ] be a point on the curve . 1=cx2
We know,
1
y SL.C= E
subtangent = d_y
dx putx= 8, y=2,ineq" [1]
From given condition -
2=cx8
—— o X
dy Ly g
dx 2" = E X 8
LY _ =4
. dy = kx.....[k = constant]
dx ok= 92
d CK =
.'.y=kxd—y K= 2
X put Value of Cand Kineq" [1]
k
;dx =—dy 21 «
y y = >
2 y2 = X
=B Loy
Ty X which is the equation of the Curve.
which is in variable seperate form 2) Find the curves in which the length of the radius of curvature at any point is equal to two

) ) times the length of the normal at that point.
integrate both side

Solu. : Let p [x, y ] be a point on the curve

1
. k.]=dy + constant We Known that,
’ 312
k. logy =logx + logc 1+(d)/)
) dx
}69 y< :/OQ(CX) Radius of curvature = 7y

Y = (eX)nn (1) dx?
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2
Lenght of normal = y,.[1+ (%j
X

..From given condition -

2 3/2
1+ [dyj
_ dx dy

2
SN Y 1+H
dvy dx

dx?
2
1+ W) =5 Yy
dx dx
Letﬂ:z
dx
e
dx®> dx\dx
d
= —(z
dx()
_ dz dy
dy dx
_dz .
dy
2
Ay
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From eq” (1)

d
L1+2%2 =25 2.2
dy

2zy.E =1+ 22
dy
2 1
R SRR Y
1+2 y
which is in variable swparable form
. Integrate both side

2z

1+ 72

dz = ji~dy constant
y
~. log (1+ 22) =logy + logc

. log (1+ 22) = log (cy)
1+7° = cy
Lz =cy -1

Sz = 4oy -1

Again putz = ﬂ
dx

% = 4Jey -1

1

: Jey - 1

dy = dx
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Which is in variable seperable form

Where c, =cc,
whichis the eq" of the curve.
Check Point :

1) Determine the curves for which sub normal is the arithmatic mean between the ab-
scissa and the ordinate

4

; simpli
pr simplify

Equation is homegeneous.

Ans: (x + 2y) - (x+y)2 =c
Physical Application :
Rectilinear Motion :

Itis a Motion of a body of Mass in start moving from a fixed point O along a straight line
OX under the action of a force F. Let p be the position of the body at any instant

where OP = X, then

. dx 1
1) velocity v=— _
dt By chain rule -
. dv
2) The acceleration=— dv _dv dx
dt dx dt
2
=& o
dt = dx
dv
=V.— dv
dx =V

i Tdx
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3) Newton’s second law of motion is given by
f = ma

dv
m R
dt

dv
f=mv-—
dx

where f = effective force
D’ Alembert’s principle :-

Algebric sum of the forces acting on a body along the given direction is equal to the
product of mass and acceleration in that direction.

Solved examples :

1) A moving body is opposed by a force per unit mass of a value CX and resistant per unit

mass value bv, where X and V are the displacement and velocity of the particle at that

instant. Show that the velocity of the particle. If it starts from rest, is given by.

2__C (1_ 2bx)_c_X
2b? b

Soln. : Consider the motion

Step 1) :

\Y

Let m be the mass of the particle moving to right. Now the opposing forces mcx and
mbv? will act to the left.

dv
meX «——mv-—
dx

mbv? «——

N
7

ie —-mcx and —mbv? are forces to the right
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By D’ Alembert’s principle :- dv

mv-—— = —mcx — mbv?
dx

step[2]
. dv ov? 1
SV TPV =—-cx—[1]
Letv? =z

) dv dz

Vax T dx

1 dz b
2'dx+ Z=—CX
dz

— +2bz = -2cx
dx

which is a linear equation in z

Lp =2b.Q = -2cx

- LF = gl™
[ 2bax

=€
ILF.= @™

Its general solution is given by
z[IF]=[Q-(IF)dx+constant

Lz@™ = .[( 2cx)@™™ -dx +c,
= -20-.[x-ezm-dx+cl

-20-{xjezm-[dx-jd—ixjezm-dxﬂ+cl

2bx 2bx

=-2C- x-e—.[l-e—dx +C,
2b 2b
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X - ebe 1 2bx
Z 2bx 2c - — . +
© 2b 26 2| @
bx
2. _2bx -ox e’ C onx
= + . +
veroe 5 PR c1
CX C
V2 = - F + ﬁ +C1- e'ZbX—>[3]

[l to find ¢; , we impose initial conditions

ieforx = o, v = oineq" [3]

Cc
0=O+_2+Cl

put values of ¢; ineq” [3]

2_ X € C o
b 2b* 2b?
Cc CX
svi=— 1-e? )=

2) A body of mass m. Falling from rest, is subject to the force of gravity and an air resist-
ance proportional to the square of the velocity [ie kv? ]. If it falls through a distance x

and possesses a velocity v at that instant show that

2
2kx _ Iog(%j , where mg =ka?
m a’-v O

soln: |
Step:1 |
|
|

—X—

"

mg



Let the body of mass m fall from ‘O’

The forces acting on the body are
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1) Its weight mg acting vertically downwards.

2) The resistance kv?of the air acting vertically upwards.

The net forces acting on the body vertically downwards

= mg- kvZ ....[mg- ka?given]
= ka? - kv?
= k[a?2- v?]...... [1]

Step [ 2] By D’Alembert’s Priciple

mv~% = k(az— vz)

\Y% k
o dv = —-dx
a’ - v? m

Which is in variable seperable form

integrating both sides

... [e1= constant]

1 k
+ = log (a2 —V2)=EX+01 —(2)

Step [ 3] To Final ¢, , we put initial conditions

iewhenx=o0,v=o.

- From (2)

1 2
. —=loga“=c
> g 1

putvalue ofc ineq" [2]

~—~——
Il

N

o)

3|3

. log a® — log (a2 -v2

.2_kx_|0 a’
" m gaz—v2

Check Point :

1

2)

3

A particle of Unit mass is projected upward with velocity u and the resistance of air
produces a — retardation kvZ and v is the velocity at any instant show that the velocity v
with which the particle will return to the point of projection is given by

1 1 k

v oowg
Determine the least velocity with which a particle must be projected vertically upwards
so that it doesnot return to the Earth. Assume that it is acted upon by the gravitational

attraction of the earth only.
Ans : Least Velocity vyo = /29R

R = Radius of earth

A paratroper and his parachute weigh 50 kg. At the instant parachute opens. He is

Travelling vertically downward at the speed of 20 m/s. If the Air resistance varies di-

rectly as the instantenous velocity and its 20 Newtons. When the velocity is 10 m/s

Find the limiting velocity, the position and the velocity of the paratrooper at any time “t”.
v=5 [s—e'gt’25] ... =25m/s

X = 5|:St+§ : e'g“zﬂ +Cyp
g

x =25t 12> [1-e9'%%]
g
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Simple Electric Circuits :

The following Notations are frequently used. Units are given in Brackets .

t (seconds)——> Time

q (coulombs)—— Charge on capacitor
i (ampere) —— Current

e (volts)—— voltage

R (ohms)——Resistance

L (Hentries)——Induatance

C (Farads)——>capacitance
.. Current is the rate of electricity

.~ da
dt
[ 1] Current at each point of a network is got from kirchoff's laws :
1) The algebric sum of the currents into any point is zero.
2) Around any closed path the algebric sum of the voltage drops in any speccific
direction is zero.
3) Voltage drops as current i flows through a resistance R is Ri ; through an induc-

di
tion L is La and through a capacitor C is %

Solved examples :
1) A constant emf E volts is applied to a ckt. containing a constant resistance. R ohms in
series and a constant inductance L henries. It the initial current is zero , show that the
Llog2
R

current builds upto half its theoretical maximum in seconds.

110

Ry L
Soln. )
[
Step (1)
¥ =
e !
Let i be the current in the circuit at any time ‘t’ .
The by Kirchoff’s law, we have E_L ﬂ R
dt
Lﬂ+Ri =E
dt
. ﬂ+B-i=E—> (1)
d L L

Which is a linear equation ini .

R E
T %L
F = el

R

R,
ILF. = el

. The general solution is given by
i.(|F):jQ.(|F)-dt+constant

R R

i.eL't=.[%-eL't-dt+c

E M B.t
=—-—-et +cC
L R
R R
Zt E
et =—.et +c
Ry
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To find ¢, we impose initial- conditions
ie.at t=o0,i=o0

~ 0 = E + C
R
.c=-=
R
. Equation (2) becomes
R

- —.e L
R

olm X|lm

SR
(1—8 L ]—) (3)

Which is the expression for i at any time t.

E
Now astincreases . % ‘'t decreases iincreases and its maximum value is R
Step (2)
Let the current in the circuit be half its theoretical maximum after a time T seconds
then. e - R,
Fromeqgn (3) - =Z|1-—et
2R R
R
1 -t
.= =1-et
2
R
——t 1
el =1-=
2
R 1
—t = log =
L J 2
log 1
2
= logl - log 2
= O-log2
+#—-t= +log2
b= L-log2

12

Check Point :
1) The equation of the eml in terms of current i for an electrical circuit having resistance R
and a condensor of capacity C, in series is.

E=Ri+[~-dt
c
Find the current i at any time t, when
E = Eo sin wt

Ans: WCcEo .
cos (wt —9)+c, -eRe

=
V1+R*C*W?

-1
where ¢ =tan (RCW)

2) An electrical circuit contains an inductance of 5 henries and on resistance of 120 in
series with an emf 120 sin (20t) Volts. Find current if it is zero when

t=o0; at t= 0.01

20 -{12 sin (0.2) — 100 cos-(0.2) + 100.e—>

ANS:
125}

10144

Newtom’s Law of Cooling :

The law states that the rate at which the temp of a body changes is proportional to the
difference between the instantenous temp of the body and the temp of the surrounding

medium.
If Q is the instantenous temp of the body an Qo the temp of trhe surrounding then.
dQ
— -Qo
5 AQ-Qo)
dQ
—=-k(Q-Qo
5 -~ K(Q-Qo)

. . . do . .
where k is a constant and Q decreases as t increases i.e. d_? is negative hence

negative sign is added.

Solved Examples :

1) The temperature of the air is 30°C.and the substance cools from 100°C to 70°C in 15
minutes, find when the temperature will be 40°C.
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Soln. whenT = 40%¢c, t =2
Let us choose the unit of a time as a minute and Let T be the temp of the substance of

n
any time t. From eq” (4) -

t log 70 - log (40 - 30)

15 log 70 — log 40

. By Newton’s law of cooling

.t log 70 — log 10
" 15 log 70 - log 40

" Lo 3.48
Which is in variable separable form 15
Integrating both sides. » 1=348x15
1 o t=52.20 minutes

| 7——=-dT = —kdt
(T - 30) . The temp will be 40° c after 52.20 minutes.

~.log (T-30) =kt +c;——(1) Q.2 If the temp. of the body drops from 100°¢ to 60°c in one minute when the temp. of the

Initially t = 0, T = 100 surrounding is 20°c, What will be the temp. of the body at the end of second minute.
log (100-30=0 soln -
-30=0+ . . :
Z_T = —k(T - 30) °9 ( Cl) Let us choose the unit of time as a minute and Let T be the temp. of the substance or body
t . ¢y = log 70 any time t.
1 . ' i
0 .dT = —kdt put value of ¢, in eq” (1) . By Newton's law of cooling
dT
~log (T-30) = kt + log 70 o k(T - 20)
- kt = log 70 — log (T-30)—> (2 . L 4T - _ k.dt
(T - 20)

whent = 15, T =70

Which is in variable seperable form
. fromeq" (2)

Integrated both sides
- 15k = log 70 — log (70 — 30) 1
s [7=——=-dT = —k-[dt+ constant
. 15k = log 70 — log 40 —> (3) (T-20)
Dividing eq" (2) by (3) < log (T-20) =—kt+c; ——> (1)
we get

't log70 - log (T - 30) ()
15  log 70 - log 40
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Initially att =0, T =100
~log (100-20)=0+c,
-.c, =1og 80

T=40°c

Put value of ¢, ineq” (1)

Check Points :
~log (T —20)=—kt +log 80

(i) A body at temperature 100°c is placed in a room whose temp is 20°c and cools to

.kt =10g80 —log (T - 20)—) (2) 60°c in 5 minutes. Find its temp. after a fruther interval of 3 minutes.
Whent=1, T=60°c Ans :- 46.4° c.
~.from (2)

k =log 80 —log 40 —(3)
Divide eq" (2) by (3) we have

4T-80=80
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Successive Differentiation

INTRODUCTION

In this chapter we shall study the methods of finding higher ordered derivatives for a given
functional expression.

This is done in two stages.

Stage | : We shall eatablish some standard reesults and solve some problems using these
results.

y = a™ Stage Il : We shall prove Lebnitz theorem and using it find higher order derivatives of given

y, = ma™ (134513, = mzamx(log az) ......

Notaslrpn:- Different notations used for derivatives of y=f(x) with respect to x are
n mx(

y, =m'a™(loga
. 2 n
y = sm(ax + b) d_yd_;z/ ....... ﬂ ....... (Due to Lebinitz)
Crgxodx dx"
y, =acos (ax +b) = asm[z;y,-{@x +b) (Due to Newton)
f(x)f(x)....F"(x) (Due to langravge)

Y1 Yo Yo OFY LYY LetC,

(Yn), = value of n'" derivative of y at x=0

Stage (I)
Some standard results
(1)Let y=e*
y, =ae™ y, =a%e®...y, =a"e™
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(2) Let
©)
y, = —a’sin (ax+b)=a?sin [2% +(ax+ b)} .......
. nz
y, =a"sin [(ax + b)+—}
If a=I then 2

y= sin(x + b) and vy, = sin[(x + b)+n7”}

. nrz
Also if b=0 theny=sinxand Y, = sm[x + 7}

4)f y = cos(ax + b)then on similar lines  (m>n)
\ nz
y,=a cos[ax +b +7j

y =(aX+b)m (m>n)

m-1

y, =ma(@ax+b) (misinteger)

y, =m(m-1)a® (ax +b)"*

If m=nthen
If a=1, b=0, then y=x"

y, =n



©

®)

(9) Let
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y=(ax+b)" (mis positive integer )
y; =(mafax+b)™"

(-1)'nta" _
Y =W ifa=1ltheny=

(=0'n
Yo=——1

(x+Db)
y =log(ax +b)

(ax+b)

Y1=

120

and r=+a*+b% a= tan‘l[gj

a
y, = e*[rcosasin(bx + ¢)+ rsina cos(bx + c)]
= re®[sin(bx + ¢ + a.)]

Yi= (a2 + bz)y2 e™ sin{bx +c+ tan'l[gﬂ

a
similarly it can be proved that

Y2 = (a2 + bz)% e™ sin{bx +c+ tan‘l[Eﬂ ........
a
Yo = (a2 + bz)% e™ sin{bx +c+ tan'l[gﬂ
a

Ifa=1,b=1,c=0
y =e*sinx

Yo = 2% e sin[x +n_7z}
4
y = e™cos(bx +c)

y, =@+ bz)% e cos[(bx +¢)+ ntanlgj

a
Typel
Problem 1
Find n""derivatives of the following :
(i) sin °x
(ii) COSX C0S2X cos 3X
(iii) y = e*cos xcos 2x
(iv) y = e “cos (xsin a)
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Sol.: 1 Problem 2
(i) Let y=sin’x = Z(3sinx —sin3x) sin3x = 3sinx - 4sin®x Sol : if y = sinpx + cospx,show that:y, = p”[l+ (1) sin 2px]}/2
. . . = Sinpx + COSs pX
4sin®x = 3sinx —sin3x Y P P
. nz nrx
. 1 . . =p" sin| px+— |+p" cos| px +— Results: 3,4
sin*x :Z-[3S|nx—sm3x] Yo =P [p 2 j P [p 2 j ( )
Using the result for n derivative of y=sin (ax+b) and nothing that n"" derivative of sum or ol Nz nr
difference is sum or difference of n" derivatives, we get =p|sin px+ 2 +COS| pX+ 2
Yn =%{3sin(x+n§)—3”sin(3x+n7ﬂﬂ T nr nz\ T %
(”) let 1 = p Sln[px + 7} + COS(pX + 7}
Yy = COS X COS 2X COS 3X = 5 cos 2x[cos 4x + cos 2x]
= - - cos 2X - COS 4X + 5 " cos 2X - COS 2X |+ CaCg = E(CMB +Cag) =p"| 1+ 2sin px+7 -COS px+7
-5 [cos 6x + cos 2x] + 5 E[COS X + cos 0] look at simplification: (a+b)= [a+b) = [a+b)2]y2}
1 1 1 1
, (X 1)n =2 [cos x + cos 2x] + 2t [1+ cos 4x]| = Z[COS 6 + cos 2x| + Z[l + cos 4x] _ p”[1+sin(2px +n7[)]}§ [ 2S,C, = SZA]
-\ 1
y, = (X _ )n—l = Z[COS 6X + COS 4X + COS 2X + 1] _ pn[1+ (_ 1)n Sin2px]}é [ Sps =S,Cq + CASB]
Yy, = n(x —1)n§’ln = %{6” cos(Gx + n{) + 4" cos(4x + n{) + 2" cos(Zx + n{ﬂ sinnz =0
and _(_1)
y, =n(n-1)x -1 o cosnx = (—1)
. (i) y = e*cosxcos2x = — [cos3x + cosx] Problem 3 n
2 Ify y=(x-1)
1
Y, =n! = —|€* cos3x + e cosx
' v,y 2)[, ] Show that : Y+Y1+%+§+ ----- +%=Xn
. J2 , 73 n : : :
YV 2l [msg]ngh'é'f'ewlt for n" derivative of y=e* cos (bx+c) Soln:

Yo = %{(10)% e cos(3x-+tan 13) + (2)2 € COS(X ' %ﬂ

) y = %% cos(xsina)
[Here note a=cosa, b=sina, c= O]

)% XCOS

. yp = (cos?a +sin? a) 2e cos[xsina +ntan *(tan a)]

XCOos o

Ly, =e cos(xsina + na)
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ST PR TE.

(-1 nlx 20+ ("zl)(x o+ )

=[(x-1+1
=(xJ
[(a+ b)'=a"+nab (Note: SeeBinomiaéxpansioh

+M a o’ +.....b"

Here a=x—1,b=1]

Find n™ derivatives by method of fraction :
Problem |

Find n" derivative of

(i) X

Soln : y:(x—l)(x—z)(x—s)
(i) using method of partial fraction
X
y= (x —1fx—2)(x - 3)
X A B C

(x—2x-2)x-3) - (X(l) (x-2) (x-3)

2)(x—3)+B(x-1)x —3)+C(x-1)x - 2)

(x-1)(x-2)x-3) (x-1(x-2)(x -3)

S X =A(x-2)x-3)+B(x-1)(x —3)+ C(x-1fx - 2)

Putx=1 Putx=2 Putx=3

(-1)n! 2(—1)”-n! 3 n!

1
Y, == - +—-
yn 2 (X _ 1)n+1 (X _ 2)n+l 2 (X _ 3)n+l
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Type lll : Using Complex Numbers

Problem 1
Find n""derivative of y =

x? +a®

Soln.:
We have 1

(x —ai)(x + ai)
By partial fractions,

11
2ai(x—ia) 2ai(x +ia)

y:

1 (-1)"n! 11

" 2ai (x— ia)n+l 2ai (x+ ia)n+l

(- 1)" -n![ 11 ]
2ia | (x- ia)n+l (x+ ia)n+l

To eliminatei, we substitute

Using result (7) Y

X+ia=-r-€" . x-ia=r-e™

(1)Becomes, |
T

(Z—I ;—)nrn?: NS e—i(n+l)9]

- n+1

ar

yo = L s+ 0]

1=
r=+a’+x%,60=tan *

i(n+1)e

~i(n+1)0

(1) nif et _ g2 e
- o sin =

2i
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Problem 2
Find n"derivative of y=— X 5
X +a
Soln.:
X
We have y= (x—ia)(x +ia)
ia —ia
" (x—ia)(2ai)  (x+ia)(- 2ai
(x—ia)2ai) * (x+ia)(- 2ai)
. 1_ 1 1
“Y=5 (x—ia)+ (x+ia)
1 (<9"-nt (=2)"-n!
LY. =T +
yn 2 (X_ia)n+1 (X+ia)n+l
Let X+ia= reig,x— ia= re’ig
2
r=vx%+a?%, f=tan X
(=D"-n! 1 1
From (1) Yn=""5 (L ginDe T net | Gin)o
(D" -n! eln+10 | o-i(n+1)6
= rn+l 2
(=D"-n!
LYy = rnTcos[(n + 1)9]
a
r=+x?+a?, tan
Problem 4
Find n" derivative of tan*x
Sol.: y=tanx
1 1
V1= 1T (=ix+)
[ 1 1 _ 6
=5 G| ¢ is(n - )" derivatives of y;, we have

yn_2i

11 (0"Mn-0r (9" -1
(X=i)" (X +i)"
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‘Gﬂ;WJWQiW‘uiW}

-6

Let x+1=re'’, x-i=re
1

o or=+1+x2,0=tan *
FQ“@—ﬂ{ 11 }
(r

LY = 2i -eig)n | (reig)1
y”:(_ﬂniﬁn_lﬁ{emg;flw}
et - (_1)”:+_1) -sin(né)

=
_ A y2 _ X
Problem 5 roo=vxi+l ¢ =tan

Find nt"derivative of :

(i) cos‘l( X- X_ij

X+ X~
Soln. :

o x=x7
oS —
X + X

y = cos*(~cos 26)
= cos[cos(z + 20)]
=7+ 20
= 7 + 2tan" x, from previous result.

(9" (-2}

Y, :Zr—n-sinna
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4 d’p
Where r=vi+x’* a=tan * p° 102 +p2(b? - 2% cos?6 - sin®6)- (b? - a® kin%6 - cos?0

(% -az)[pz(coszé’ —sin?0)- (b -a® sin®0 - cos?0 ]
(b2 - az)[(azcoszé’ +bsin’0)cos’0 - sin’6)- (b? - a® kin%6 - coszé’]
_a2

Type (IV)
Problem 1:

If y=sinx (sinx), = (b2 )[azcos“é’ - bzsin“é’]
Show that : d? d — A2RK2 4 4 4 4 b4
ﬁﬂanx'd_inyCOSzX:O =a‘b”|cos”d +sin H)Z—(a cos”d +b”sin 6’)
in(sinx) =a2b2[(cosze+sin26’) —25in29-cosze]—(a“cos“&+b“sin49)
y = sin(sinx _
. — a’b?® - (ac0s?6 +b’sin0)
d—iz cos(sinx)cos x =a’b? -p*
2
2 ) sdp 50 4
d—}zlz—sin(sinx)coszx—sinx-cos(sinx) . p d62 =a’h” -p
X
d? a’b?
ﬂ+tanxﬂ+ycoszx p+ I:2) - 3
dx? dx do p
= —sin(sinx)cos? x — sinx - cos(sinx) Problem 4:
+ tanx.cos x.cos(sinx) + cos? xsin(sinx) = 0 y yosi 1(1+ 23inx)
Problem 2: 2+sinx
If
p® =a®cos®O+b?sin? , prove that Then show that : ﬂzi
dx 2+sinx
p+ de _ a2b2
do* p’ Sol.:
Sol.:
Diff. given relation twice, Wehave siny = 1+2sinx _ 2sinx+4-3 2 3
ZpZ—Zz-a22c0393in9+2b23in90059 2+sinx 2+sinx 2-sinx
. cosyﬂ— 3Cosx
p:—gz(bz -az)sinﬁcose —————————————— 1) dx (2+SinX)2
dp (dp)’ Now cosy=(1—siny)/v2
_r2J+(_p) =(b2-a2)(c0329 —sinze) .................... (2) Y
dg® de _{1 (1+ 2sinx) }
2. a%)sin2¢ cos? 2+ sinxy
p &’p +(b 2 )sm geoso =(b2 -az)(cosze —sin29) (2:+sinx)
462 02
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(2+5im)? (14 25i0)° | D y=xe’, thenshow that:
2
2+ sinx)? d? d
2o R
V3 cosx _
= S leinx [Hint : Take log]
dy 3cosx 1 )
dx (2 + sinx)? ‘cosy o my=sm(x+y)
3cosx (2+sinx) show thaty, = —y(1+ yl)s, m is constant
= —.
(2+sinx)? V3 cosx 6) Find n"derivative of sin® x-cos® x
4B
2+sinx Problems
Check Points:
1) If y=xe’ then show that : Type (1) : In this type of problem we have to choosen one function as u and the other as v. If
there is a polynomial in x then that is to be chosen as u and then apply Leibnitz theorem.
2
(1-y) jxy (2- y)(gﬁ Problem 1
Find n*" derivative of
ylebdjieccheodl,V, | +Nnc,u vn 5 Frrereens
2 If y £< >m -sin"tx, [ then show n-1 Soln.:
“—éx% éosz[ +n2x)22é-:- cos x+(4 ) Let
) Z & + 2x+y=0
n(n—-1) 72
+ 21 (2) ' COS’[ t: sulf xﬂs .y =6cosh Using standard result number
n
fing & -9 49 ] yn=2%eXCOS(X+Tﬂj-
dx d& dx
2

3) If y= (sin’l x) then show that: Here y=u-v

By Leibnitz theorem

(1—x2)%+x%—2=0

[Hint:d—y =2sin"x.
dx

1+ %2

(1 X )(dyj = 4y, differentiate again|
dx
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Problem 2 . n-1_ n -1 n
[0 =Y (Y =)
If f(x)=tanx then
ShOW that n n n-2 n n n-4 . nrx . = (_ 1)n.n' IO X - 1+1 +l+ +1
"(0) - c,f 0)" + c,f (0)......= sin > S Yn = 1 9 23 7
Soln.: cosx-f(x) = sinx Problem 4
n
: o : . . _ folh=" (x” ~Iogx)
Taking n"derivatives both sides to the left side we apply leibnitz theorem and to the right we dx
use standard formula for n' deriative of sinx, we get, then show that
n ) - -
cos x.f"(x) +,, C; — (sinx)f" 1(x) +" C, (- cos x)f" 2 (X)+-.....= sin(ézj @) "=l +(n-1)! and
putting x=0 on both sides, we get, (i) = n!{logx+ 1+%+ _____ +%}
n n-2 n-4 o n_”j
f (O)+nC2f (x)+nc4f 0)+.....= sm( > Soln.
dn n-1 |: d N )j|
logx I, = | = —(x"
If y =% then show that : "odx" (X ng) dx"t dX(X 09
(-D"-n! 11 1 gt
Yn :—x”” logx — 1+§+§+ ..... +H = ax L [anfl|09X+anl]
Soln. : Letu=I _l dn- dn
oln.: etu=logx, v= ” —n—— [anl.logx]_f_ — [anl]
dx dx
By standard results we have
B (_ 1)n—1(n _ 1)n |n = nln71 + (n - 1)!
n- X" th
O o if " derivative of x" is n! therefore (n-1)" derivative of x"%is (n- 1)!]
noooxm ii dividing (1) on both sides by n!
We have y=u, v
—1)
By Leibnitz theorem b = Ny + M
n! n! n!
y,=uv, +"Cuyv, ,+"CuVv, ,+....... +u,v o b a1
“1f'n 1(-1*(h-n n(n-1 nt (=gt n
g EUR 1Y =10 o),
X X X 2! Replacing n by (n-1)(n-2)............ 3,21 we get
1) (-1)"*(n-2n (-)"'(n-1n1
—-— |X .} +..... - l(n-l) 1., 1
X X X X +

(-1 (-2 (-1
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~[(en)zn-1).......(n+Y]n(n - 1).....3 22"

(an-zz)) _ (ﬂng) N 12 ) [n(n-1).....32]]
n- n-— n-—
. A
1 n!
%—%4‘5 Step 2: Agai-n | y=x*"= x”.?<n
11, We apply Leibtnitz theoremto find y_
11 0o u=x",v=x"
Adding all the results columnwise we get, =nl, v, =n!
Loy L, L Ly, =x" -n!+”Cl(nx n*1Xn!x)+
n (n-10 (h-2) 2! 1 ,
I S PO T ') (n n— 1)x”2(n!X7J F o, + x”.n!j see note below
(-1 (h-2y 2! 0
2 2 2
P S S e Ly, = x".n! 1+n2+n2(n—1) +n2(n—1) (h-2) +o
n n-1 n-2 2 " 12 21y 3
cancellltr:g co-mm-on ternls on both sides and noting that . 2 nz(n ~ 1)2 2 (n ~ 1)2 (n ~ 2)2
IO:IO derivative of x” log x x"'.nll 1+ 17 + 1z 52 + 17 52 37 + . 4
=logx
and 0!=1we get From (1)and (2)
11 1 (2n)r_, \ n? n?(n-1)°
I, =nl{logx+1+=+—+....... +— ——Xx" =x".nl 1+ + + e
Problem 5
o _ o n2 n*(n-17° n?(n-1F(n-2) 2,)
By forming in two different ways the n" derivative of x> show that : =1+ + + + o = —=
i , 12 12,22 12.22.32 (n'y
n2 n?(h-1)° n?(h-1°n-2) (2,)!
1+1—2+ 1292 12232 +""(n!)2 Note : The n" derivative of x is n! but (n-1)" derivative of x" is not (n-1)! but n! .x.
Soln.: To prove that this use the formula No.5 and put m = (n-1).

Step 1: We have
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Type (Il)

_ ‘ /( 2 _ ’ ’
In this type of problems we (generally) proceed according to the following flow-diagram: y, = m(x + /ixz — :|_’)71 ! . x+yx’ -1
2
First express y in terms of x w/ix - 1i

2 SAX? —1—y1:m(x+,/ix2—1i)ﬂ
Differentiate both sides with respect to x and simplify -m-y
2 (Xz —1)y21 — m2y?
Again Differentiate both sides and simplify
\J Differentiating both the sides with respect to x, we get,

Then apply Leibnitz theorem term by term and simplify to get the result.
Problem 1 2(X2 _1)3/13/2 +2xy*1—2m?yy, =0
d y% + y’% _ 2y (x2 —1)5/2 +Xy, —m?’y =0
Show that : (x2 _1)ym+2 N (2n +1) Xy, .+ (n2 B mz)yn _0 Applying Leibnitz term by term to findn" derivative we get,

nin-1
o -+ n2ely - D@, [y, ently, -my, 0

y’m4y /m=2x :

St 1 (-1, ., +x@n+1y,, +[>-m2)y, =0

y m
Y 2 1 Note : If we consider negative sign, we shall get the same result.

(y mj -2xym+1=0 Problem 2 n
. . 4 Ifwe cosl(zj =Iog(§j then
is a quadratic equationiny’m b n

y}r/n _ 2X £/ 4X2 -4 Show that : Xzyn+2 + (2“ + 1)Xyn+l + 2n2yn =0

2 Soln. :
y%n =X+4x* -1 (neglecting negative sign ) We have y

cos’lE = nlog(logx - logn)"

y= (x + (2 —1i)ﬂ
y =bcos[nlogx - nlogn]
-1 2X
:m(x+1/ix2—1i)ﬂ Al
& Z\Iixz — 1i y; = —bsin[nlogx - nlog n](—j

n
X
xy; = —nbsin[nlogx —nlogn]

differentiating both the sides with respect to x
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xy, +Yy, = —nbcos[nlog x —nlogn]- [2) {(1— X2 )Yz + (= 2X)y,, ; + %(— Z)Yn} = 3Yna #0- 1y, |-y =0
X2y, +xy, =-n*[bcos(nlogx ~nlogn)] (1) - X20-3)y, — (1 D2y, =0
=-n%y Problem 4 y =sec'x
X%y, + Xy, +n’y =0 then show that
Applying Leibnitz theorem term by term to differentiate n times, we get, X (X2 - 1)yn+2 + [(2 +3n)x* —n+ 1]yn+l +n(Bn+1)xyn+n’(n-1)y, -1=0
[XzynJrZ + n2xyn+l + n(n2|_ 1) (Z)Yn} + [Xyn+l + n(l)yn ] - nzyn = O Soln.: y - Secfl X
X*Ypp +X(20+1)y,, +2n%y, =0 Differentiating with respect to x
1
Y1 = ]
Problem 3 XX
sin"tx XZ(X2 - 1)Y21 =1
If y = then show that . 4 5\ 2
Ji-x? Le. (x - X )ylzl
(1— xz)yn+2 —(2n+3)xypy — (N+2)%y, =0 Differentiating with respect to x
Soln. : (4)(3 — ZX)yzl + (X4 — X2)2y1y2 =0
We have y= sin*1>2< Le. (2X2 - 1)Y1 + (X3 - X)y2 =0
1=x ie. (x3 — x)y2 + (2x2 —1)yl =0
(1-x?)y? = (sin"tx)? Differentiating term by term n times using Leibnitz theorem, we get,
. - . . nin =1
Differentiating with respect to both sides, [(Xs _ X)sz + n(3xz _ 1)Vn+1 + ( . )(6x)yn}
(1— x2)2yy —2xy% =2 sin "X =2y
: 1 v 3[”(”%1(”_2) (6)ynl}
1=y, —xy =1 :
n(n -1)
Differentiating with respect to x + [(ZXZ B 1)y”+1 + n(4x)y” + 2l (4””1} =0
(1-3®)y, —2xy; —xy, —y =0 i.e.(x3 - x)yn+2 + n(3x2 - 1X2x2 - 1)yn+l + [3n(n — )x + 4nx]y,

+[n(n-1n-2)+2n(n -1y, , =0

(1-x?)y, ~3xy, ~xy; -y =0
S iex(x? —1y,., + [(2 +3n)x* - (n+ 1)]yn+l

Applying Leibnitz term by term, we get
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+n(3n+1xy, +n*(n-1)y,, =0

Problem 5 Check Point :
ffy=tan?x, thenS.T. 1) Ify= sin(m sin™ x)then show that
(X% + 1)y, + 2nxy, +n(n =Dy, ; =0 (1' XZ)sz —(2n+1)xy,., - (n2 - mz)yn =0
and also show that : y,(0)is 0, (n-1) or 4r + 3 respectively [Hint :Findy, then
Soln.: (1— xz)yf = mz(l— yz)and again differentiate and apply L. theorem]
Step 1 y=tan"x 2) If y = "™ then show that
y, = 1+1x2 (L-x)y,., - (@n+1)xy,., (M2 +aly, =0
(7 1y, -1 3) If y = acos(logx) - bsin(logx)
_ ST _ _ _ then show that
Applying Leibtnitz theorem to differentiate n times, we get, X2y 4 (2n . 1)xy . (n2 N 1)y 0
nh-1 n+2 n+1 n
[(x2 +1)yn+l +n(2x)y, + %(Z)ynl:l =0 [Hint ' X%y, + Xy, +y =0 — apply Leibnitz theorem]
. 2
ie. (¢ +2)y,.1 + 2%y, + 00 =1y, 3 = Ocevvreerreer Q) 4 ity = (sin"x) then show that
(1— xz)yn+2 (2n+1)-xy,,, —n%y, =0
Step (Il : 5) If x =tan(logy) then show that :
Now, ¥:(0)=1 , (L-x)y,., +[2(0+1x — 1y, ., + n(n+1)y, =0
— X -1,
And ¥:(0)= (1+ x2)2 [We havey=e"™"*.....
y y,(0)=0 6) Ify= sin[log(x2 + X+ 1)1 prove that
PAng ’ -~ n=23456in() (x+2)y,., + (2n+ 1Y x + 1)y, ., +(n? +4)y, =0
y,=—2= _(_ 2) [Hint :Find y,, simplify, find y, simplify and apply leibnitz theorem]
,=-2=
y,=0
ys =4
Ys =0
y, =-6!
y,(0)=0n=2r

yn(O)z(n—]_)f ifn=4r+1
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Partial Differentiation

Introduction

So far, we have been concerned with a functions of a variable, but in many problems in
science and mathematics we have to deal with functions of two or more independent vari-
ables.

e.g. the lift L of an aeroplane wing is a function of three independent variables : A, the
area of the wing, V, the speed at which the wing is moving; and P the density of the air. The law

is L = Akv®p
In the language of mathematics, if variable u has one definite value for any given values
of x,y,z then u is defined as a function of x,y,z.We represent it as u= f(x,y,z)

Note that u is independent variable and x,y,z are indepedent variables. This relation is
written as - u—XYVy,z

Partial Differential Coefficients :

The partial derivative of u= f(x,y,z) with respect to x is the oridnary derivative of u with

respect to x when y and z are regarded as constant. It is denoted by

(To be pronounced as dabba u by dabba x)

Thus, 04 Of B imf(x+h,y,z)—f(x,y,z)
ox ox 1 Lle h
Similarly when we differentiate u with respect to y we keep x and z constant and so on

In general,ﬂ,ﬂ,ﬂ are also functions of x,y,z, so we can obtain higher
X 0y Jz

ordered partial derivatives of u=f(x,y,z)
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o (0’11] u i . .. du au
e.g. ===« . we wirte total derivative — and not —
g EAVET AP Y e e total derivative adoat
ﬁ(@j _Pu_, egifu=x*+y*+2°x=ty=t,z=1°
= =f, =
AANXKS  HX A K then u— X,y,z >t
i (d,lj 7u A ou )
and == =f, = and so on. — =1(2x)-1+(2y )2t)+ (22 )3t
Note : @)
I Pu
In general, —Oﬁxéy = A
9.3 RULES OF PARTIAL DIFFERENTIATION :
(1) Let,u v be functions of x,y,z Then
0 ou oV
L fuzv)=24: Y
0 X oxX 0X
@ 2 XA
V= Ua VTS (€©) If u=f(xy,z), x=¢ (1),
o N =
2=k y=¢ (r.s)
@((kv) k X
ar & z=g5 (1,s),
ﬁ(ﬂ) VT Ya then the flow diagram becomes,
&\v/) v2 .
ie. u—> Xy,Z - TI,S
oK) _k & N
X TV & If we want = then it is given by
(1) CHAIN RULES A_ A X A A X
Chain- rules are to be developed by drawing flow- diagrams. B KB I xS
Study this point carefully. e.g u=x?+y2+z2 x=r+s+t y=s2+t2,z=t>
(1) Letu=f(xy,z) and x=¢ t=4, (t) z=¢s(t) a
[i.e. uis a function of x,y,z and x,y,z each is a function of only variable t] then & = 2x-1+2y-25+22-0=6x+4ys
Thus,
ou ou dx ou dy ou dz (1) TOTAL DIFFERENTIATION
E = 5 ’ E + E ’ E + E ’ E In Partial differentiation of a function of two or more variables , only one variable varies. But in

] ] i total differentiation, increments are given in all the variables.
(+is a function of only variable t,
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Let z =f(x,y) @

Let &z be the increment inz corresponding to the increments 6x and dy in Letu =f(x,y)and¢ (x,y)=0
x and y respectively ¢ (X,y)=0,y canberegardedas a function of x and hence flow - diagramis

u — Xy —> X

Replace ¢ by 6 only
Then z+8z="f(x+0xy+dy) E—@l ou dy
_ _ dx 0Ox ay dx
5% :‘f&ﬁ%@%;}'ﬁﬁﬂf(&()}?w@” y)+f(xy+3y)-f(xy) eq if U=x2 +y?
f(x+axy+d)-f(xy+2y) } {f(x,y+é’y)—f(x,y)} d
or é’ZZ[ COX |+ 3 3 - - au
A X oy and X*+y°+3xy=4 thento find dx
oy 2 +y3 +3xy = 4
i Af Differentiate with respect to X,
Taklngllmltsasé’x—>0é’y—>0wegeta”z—5 dx+é,— dy
y a2 +3y? Wygyeax Y - g
dz is calledas totaldifferental of z dx dx
ay _ [+
Let us see some Corollaries: N X (X + yz)
u="1(xy,2) gpd %= 4.1,y = 4,(1) .2 = ¢ (1)

. . _ _ _ _ du _Adu  Au dy _ X2 +y
[i.e. uis function of x,y,z and x,y,z each is a function of only one variable t.] and — = — + — . —= = 2X+2y |- >
Thus, X IX oy X X +y

u=-— X,z -t 2X(X+y2)—2y(xz+y) 2[X2-y2¢xy2-xzy]

du_cJu dx_ Ju dy ou dz —= (uisa functionof only one variablet, (x + y2) B (x+y2)
dt Ax dt Jy dt az dt
3
We write totalderlvatlve% andnot %) ) If f (x,y)=0 then to ﬁnd¥
X

eg lfu=x*+y*+z%y=t>z=t° [This result is a special case of result (4) |
then u > x,y,z >t Letu=f(x,y)andf(x,y)=0

du ’ s u— XYy
— =(2x)-1+(2y)(2t)+(22) 3t and - f (x.y)=0
y = X

u — X,y >X

then dU g gﬂ
dx 8 x y dx
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du

s u=0 s —=0
dx

ou

dy__ox

dx ou

oy
or. dy _ 0 f/o X
dx o floy

If u=f (x, Y, z) where y and z are all functions of x, then we have

u > XVY,z2 — X and
du _du, ou dy  Ju dz
dx Jdx Jdy dx 9z dx '’

Also note that if f (x, y, z) = 0

then ﬂ+ﬂﬂ+ﬂ£:o
ax gy dx dz dx
2
4) Iff(x,y):Othen tofindol Z
X
We use the following notations::
_of _of _o*f _ O%f _ 0% f
p=—,0=—,I=—,8= , t=——
0 X oy 0 X OX0oy oy
f(x,y)=0
dy__offox__(p (Result 5)
dx> of/oy q
dp_,dq
Ay _ | Tax Pax| (i)
d x? q’

P, — X,y > X

. and %:@+@d_y:8_[8_fj+8_[8_fj B
dx ox 0y dx ox\ox) oy\ox/{q
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_of &% (p}zr_s.p_rq-sp

ox2 oxoxlq q q
dq_0o9, 0 dy 0 fof) ofayp
dx ox o0y dx oxloy) oyloy \q
__ot _oftp
ox-0y oy* q
s—t-P
q
_sq—pt
q

L d? 1 rp-s sq - pt
. from (i), dXZ:_?{q{ pq p}_p{ qu H:

=- q—ls[qzr-qus+p2 t]
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SOME ADDITIONAL RESULTS
Partial Diffferentiation applied to :

() (1) Brackets: % oy, 2l =nlf oy, 2 2

J X

(2) Trignometric function: % sin[f (x,y, z)|=cos|[f (x,y,z)] j—i

(3) Expotential Function: 9 gliteyal = glrcya). loga- i
0 X 0 X
: o 1 of
4)Log- function:— |logif (X,y,2){|=—F————
(4)Log é’X[g{( y )}] f(x,y,z)é’x
(5) Inverse Trignometric function:
7 sint[f (x,y,2)] = ! Rl
ax J1-f2 (x,y,z) &
, Jou 1
Note:(1)Ingeneral, 57&@
au
eg. if X=rcoséd and y=rsin@

then [QJ =coséd
or

andsince, x> +y* =r?
2r ﬂ:2x
0 X
ﬁzi:cose
ox r
from (i) and (ii),
ox, 1
or or
0 X
(2) When we write

u—Xx,Y,z

Itmeansudepedsonx,y,zandx,y,z areindependent amongthemselves.
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EXAMPLES
TYPE -1

Note :
Problem in this type are based on direct differentiation

(1) First find dependent and independent variables.

(2) Use the necessary foumulae.

Examples 1 :

Ifz = x¥ + y* then show that

*z _ Pz

X oy oy ox

sol. : z=x¥ +y* LZ XY
N T 0)
ay

and LI logx + xy** ... (ii)
ay

Differentiating (i) partially with respect to y,

7z
X 2y

y

=yx'? logx + X+ vyt 4+ xy*t L logy......... (iii)

Differentiating (i) partially with respect to X,

ox oy X

2
oz Xy.i + 7t dogx + 1 - y*t + xy*t o logy........ (iv)

From (iii) and (iv)

’z Pz

X oy oy ox
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Examples 2:

If u=log (x* +y® +z°® —3xyz) then
o 0 a”jz_ -9
1

Show that: + + >
ox o0y oJz X+y+ z)

Soln.: Note that uis a function of x,y, z

i.e. u—->Xx,Y,z

u=log (x* +y® +z° —3xyz)

ou _ 1

Ax  (XC+y*+27° —3xyz)
[see the rule of partial Differentiating applied to log function]

(3x* —3yz)

and similarly
au 1
= 3y® —3xz
ox (xX*+y*+7° —3xyz)( Y )
ou_ 1 (3z% — 3xy)

Ax (C+y*+7° —3xyz)
_a”u+a”u+é’u:3(x2+y2+zz—xy-yz-zx)
ox dy Oz x®+y®+2° —3xyz

3(X*+y*+2°% —xy-yz-2X) _ 3

C(x+y+z)(P+y2 72 —Xy-yz-2X) X+Yy+2Z
Note that :

o o oY (o6 6  6)\du, du. du
+ + u= + + + +
ox o0y oJz ox o0y Jdz)\dx oy o2z
(0 o o 3

= + +
X 0y Jdz)\x+y+z

:0” 3 +0” 3 +0” 3
OX\x+y+z) oy\x+y+z) Oz\x+y+z

-3 -3 -3 -9

= + + =
(x+y+zf (x+y+z] (x+y+z] (x+y+2)f
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Examples 3:

If v= (1- 2xy + yz)fj/2 then show that

NZA, OV _ 5, 4 7 S\ V o > OV
)X —-y—=y“ v and (i) —<|1-x +

U O X yé’y 4 ()é’x{( )é’x} é’y{y oy
Sol.:()v > x,y

We write vZ=1-2xy+y?
Differentiate partially with respect to x and y,

(see the rule of Partial Differentiation applied to Brackets).

-2y %—-Zy
0
é)_\)::ve‘y ...... (1)
and -2v° ﬂ=-2X+2y
0
0”_\;:\/3 (x-y) .......... (2)
fromland 2

ov

x TV g OV oy v oy (x-y) =y

ox oy
(1- xz)%: (1- xz)yv3

PRI R RN

(i) - from (1)

}

(- yis constant, and v is a function of x, y)

_ ov
—y[—va3 + (1- x2)3v2a—

9

=y [_ oxv: +3 (1- xz)v2 yv3] from (1)

= yv? [—2x+3 (1- xz)yvz]

0
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SR N A RN P o au _ au _ au
Again, oy {y 2y } =y {y v (x-y)} .. sin 2x x + sin 2y - 2y + sin 2z - 57
= 32 g_; x(xy? - ¥3) + v (2xy -3y2) (v > xy) _ sin2x. sec2x + sin2y . sec?y + sin2z. sec?z

tanx + tany + tan z

[3v2~ v (x-y) - (xy2 - y3) + v3 (2xy -3y2)] 2(tanx + tany + tanz )

(tan X + tany + tan Z)

ve y[3 v? (x - y) (xy - y2) + (2x -3y)]

sin 2x. sec®x = 2 sin x. cos X . = 2tanx
=3 y[3 v? (x - y) (xy - y2) (2x -3y)] ........ (4) cos? x
Examples 5:
i{(l Xz)ﬂ}+ L {yzﬂ}
) a 1 7 o6 o6
ox oy oy oy Ifo=1t", e then find the value of n so that 7 o (rz EJ =
r
3 2),,2 2 2
=yvi|-2x + 3y(1l - x°Jv° + 3v X- + (2x - 3y)| from (3), (4),
Y [ y( ) y( y) ( y)] (3). ¢4 Sol.: We have 60— r,t
— 3 2 2 2
YV [3y (1 - X )(X y )V i 3y] (To simplify the expression, we take Iog).
:yv3[3y(1-x2+x2-2xy+y2)v2-3y] r2
We have, logfd =nlogt - —
Ifu = log (tanf + tgrrg +[ t_ziT z) the3n how that rt
_ Ju - YV yﬁt\: V_ ) yju ) Diff. partially with respecttor,
sin 2x - o t_S{ 2y - ﬁ—y + S|n225 =22 21 . 2xy + y? 100 -2
Soln.: Here uExamislez4 : g or 4t
o6 ro
(Using the rule of partial diff. applied to log function) we have, aor = Ty
au _ 1 . sec? x , 00 2 9
X tanx + tany + tanz r E: T ot
ou _ 1 2 Diff. partially with respecttor,
= - secty
ay tanx + tany + tanz
. i(Zﬁj_ 13294_ 3ﬁ - i329 rrg f 1
ﬁu: 1 - sec? 7 Sy r o )T T r r o | T o0 r T rom (1)
X tanx + tany + tanz
rzﬁrrﬁr__z or | e (2)

Again diff. given relation with respect to t partially ,
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D

20 _n
ot t

ot t 412
ii(zﬁ)_ a0
r2 or or) ot

From (2) and (3) we get,

ne e _ 3
T2

+
t 4 t?

L, 20 e 2
Pye: non= -

Example 6 :
lfu(x, t) = Ae% .sin(nt-gx)

2
and if ou - u o u then show thatg = n
X ox? \ 2u

soln.: u — x,t

We have, % = Ae¥ . cos(nt-gx)-n

= Ane®cos (nt - gx) (. xisto be kept constant)........ (1)
Again diff. u partially with respect to x, we get,

ou

—_ _ -gX. H _ _ . -gx _
ﬁX—A[ge sin(nt - gx) - g- €% . cos(nt gx)]

= -Age¥ [sin (nt - gx) + cos(nt - gx)]

(Rule of partial differentitation applied to product )

izx; = -Ag [-g esin(nt - gx) + cos(nt - gx)]
e [-g -cos (nt - gx) + gsin(nt - gx)]
= + Ag® e%[2cos (nt - gx)]
ou 2 u

ot H Ox?

From (1) and (2)

(An.e% . cos(nt-gx) = u.2. Ag® . e¥

n=2g" u
Example 7 :

lfu=x®tan*Z
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. cos (nt-gx)
= [N
. g = 2
2
y -y*tan™ ,thenfind&.
X y ox oy

sol.: u—x,y.

We have, é,u:xz- 12 [Ej-yz 12(—%j-2yta
y TRANS 1+ LY
X y
3 2
= -2ytan —+ xy
xZ +y? y x°+y?
x2+xy2 —2y-tan
X2 +y
:x-2ytan'15
y
2
g’ u 4 2-2ytan™ =
O X é’y é’x 0 X y
1 1 2y? x? -y?
=1-2y- (_J 1- 2y 2 -2 yz
x? \y X2 +y? X°+y
1+y2

Check Points :-

DIfu,(x+y)=x>+y? then show that:

2u_ou)_,[, du_ou
oX 2y oX oy

{Hintu:

2

X+y

2

xXry .

U— X, yflnd@ ou

oX 2y
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(2) Find the value of n so thatu =r" (3 cos? @ - 1) satisfy the equation
2 rzﬁ + _1 sineﬁ =0
or or) sin@ o6

[Hint:u—ﬂ, 0, Find@,@ ....... } Ans.n=2,-3.

ar o246

(3)If u=€e* then show that
3

A: (1+ 3Xyz+ X2 y2 ZZ ) exyz

OX 0yodz

2 3
{Firstfind@then J-u and ou }

oz 0X 02 OX -0y 0z

X2

MDHIf v= < e “ then prove that
Jt

OV _ _, 0%V
—=a
ot O x?
1 2
{Hint:TakeIog,.'.logvzlogc-Elogt- Zt} VXt
a

ZAY, o%v . .
(Find a1 and v apply the rule of P.D. applied to log function)
X
. A%u —4yz
5) Find where u=log (x* +y* + z? Ans.
(5) Find == gx*+y +27) Cryirz)
2 2
6)Verify 24 -2 U
oxoy oy

Where (i)u=log(ysinx+xsiny)
(M) If u=x"y" then show that
o°u _ J°%u
OXAYydz Oyox?
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(8)If u=log (y sin x + x sin x) then show that :

2 2u 2 %u

ﬁxﬁy_ﬁyﬁy

(9)If u =log 4/x* + y* + z* then show that:

2 2 2
(x2+y2+zz) 0 sz+a ;J+8 g =1
ox= 0y 0z

[Hint::' et =x*+y*+2° LU= XY,z
- 2em IYU _ oy
0 X
ﬂzxe—ZU
0 X
2
0 ;J —e™ +x(— 2e*2”)@:e'2“ —2xe?* . xe”*
0 X 0 X
- e—2u _2X2 e—4u
10)Ifu=r", r=, x*>+y*+2°
2 2 2
Then find the value of 0 sz+ 0 g + 0 B
ox°= 0y 0z
. . ,0u o4
Hint:u = (x? +y? + 22J"° u—xy,z..find=—,
( y )“ y OX ox°

Ans:m(m+2)r"
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TYPE - Example 2 :

Note :- Here we deal with the the problems of the type u =f (x, y, z) where x, y functions of
X, Y, Z
ie. u-— X, Y, Z - X, Y, Z.

We shall be frequently using the Chain- Rules can be develop drawing the flow- diagram.
Examples : )

. . . X . . .
Example 1 : Note that uis a function of only one variable — =t, which in turn is a

function of x and y ]
u—>t—>xy (see chain rule 2)
du_du Jt _du 2x
ox dt gx dt vy
du_du Jt _du (-x°
oy dt 2y dt [ y?
Au Au 2x*>du 2x*du
o X oy y dt y dt
. Ju Ju
LeX—+2y —— =0t s e 1
S yéy (1
Diff (1) partially with repect to y we get,

é%u Au é%u
X +1. +2

and,

=0iiiies s 2
o x? o X ya X Oy @
2 2
andxa—u+2ya lj+2~§u=0 ................ (3)
O XX oy ay
Taking (2) x x +(3)xy, we get
2 2 2 2
xza ;J+2xy g u +x§u+xy g u +2y—§u+2y25 lj =0
J X OX2Yy o X OX2oYy oy oy
x§u+2yau=0 from (1)
oy oy
2 2 2
. x22 g+3xy g u +2y2§ u2=0
J X OX2oYy oy
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Example 3 :
y . X . dy
If (cos x)” = (siny)" then find ™

soln. : Taking logs, we get,

ylogcosx = xlogsiny
Let f(x,y) =ylog cos x -xlogsiny=0
dy _ df/dx
dx  df/dy
of 1 : .
Now —=y- - sin x) - log sin
IX y cos x( ) g y
= -ytanx-logsiny
of
and —=1log cos x- X— cos y=log cos x- x coty
ay siny
- From (1) d_y: ytanx+logsiny
dx logcosx— xcoty
Example 4:

X+ . dy
Ify* +xY = Y then find &
y* +x¥ = (x+y)* thenfind ™
Soln.:Letf(x+y)=(x+y)” —y*-x’ =0
dy 7 /0 x
= 1
dx oJf/oy @
Now, j—i =(x+y)* . [1+log (x +y)]- y* -logy - y x*
and = (g g (el g -l

y
. From (1) d_y - {(X + y)(X+y) [1+ Iog (X + y)] - yx Iogy B yXY'l}
"dx {x+y)" [L+1og (x +y)]- xy** - x” -logx |
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Example 5:
Pr ove that at a point of the surface

x*y¥z* = ¢

0%z

-1
oy ~(x log ex)

wherex = y = z,

. 2%z
Sol : | From the expression
22 97

itis clearthatz — X, yJ

Taking logs
xlogx+ylogy+zlogz=logc
Different with respect to y partially, (i.e. keeping x constant)
1 1\0z
O+logy+y-—|logz+z-—|— =
y z)oy
0°z  (1+logy)
ox  (L+logz)
Diff. with respect to x partially, we get,
2 pa—
0"z = —(1+ |ogy) —1212
OXay (1+logz) zox
(1+logy) oz

z(1+logz) ox

Now, we can show (asin (1) that 22 = - (1+109%)
ox  (L+logz)

From (2) 0°z  (1+logx)1+logy)
’ dxdy z(1+logz)

0%z (I+logx) 1

At x=y=2 =—

dxdy  x(1+logx)®  x(1+logx)

1

1

= —[xlog (ex)]*

x(loge+|ogx):_xlog(ex)
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Check Points :-
() If z = f(x,y,u,v)whereu,v are functionsof x,y then prove that
oz _Of +8f 8u+8f oV

ox 0x ou ox oV ox

and write correspondng formulae for %
y

[Hint:z—>x,y,u,v->x,y 9z _ }
0 X

(2) Ifv = f(x2 +y? 4+ 22) then show that
0%t . 2%v . 2%v
ox*  oy*  o7?

= 4(x2 +y? 4+ zz)f'(x2 +y? 4+ 22) + 61‘(x2 +y? 4 zz)
[H int: Letx® +y? + 2% = u

vV > U —> XVY12

v Jdu Jdu
—— = —— - — and proceed
Ix oV OX }
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TYPE - Il VARIABLE TO BE TREATED AS CONSTANT

Notations : (auj means partial derivative of u with respect to x keeping Y constant.
IX

To find (ﬂj we must have an equation in u, x and y only.
IX
y

9.8 solved examples

If X =rcos6,y =rsin6thenshowthat

2
X [?j + y(?j } = x* + y*, Wheresurffixesdenotevariableskept constant
L r 0 r 0

Soln.;*»x=rcos6,y =rsind

%j :cose,(ﬂj =sino.
o Jy or J,

{x[%) +y[%j } —[xcos0+ysindF =[rcos’ 0+rsirt o[

:r2 :XZ +y2

Example 2
If u=Ix+my, v=mx-ly, then show that :

2
(0 du) (Jx :21 _and
ox), \du), ©+m

(ii)[é’yj (é’vj =2 & 2
ov)\ay), +m

Sol.: We have
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u=Ix+my
v=mx-ly
@ u=Ilx+my

au
[Ejy =l Q)

(i) To find [?j we must have relation between x,uand v
u

\

Eliminatin gy from the given relations, we get,

lu+mv = (% +m?)x

_ lu+mv
1> + m?
J X 1
() o
From (1) and (2)
[auj .[ﬁxj P
ox), \du), P+m?
(i) - v=mx-ly L 3)

. Diff with respect to v keeping x constant,

1=0- (ﬁyJ
V),
ay _1
oy), |

(iv) To find (%} ,we eliminate x from given relations,
y

u

i.e. mu—Iv=(IZ+m2)y
ov) _
0|{ﬁyJ = (P+m?)-1

ov :_I2+m2
oy ), I
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From (4),(5)
(afj(av _P+m?
ov oy 12

Example 3 :
It f (X, y, z) = O then show that
(2 . 2
" (2
az/,

So In: Here we use the result that if f (x, y) =

of
dy __ox
then %y = of
ay
(i) Here f (x, y, z) = 0. When y is kept constant,
We have, (ﬁ—) = - 2 1/ox
o ofloz
y ox\ _ Jdf/oz
s (2 -5
From (1) and (2) (ﬁ—j = - 1
(%)
oz y
Example 4 :
cos d siné@
If x = Y= ,evaluate
u u
(é’xj (a”uj J{a”uj (2u
ou)y, \ax), \dx), \2y),
Sol.:
_ cos

(i)

u



J X cos ¢
(&_UL = TTgE T e 1)
(i) y _ sin i 0
u
(QXJ - sinfo o @)
uj, u

(i) To find (Z_u) ,we eliminate 6 from given relations,
u 0

i.e. x2+y2=i2
u
1
or U2 = e e e, A
x? +y? (A)
ZU(ﬂu) _=2X
2x ), (x2+y2)
ﬂu} - X
S S (3)
(0"X y o oux?+y?
(iv) and again u? = 21 >
x2+y
ZU(ﬂuJ _ -2y
oy ), (x2+y2)
(ﬁuJ e (4)
2y ), u(x?+y?

From (1), (2), (3), (4) we get,

: . _( cos @ - X sin @
Required expression =] - 5 - -
u u(x2+y?f u u (x

_ Xcos @ +ysiné@
B u?’(x2+y2)2
cos® @ +sin*0 1
u u

but X €cos 8 +ysing =

1

Re quired expression = ————
u’ (x2 + y2)2

.
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= i4' ut =1 (from A)
u
Example 5:

fx+y+z+u+v=a x> +y?+ 2% +u? +v? = b?,
where a, b are constants, prove that

(ég .(ég _(ég .(éxj
oX vz au v,z ay Xz ov uz

Ju

Sol,: To find (—j we have to eliminate v from the given equations. And as this

OX vz

process will have to be repeated four times, we proceed in the following way.

Let x+y+z+u+tv=a ...........co..... (1)
X2 +y?+z2+u+vi =b% (2)
differentiating with respect to x partially keeping y, z as constants, we get,

1+ (ﬂ) + (ﬂ) 0. @3)
oX vz oX v,z

and 2x + 2u (ﬂj + 2y (ﬂj =0.......... 4)
1204 1204

Y,z Y,z

Solving the equations (3), (4) for (?} by Cramer' s Rule we get
X

v,z
au V- X
(29) L vex
v,z
Similarly differentiating (1), (2) partially with respect to y keeping x, z as
constants, we have
1+ (ﬂ) + (ﬂ) +2v (ﬂ) SO0 )
é’y X,z é’y X,z é’y X,Z

ey + ex (ﬂ) + 2v (ﬂ) =0
é’y X,Z é’y X,Z
Solving (6), (7) for (—) we get
X,z
(ﬂj _ y-u (8)
oy v
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Similarlydifferentating(1),(2) partiallywithrespecttou treatingv,z as constant

weget,
[QJ +[@j +1=0 ..eeen-. 9
ou),, \2du),
and2x [QJ 12y [ﬂj +2U=00nn, (10)
au),, ou),,
. X
solving(9),(10)for [—j we get,
ou),,
[ﬂ_j YU (1)
ou),, X-=y

Similarlydifferentating(1),(2) partiallywithrespectto v whereu,z,arekept
constantsweget,

[Qj +[ﬂj +1=0 ... (12)
oV )., \OV),

O X oy
ox [ 22| toy|2Y| sov=o0.. 3
X[avlf y[mlj ' ¢

Solvingequations(12),(13)for [%) weget,

u,z

[ﬂj _VEX (14)
oV )y, X-Yy

From(5),(11)andfrom(8),(14) weget,
[ﬂj _[&xj _V-X y-u_(dv _[ﬁyj
ox),, \ou),, u-v x-y \2y), \adv),

Example 6:

Now,

And

And
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If u=x2+y?and
X =s+3t
y =2s -t
Sol. :We have u=x2+y?
é,—u:2x, é,—u:Zy
J X ay
Now, u—Xx,y— st
ﬁu:ﬁu.ﬁxﬂLﬁu.ﬁy
gs Jx Jds Jdy s

= (2 (1) +(2y) (2)

(3)If u=ax +by, v =bx-ay, show that [0"] [
y

= 2X + 4y
2%u_ o (Jdu i
= = 2X+4
0 s? ﬁs[ﬁs] as( 2
=2§_x+4§_y
as Js
=2x1+4x2=10
ﬁuzﬁu'ﬁerz?u'(?y
Sl ox ot oy ot
= 2x x3+2y (-1)
= 6Xx -2y
o%u_ o (Ju i
= = —(6x -2
o t? ﬁt[ﬁt] at( 2
:66_)(.6_)/)(2
ot t
=6(3) -2(-1) =20 ceeeiiies e (i)
Check Points :-
()If x=rcos &, y =rsin & then show that [5):]
0
Jz J X
2)If ¢ (x,y,z)=0then show that | — | | —| -
(@) If ¢ (x.y.2) [ml [m]y[

Ju



B. Sc. (IT) -Sem- |
Questions should be wirtten one below the other and in every front pge only.

Duration : Three Hours. Total Marks assigned to the paper 100
marks

Marks assigned to each quesrion should be stated against each question.
Instructions to the candidates, if any :-

N.B.:
1) Question No. 1 is compulsory.
2) Answer any four from remaining Q2 to Q7 . Questions.
3) All Questions carry equal marks.
Q. No. Marks
Q.1
a) Find n" ns derivative ()
_ 2 2
b)SoIve:y_]/(X +a’) (5)
(3e* tany)dx + (1- e*)- Sec?y - dy = 0
c) Solve : ©)
y/x-dy/dx = 1+ X7 +y? + X2y
D u=x*tany/x - y® tanx/y, then ©)
find 0%u/ ox - oy
Q.2
a) Find the inverse of the matrix by finding its adjoint, Where, (7
1 3 3
A=|1 4 3
1 3 4
b) Find the inverse of the matrix using elementry transformation 7
111
A=|2 1 2
3 3 4

Q.3

Q.4

Q.5

c) Examine for consistency : (6)
3X+y+2z2=3
2x-3y-z=-3
X+2y+z2=4
a) Examine for linear dependence : (7
b) Find eigen values and eigen vectors for 7)
211
A=12 3 2
3 3 4
c¢) Find eigen values and eigen vectors for (6)
6 -2 2
A=-2 3 -1
2 -1 3

a) Find the curve which passes through the points (2,1) and (8,2) for which
subtangent at ant varies as the abscissa of that point. (7

b) solve (7
dy/dx = x(2logx + 1)(siny + y cosy)

c) From the differential equation if (6)

y =C,COSX + C, Sinx

a) solve :

7
(x—y) -dy/dx = a* "
dy/dx = cos(x +y) )

c) A body of mass ‘m’ falling from rest is subject to the force of gravity and an air
resistance proportional to the square of the velocity (i.e.kv2) . If it falls thorugh a
distance x and possess a velocity v at that instant, show that



Q.6.

Q.7

2

2kx/m = Iog[a2 /(a2 — vz)]where mg = ka

a) Solve

( +3D+2) sm( )
b) Solve:

(D% +3D +2)y = e
c) Solve :

(D? —5D% + 8D —4)y = €% + &> +3e ™ +2

a)lfy T + y’% = 2x show that

( 1)3/n+2 2n + 1 xyn+l + (n -m )yn =

b) obtain the differential equation for the relation

o)lfu= Iog(x3 +y° +2° - 3xyz)
(6/ox +8/oy +8/0zfu=-9(x +y +z)

©

(7)

(7)

(6)

(7)
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