US/AMT503 Sem V, Paper 3: Topology of Metric Spaces  Revised Syllabus 2018

Practical 3.1 : Examples of Metric Spaces, Normed Linear Spaces.
Objective Questions 3.1

(1) Consider the following maps d : R x R — R.
(1) d(z,y) = |z — 2| (ii) d(w,y) = |2* —y7|
(iii) d(z,y) = |z — y* (iv) d(z,y) = |z —y|>
) (iii) and (iv) are metrics on R
) Only (iv) is a metric on R
) (ii) and (iii) are metrics on R
d) (ii), (iii) and (iv) are metrics on R

(2) Let dy and ds be metrics on a non-empty set X. Then
2
(a) d? + d%,ad;, where a > 0 are metrics on X, where (d7 + d3)(z,y) = (dl(x,y)> +

2
(do(w.)) " and (adh)(w, ) = a(di(2,))
(b) Vdy +v/dy,ad; where a > 0 are metrics on X, where (v/d +v/d3)(z,y) = \/di(x,y) +

Vdo(z,y) and (ady)(z,y) = a(dl(x,y)>

(¢) ady+bdy where a,b € R is a metric on X, where (ad; +bds)(z,y) = ady(x,y) +bda(z, y)
(d) None of the above

(3) Consider the discrete metric d; defined on a non-empty set X by d;(x,y) = { é i i 7_é z :

Then for z,y, 2z € X,

(a) di(z,2) <di(z,y) + di(y, 2)

(b) di(z, z) < di(z,y) + di(y, 2) if and only if x,y, z are distinct.
(c) di(z,2) =dy(z,y) + di(y,z) if and only if x =y = 2

(d) None of the above

(4) Let dy and dy be metrics on a non-empty set X. For z,y € X, let d(x,y) = min {di(z,y),ds(z,y)}
and d'(x,y) = max {di(x,y),dz2(x,y)}. Then
(a) Both d,d" are metrics on X. (b) d is a metirc on X, d’ is not.
(c¢) d'is a metirc on X, d is not.  (d) None of the above.

(5) Let (X,d;) and (Y, dy) be metric spaces. d,d',d" : (X xY) x (X xY) — R are defined
as follows:
(i) d((z1,31), (%2, 92)) = di(21, 22) + d2(y1, y2)
(i) &'((21,91), (2, 92)) = [(di (21, 22))% + (d(y1, 10))?]2
(i) d”((z1,31), (x2,92)) = [(dr (21, 22))* + (da(t1, 12))’]
(a) d,d',d" are all metrics on X xY  (b) d,d" are metrics on X x Y
(c) d,d" are metrics on X x Y (d) None of the above.

(6) Let (X,|| ||) be a normed linear space and x,y,z € X. If d is the metric induced by the
norm then
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(a) d(x + z,y + z) > d(z,y) and the strict inequality may hold.
(b) d(x + z,y + z) > d(z,y) + d(y, z) and the strict inequality may hold.
(c) d(ﬂf +2,y+2) = d(x,y).

(d) None of the above

(7) Consider the norms || |1, || |z and || [lc on R, ]|y = |21] +[x2], [|2]l2 = /21 + 23, [|2]| =

max {|x1], |x2|}. Then
(a) 2[|zljoc < [zfla < 2l[x[ly  (b) [|2]lec < lz]l2 < []]s
(€) 2||z]|oo < |||l < 2||z|l2  (d) None of the above

1
(8) Let X = ([0, 1] and consider the norms || ||1, | ||co on X, where || f|1 = / lf ()] dt, || flleo =

0
sup {|f(t)],t € [0,1]}. Then for f(t) =t,g(t) = t* € X, if d; and dy are metric induced
by || [l1, and || || then

1 1 1
() di(f,9) = 5,d(f,9) = 5 (b) di(fi9) = &, do(f,9) =
1
(¢) di(f,9) = =,deo(f,9) = = (d) None of the above.
(9) Consider the normed linear space (1%, || ||2) where [ = {(xn) : (x,) is a sequence over R, such that
fo < oo} and for © = (21,22, ..., Zn,...), ||z]]2 = Zx Let e; = (1,0,0,...),e5 =
n=1
(0,1,0,0,...). Then for the metric dy induced by ||||2,
(a) dg(el + €9,€1 — 62) \/i (b) d2<€1 + €o,€1 — 62) =2
(c) da(e; +eg, 69 —€3) = — (d) None of the above.

V2

(10) Let X be the set of all real sequences x = (x,,). Consider the metric d defined by

d(z,y) = 0 ifex=y

1 :
~ min {i:2 # Yt ifz#y

X

—~

Zn), Yy = (yn) € X. Then for distinct sequences x,y, z € X

where z =
(a) d(z,2) < d(z,y)+ d(y, z) and the equality may hold.
(b) d(z,2) < max {d(z,y),d(y, 2)}
(¢) d(z,z) > max {d(z,y),d(y,2)}
(d) None of the above.
(11) Let (X, ||) be a normed linear space and d be the metric induced by || ||. Then for
z,y,z € X,d(x,z) = d(z,y) + d(y, ) if and only if

(a) y =2

(b) y lies on the segment joining = and z and between them.
(c) z lies on the segment joining x and y and between them.
(d) None of the above.
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(12) Let X be a normed linear space and x,y € X. Then

(&) llz =yl <=l =1yl | (b) [le =yl =]l =yl |
() llz =yl = llzll = llyll | (d) None of the above.

(13) Let X = M5(R). Consider the following maps from X — R.

(i) |A]l = | det A
(i) 1Al = ) lai;| where A= (ay)
1<i,j<2
(i) [JA] = max 1< j<olay|  where A = (ay)
Then
(a) (i), (ii), (iii) are all norms on X.
(b) (ii) and (iii) are norms on X.
(c) (i) and (ii) are norms on X.
(d) None of the above.
Topology of Metric Spaces: Practical 3.1
Examples of Metric Spaces, Normed Linear Spaces
Descriptive Questions 3.1

Let d; and dy be metrics on a non-empty set X. Check if the following are metrics on X.
Justify your answer.

(i) d, where d(z, max {dy(z,y),ds(z,y)} for x,y € X

) (z,y) =

(i) d, where d(z,y) = min {dy(z,y),ds(z,y)} for z,y € X

(iii) d, where d(z,y) = 2di(z,y) + 3ds(z,y) for z,y € X

(iv) d, where d(z,y) = (di(z,y))? + (da(z,y))? for z,y € X
) (z,y) =

(v) d, where d(z, max {1,di(x,y),ds(x,y)} for z,y € X
Let (X, d) be a metric space. Show that the following are metrics on X.

(i) dy where d(z,y) = \/d(z,y)

) d(z,y)
d, where d(z,y) = —2Y)
(ii) d, where d(z,y) T+ d(.y)
. . 0 ifr=y
Show that d is a metric on R, where d(z,y) = 2ty ifztyrycR

Let R" = {(z1,22,...,2,) : ©; € Rfor1 < i < n}. Show that || [|1,] |2, and || ||«

are norms on R" where for x = (x1,29,...,2,),||z|1 = Z 2], [|z]ls =

|2]lc = max {|z1] : 1 < i < n}. Further, show that [|z]| < [lz]2 < ||lz|: and
2]l < v/nllzll2 < n|lz]|s for 2 € R™
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o0

(5) Let I* = {(z,) : (x,) is a sequence of real numbers such that in < oo} If x|l =
n=1
e 1
(Zmi) *for & = (21,29,...,2n,...) € I2, then show theat (12| ||2) is a normed linear
space.

(6) Let X = C10, 1] and show that || ||, : X — R and || ||c : X — R defined by,
1
/1l =/ [F@1 dt, [ flleo = sup {|f(#)] : £ € [0,1]} are norms on X
0

(7) Let X = C10, 1] and consider the norms || ||; and || ||« defined by,

£l 2/0 [fF@)1dt, |[fllee = sup {[f(#)] - ¢ €[0,1]}

Then for f =t,g=1t* h =131t € [0,1], find di(f, 9),doo(f,9),di(f, 1), dso(f, h) where d;
and d., are metrics induced by the norms || [|; and || || respectively.

(8) Let X be the set of real sequences
(i) Show that d: X x X — R defined by
d(z,y) = 0 ifz=y

1
= if
min {7 : z; # y;} ifz#y
where z = (z,,),y = (y») € X is a metric on X.
(ii) Show that d: X x X — R defined by

oo

s
d = .
D= 2 5t - )

i=1

where z = (z,,),y = (yn) € X is a metric on X.

(i) Let X = {(z,) : (z,) is a sequence of real numbers, z,, — 0}. Show that || || : X —
R defined by ||z|| = sup {|z,| : n € N} for = (z,,) is a norm on X.

(9) Let || ||2 be the Euclidean norm on R%. Let d : R? x R? — R be defined by

d(z,y) = |lzlls +llylla ifz#y
= 0 ifr=y

for z,y € R2. Show that d is a metric on R?
(10) Show that d is a metric on N where for m,n € N,
d(m,n) = 0 ifm=n

ifm#n
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(11) Show that || || is a norm on X, where X = M(R) and ||A|| = max 1<; j<2|a;;| for A = (a;))

(12) Show that || ||; is a norm on [? where [* = {(a:n) L, € R,Z lz,| < oo} and ||z||; =
n=1

Z |z, | for x = (z,,)
n=1

(13) Show that C (set of complex numbers) is a normed linear space where norm is the absolute
value of a complex number.
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Topology of Metric Spaces Practical 3.2
Sketching of Open Balls in R%, Open and Closed sets, Equivalent metric spaces
Objective Questions 3.2

(Revised Syllabus 2018-19)

In a metric space (X, d)

(a) an arbitrary intersection of open sets is an open sets.

(b) an arbitrary intersection of open balls is an open ball.

(c) an intersection of finitely many open balls is an open ball.
(d) None of the above.

(2) Let (X,d) be a metric space and x,y € X,r,s > 0. If B(x,r) = B(y, s), then
a) xr=yandr=s b) z =y but r may not be equal to s
(a) Y Y y q

(c) r=s (d) None of the above

(3) Let (X,d) be a metric space and x,y € X,0 <r < s. Then
a) B(z,r) C B(x,s) and the equality may occur. (b)) B(z,r) C B(x, s),
B(z,r) = B(z,s)ifr > 1 (d) None of the above.

(4) Let (X, d) be a metric space in which the only open subsets are ) and X. Then
a) d is a discrete metric on X.

b) For z,y € X,d(x,y) > 1ifx #y

c) X is a singleton set.

d) None of the above.

(5) Let G be a non-empty bounded open set in R? with Euclidean metric. Then G is of the
type
(a) (a,b) X (c,d), where a,b,c,d € R,a < b, ¢ < d.
(b) I x J, where I and J are union of finitely many bounded open intervals in R
(¢) Gy x Gy, where G and G are bounded open subsets of R.
(d) None of the above.

(6) Consider the normed linear space (R?, || ||1) where for z = (z1,75) € R?, ||z||1 = |x1] + |72].
If B1((0,0),1) is an open ball with center (0,0) and radius 1, then
(a) B1((0,0),1) is a square with sides of length /2 which are parallel to coordinate axes.
(b) B1((0,0),1) is a square with sides of length /2 and diagonals are parallel to
coordinate axes.
(¢) B1((0,0),1) is a square with sides of length 2 which are parallel to coordinate axes.
(d) None of the above.

(7) Let (X,d) be a metric space and =,y € X. Let d(x,y) = s > 0. Then B(x,r) N B(y,r) = 0,
if
(a) r >

(b) 0 <r< (¢) m>2s (d) None of the above

[N VA
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(8) Consider the normed linear spaces (R?,] ||1),(R? || |l2) and (R? || ||o) where for z =
(21, 22) € R? ||z|ly = |21| + |22, |2ll2 = /2] + 23, [[2]loc = max {|21], |22[}
If B1((0,0),1), B((0,0),1) and B4 ((0,0), 1) denote open balls in (R? || ||), (R?, || ||2) and
(R2, H o) respectively. Then

(a) Bi((0,0),1) Bg((O, 0),1) € B((0,0),1)
(b) B1((0,0),1) = By((0,0),1) = Bo((0,0),1)
(¢) Bx((0,0),1) € By((0,0),1) € B1((0,0),1)
(d) None of the above.
(9) Let (X,d) be a metric space aned d; be the metric on X defined by d;(x,y) = li(z—(g)y)

for x,y € X

(a) Every open ball in (X, d;) is an open ball in (X, d) and viceversa.

(b) Every open ball in (X, d;) except possibly B(z,r),r > 1 for any z € X is an
open ball in (X, d) .

(c¢) Every open ball in (X, d;) is an open ball in (X, d)

(d) None of the above.

(10) Let (X, || ||) be a normed linear space. Let A C X and U be an open subset of X in (X, d)
where d is the metric induced by || ||. Then
(a) A+ U is open if and only if A is open.
(b) A+ U is open.
(¢) A+ U is open if and only if A =0 or A is a singleton set.
(d) None of the above.

(11) Let (X,d) be a metric space , a € X and 7’ > r > 0. Let U, = {z € X : d(z,a) >
rt,Up={r€ X :d(z,a) #r}and Us ={r € X : r < d(z,a) < r'}. Then

(a) U; and U, are open subsets of X, but Us; may not be open.

(b) Uy, Uy, Us are all open.

(c¢) U; is open subset of X, but Uy and Uz may not be open.

(d) None of the above.

(12) Consider the metric spaces (N, d) and (N, d;) where d is the usual distance (induced from
R) and d; is the discrete metric in N. Then
(a) d and d; are equivalent metrics on N, but the two metric spaces do not have
same open balls.
(b) The open balls in two metric spaces are the same.
(c) Every open ball in (N, d) is an open ball in (N, d;)
(d) None of the above.

(13) Consider the following subsets of C with respect to the usual distance

(i) A={z€C:2=2}|{z€C:|z| <2}
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(i) B={2€C:|Rez| <a} wherea>0,a €R

(iii) C:{ZGC:Z#%,nEN}

(a) A, B and C are open.
(b) B,C are open.

(c) Only B is open.

(d) Only C' is open.

(14) Consider the following subsets (R3, d) where d Euclidean.

{(2,y,0) € R%}

{(z,y,2) € R®: ax + by + cz = d, at least one of a, b, c is not zero}
{(z,y,2) € R®: zyz # 0}. Then

(a) E,F and G are not open.

(b) Only G is open.
(c)
(d

QEX™
1l

F, G are open.
) Only FE is open.

(15) Let X = C10, 1] with norm || ||ec-
Let E={feX:f(0)#£0}, F={feX:[f(3)#0}. Then
(a) E is not open and F' is open.
(b) Neither E nor F' are open.
(c) Both E and F' are open.
(d) E is open but F is not.

(16) Let X = C]0,1]. Then
(a) B1(0,1) is open in (X, || ||o0)
(b) B1(0,1) C By (0,r) for some r > 0.
(¢) Bx(0,1) C By(0,r) for some r > 0.
(d) None of the above.

Topology of Metric Spaces: Practical 3.2
Sketching of Open Balls in R%2, Open and Closed sets, Equivalent metric spaces
Descriptive Questions 3.2

(1) Give an example of a metric space in which B(z,r) = B(y, s) but x # y and r # s.

(2) Determine which of the following sets are open in the given metric space. Justify your
answer in each case.

(i
(ii

(i

U={(z,y) € R®: zy # 0} with Euclidean metric.
U={(z,y) € R®: x = 0} with Euclidean metric.

Q in R with usual distance.

U={(z,y) € R®: 2° — y* < 1} with Euclidean metric.

)
)
)
)

(iv
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(v) U={(z,y) € R®: 2z + 3y < 1} with Euclidean metric.
(i) U= B((0,0),1)\{(5,%). (4, %)} € R? with Euclidean metric.
(3) Let (X,d) be a discrete metric space and x € X. Find
(i) B(z,3) (i) B(z,3) (iii) B(z,1) (iv) B(z,r),r > 1

72 7 4

(4) Draw open ball B((0,0),1) in R? with respect to the given metric.

(i) dy induced by the norm || ||1, ||z]l1 = |#1| + |z2| for z = (21, 75) € R?

(i) dg, the Euclidean metric.
(iii) d; induced by the norm || ||s, [|Z]lcc = max {|z1], |22|} for z = (21, 25) € R?
(iv) d where d(z,y) = 2|z1 — y1| + 3|w2 — yo| for & = (1, 12),y = (y1,92) € R?

(5) Show that in the following examples U is open subset of (R?, d), where d is the Euclidean
metric. Also, for p € U, find maximum r, such that B(p,r,) C U.

(i) U={(z,y) eR*:2> 0,y >0} .

(i) U={(z,y) eR* 10 ¢ Z,y ¢ L} .

(i) U=(0,1)x(0,1).

(iv) U={(z,y) eR*: —I <z +y<1}.

(6) Let f,g € C[0, 1] and suppose f(t) < g(t) for each t € [0,1]. Show that U = {h € C[0, 1] :
f(t) < h(t) < g(t) for each t € [0, 1]} is an open subset of X = C[0, 1] under || || norm
1

where || fllo = sup {|f(#)[ - £ € [0, 1]}

1
(7) Consider X = C]0, 1] under the norms || [|; and || ||« where ||f]; = / |f(t)] dt and

0
I flloc = sup {|f(t)] : t € [0,1]}. Draw the open ball B(0,1) in (X, || |l1) and (X, || ||o0)-
(meaning show when does f € C[0, 1] lie in the open ball B(0,1)).

(8) Describe the open balls B(p,r) for p € Z,r > 0 considering cases 0 <r < 1,r =1,7 > 1 in
the subspace Z of R with usual distance.

(9) Let (X,d;y) and (Y, dz) be metric spaces. Consider the metricd : (X xY)x (X xY) — R
defined by d((z1,y1), (x2,92)) = max {di(x1,22),d2(y1,y2)}. Letp € X, g € Y andr, s > 0.
Show that B(p,r) x B(g,s) is an open set in (X X Y, d).

(10) Consider the metric § on R? defined by

0(z,y) = =l + vl ifz#y
= 0 ife=y

for z,y € R? where || || is the Euclidean norm in R?. Find the open balls B((0,0),r) and
B(z,r) where z # (0,0),||z]| =eand 0 <e <



US/AMT503 Sem V, Paper 3: Topology of Metric Spaces  Revised Syllabus 2018

(11) Check whether the following subsets of C with respect to usual distance are open. Justify
your answer.

1. A={2€C:2=2}J{z e C: 2] <2}
2. B={z€C:|Rez| <a, where a € R"}

3. C:{ZGC:Z#%,nEN}
(12) Let (X,d) be a metric space. We define a metric d’ on X x X by

d'((z1,22), (Y1, y2)) = max {d(z1,y1), d(z2,92)}
Show that D = {(z,z) : x € X} is a closed subset of (X x X,d')

(13) Show that S" = {(z,y) € R?: 22 + y? = 1} is a closed subset of (R?, || ||2),|| ||2 being the
Euclidean metric.

(14) In the following examples, show that the given pairs of metrics are equivalent.

d
(i) For a metric space (X, d), the metrics d and dy, where dy(z,y) = H(cxl—éxy,)y)’ r,ye X
(ii) For a metric space (X, d), the metrics d and dy, where d; (z,y) = min {1,d(x,y)},z,y €
X

(iii) On N,d and d; where d is the induced metric from the usual distance d in R and d
is the discrete metric.

(15) Let X = C]0, 1] and d; and d4, be the metrics on X induced by || ||; and || ||e. Prove or
disprove d; and d., are equivalent metrics on X.

(16) Let dy, da, ds be three metrics defined on R? as follows:
di(z,y) = |21 — 1| + |z2 — o, do(w,y) = /(1 — 31)? + (22 — y2)?
doo(@,y) = max {|z1 — y1|, |w2 — 2]}, Vo = (z1,22) & y=(y1,92).
Prove that d;, ds, ds are equivalent metrics on R? by showing

d00<x>y) < dz(iC,Z/) < ﬁdm(m,y) and doo(x,y) < dl(xay) < 2d00(x7y>

(17) Let dy,ds, d be three metrics defined on R™ as follows:

dl(xay) :Z|xz_yz|7 dg(l',y) = Z(wz_yz)Q
i=1 i=1

doo(z,y) = max {|z; —y;| 1 1 <i<n}

Ve = (x1,29,...,2,) & y:(yl,yg,...,yn)l

ShOW that dl<x>y> 2 d2($7y) 2 doo(x7y) 2 n7§d2($’,y) 2 n_1d1<l‘,y)

10
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Topology of Metric Spaces: Practical 3.3
Subspaces, Interior points, Limit Points, Dense Sets and Separability, Diameter of
a set, closure
Objective Questions 3.3

(Revised Syllabus 2018-19)

(1) Consider the subspace Z of the metric subspace R with usual distance. Then
(a) Every open ball in Z is an infinite set.
(b) Every open ball in Z is a singleton set.
(c) Every open ball in Z is a finite set.
(d) None of the above.

(2) Let (X,d) be a metric space and A, B C X. Then
(a) (AUB)° = A°UB°,(ANB)° = A°NB° (b) (AUB)° C A°UB°,(ANB)° C A°NB°
(c) A°UB° C (AUB)°,(ANB)°=A°NB° (d) None of the above.

(3) Let A be a non-empty subset of R, (distance being usual) then A° can be
(a) empty

(b) singleton set

(c) a finite set containing more than one element

(d) countable but not finite

(4) Consider A = [0, 1) with the induced distance from the usual distance in R. Then
a) An open ball in A is of the type (—r,r) with 0 <r <1

b) [0,3) is an open ball in A

c) [0,1) is not an open ball in A

d) None of the above

(
(
(
(

(5) In the subspace (Q, d) of (R, d) where d is the usual distance in R, £ = {r e Q: 2 < r? < 3}

1S

(a) an open ball (b) an open set which is not bounded.
(c) open and closed (d) None of the above.
(6) Let A be a closed subset of R (distance usual) A # (), A # R. Then

(a) A= (A°)

(b) A is countable.

(c) A is not open.

(d) A is a bounded set.

(7) Let (X,d) be a metric space and A, B C X. Let D(S) denote the set of limit points of
S C X. Then
If A C B, then D(A)

(a) ¢ D(B)
(b) If AC B, then D(B) C D
() S
(d

(4)
If AC B, then D(A) C D(B) and the equality may occur.

) None of the above.

11
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(8) Let d be the usual distance on R and d; be the discrete metric on R. Let A = (0,1). If
D(A) denotes the set of all limit points of A, then

(a) In (R,d),D(A) = (0,1) and in (R,d;), D(A) ={0,1}

(b) In (R,d), D(A) =[0,1] and in (R,d;), D(A) =0

(¢) In (R,d), D(A) = (0,1) and in (R, d;), D(A) = (0,1)

(d) None of the above.

(9) Consider the following subsets of R (distance in R being usual):
(i) N (i) @ (i) {2:neN} (iv) (=1,0) . Then 0 is a limit point of

AUB=AUB,ANB=4nB

(11) Let (X,d) be a metric space and A C X. If G C X is an open set such that GNA =0
then
(a) GNA=0 () GNA=0 (c) GNA=( (d) None of the above
(12) Let A ={1, %, %, %, }L, %, %, %, %, %, - }in R Where_the distance is usual. Then
(a) Aisaclosed set. (b) A isnot a closed set, A= (0,1]
(c) Ais not a closed set, A =[0,1]
(d) None of the above.

(13) Consider Y = [0,1] C R, with the induced usual distance d of R. Let A =[0,1) C Y. Then
in (Y, d)
(a) 0A=(0,1) (b) 0A={0,1} (c) 0OA={1} (d) None of the above.

(14) Consider N with the induced usual distance of R. Let A = {1,2,...,10} C N. Then the
statement which is not true in (N, d) is
(a) A°=0 () A=A (¢c) 9A=0 (d) None of the above.

(15) Let A, B C R, and d be the usual distance in R. Then
(a) d(4°, B°) = d(A, B) = d(A,B) (b) d(A, B) = d(4, B)
(c) d(A°, B°) =d(A,B). (d) None of the above.

(16) Let (X,d) be a metric space and A, B C X such that A, B are non-empty and AN B = {).
Then
(a) d(A,
(c) d(4,

B) >0 (b) d(A,B) > 0if A, B are open.
B) > 0if A, B are closed. (d) None of the above.

12
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(17) Let S* = {(z,y) : 2* + y* = 1} C R?, distance d being Euclidean. For p € R? d(p, S!)
equals
(@) [l (b) llpll =1 (c) llpll+1  (d) None of the above.

(18) Let A ={1, %, }1, %, %, g, g, g, .-} (distance in R usual). Then A equals

(a) [0,1] (b) (0,1) (c) [0,1]NQ (d) {5 m,neN}N[0,1]
(19) Consider the set A = {1, 3, %, %, i, %, %, %, %, ‘—;, --+} (distance in R usuall Then A equals
(a) Ais a closed set B (b) A is not a closed set, A = (0, 1].
(c) Ais not a closed set, A =[0,1] (d) None of the above.
(20) Let A = {1 f: | s R}, (distance usual). Then the set of all limit points of A is
T
(a) (0,1] (b) (0, 00) (c) [0,1] (d) None of the above.
(21) Let A= . f|x| S R} , (distance usual). Then the set of all limit points of A is
(a) (—1,1) (b) [—1,1] (c) (0,00) (d) None of the above.

Topology of Metric Spaces: Practical 3.3
Subspaces, Interior points, Limit Points, Dense Sets and Separability, Diameter of
a set, closure
Descriptive Questions 3.3

(1) Give an example of a metric space (X, d), A, B C X such that A° = B° = but (AUB)° =
X

(2) Find the interiors of the following subsets in a given metric space.

(i) Z in (R, d) where d is the usual distance.
(ii) Qin (R, d) where d is the usual distance.
(iii) {(z,y) e R? : 2z >y} U{(0,0)} in (R?,d) where d is the Euclidean metric.

(3) Find the closure of the following subsets of C (distance being usual)

(i) S={z=%:neN}

(i) S={z=++<:m,neN}

(i) S={z=ao+1iy,z,y € (0,1),z,y € Q}
)

(iv) S={z=2+iy,z,y € (0,1)}

(4) Consider the subspace A = [0, 1) of R where distance in R is usual. Find B4(0,7) an open
ball in the subspace A for r > 0

(5) Consider the subspace A = [0, 00) of R where distance in R is usual. Find B4(0, 1) an open
ball in the subspace (A, d).

13



US/AMT503 Sem V, Paper 3: Topology of Metric Spaces  Revised Syllabus 2018

(6) Show that A = {z € Q: —v2 < 2 < /2} is both open and closed in the subspace Q of R
with usual distance.

(7) Prove or disprove : Let (X, d) be a metric space and A C X. Then

() () =4 (i) (A = 4°

(8) In R, with respect to usual distance, show that A = N, B = {n + % :n € Nyn # 1} are
closed sets such that AN B = (. Also find d(A4, B).

(9) (i) In (R,d), where d is the usual distance, find d(Q,R\ Q) and d(Q, A) where A is any
non-empty subset of R.

(i) In (R? d),d being Euclidean, find d(A, B) where A = {(z,y) € R* : zy = 0} and
B ={(z,y) e R? : zy = 1}.

14
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Topology of Metric Spaces: Practical 3.4
Limit Points, Sequences, Bounded, Convergent and Cauchy Sequences in a
Metric Space
Objective Questions 3.4

(Revised Syllabus 2018-19)

(1) Let (x,) be a sequence in a metric space (X, d),z,, — p. Let A = {xz, : n € N}. Then
(a) pisa hmlt point of A
(b) p€
(c) There is a subsequence (x,, ) of (z,) having distinct terms such that z,, — p
(d) None of the above.

(2) Let S be an infinite subset of R such that S N Q = (). Then
(a) S has a limit point which belongs to R\ Q.
(b) S has a limit point which belongs to Q.
(c) S is not closed.
(d) R\ S has a limit point which is in S.

(3) Let dy and ds be equivalent metrics on X and (z,) be a sequence in X. Then
(a) (x,) is bounded in (X, d;) <= (x,) is bounded in (X, dy).
(b) (x,) is convergent in (X, d;) <= (z,,) is convergent in (X, ds).
(¢) (z,) is a Cauchy sequence in (X,d;) <= (z,) is a Cauchy sequence in (X,ds).
(d) None of the above.

(4) Every Cauchy sequence is eventually constant in

(a) (N,d) where d is usual.
(b) (@ d) where d is usual.
(c) (R\ Q,d) where d is usual.
(d) None of the above.
1 1
(5) d and d; are metrics on X = (0, 00) where d is the usual distance and dy(z,y) = |— — —'.
r oy

Then

(a) If (x,) is a Cauchy sequence in (X, d;) then (z,) is a Cauchy sequence in (X, d)
(b) If (z,) is a Cauchy sequence in (X, d) then (z,) is a Cauchy sequence in (X, d;)
(c) If (z,) is Cauchy in (X, d;), (z,) may not be Cauchy in (X, d).

(d) (x,) is a Cauchy sequence in (X, d) <= (x,) is Cauchy sequence in (X, d;)

(6) d and d; are metrics on X = (0, 00) where d is the usual distance and d;(z,y) =

Then

(a) If (x,) is a bounded sequence in (X, d;) then (x,) is a bounded sequence in (X, d)
(b) If (z,) is a bounded sequence in (X, d) then (z,) is a bounded sequence in (X, d;)
(¢) If (z,,) is bounded in (X, d;), (z,) may not be bounded in (X, d).

(d) (z,) is a bounded sequence in (X, d) <= (z,) is bounded sequence in (X, d;)

15
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(7) Let dy and ds be metrics on X such that kids(x,y) < dy(z,y) < kody(z,y) for all z,y € X
where k1, ko > 0 are constants. The the statement which is not true is
(a) (z,) is Cauchy in (X, d;) if and only if (z,) is Cauchy in (X, dy).
(b) z, — pin (X, d;) if and only if z, — p in (X, dy).
(¢) (z,) is bounded in (X, d;) if and only if (x,) is bounded in (X, ds).
(d)

None of the above.

(8) Consider the sequence (zj) defined by ), = <(—1)k7 %) in R?. d and d; are metrics on R?
where d is the Euclidean distance and d; is discrete metric. Then
(a) (xp) is not bounded in (R?,d) and (R?, d,). (b) (z1) converges in (R?d).
(c) (zx) has a convergent subsequence in (R? d).  (d) (zj) converges in (R? d;).

(9) Let 2y — z and y, — y in (R™,d), d is Euclidean distance. Which statement is not
true?
(a) [Jzg]l — llz] and fyell — |yl
(b) (wx, yr) — (2, y)
(c) x is a limit point of the set A = {z), : k € N} and y is a limit point of the set
B =A{y.: k eN}
(d) 2 +ye — T +y

1
(10) Consider X = €0, 1], [ f]lx :/0 [F@] dt, || fllee = sup {[f(#)] - 2 €[0,1]} Vf e X and

fn(x) = 2™ Then
(a) {fn} converges in (X, | ||;) but not in (X, || ||c0)
(b) {fn} converges in (X, || ||c) but not in (X, || ||1)
(¢) {fn} does not converge in both.
(d) {f.} converges in both.

0 itm=n
(11) Consider (N, d) where d(m,n) = m 1 Then

if
- ifm+#n

(a) Every sequence in (N, d) is bounded.

(b) Every sequence in (N, d) is eventually constant.

(c¢) Every Cauchy sequence in (N, d) is eventually constant.

(d) Every sequence in (N, d) is Cauchy.

(12) Consider the sequence z,, = n — [y/n] in (R, d) where d is usual metric. Then
(x,,) is Cauchy.

(x,) is monotone increasing.

(x,) is monotone decreasing.

d) (x,) is not convergent but has a convergent subsequence.

16
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(13) Let dy and ds be two metrics on X and there exists real numbers ky, ko > 0 such that
kida(z,y) < di(z,y) < kodo(x,y) Va,y € X. Mark the sentences which is not true.
(a) (x,) is a Cauchy sequence in (X, d;) implies (x,) is a Cauchy sequence in (X, ds)

(b) (z,) is a bounded sequence in (X, d;) implies (z,,) is a bounded sequence in (X, d5)
(¢) (z,) is a convergent sequence in (X, d;) implies (x,,) is a convergent sequence in (X, ds)
(d) (a), (b) and (c) are not true.

1
(14) The sequence (—) is not convergent in

n
(a) [0,1] with usual distance.
(b) [0, 1] with discrete metric.
(c) Q with usual distance.  (d) [0, c0) with usual distance.

(15) The Cauchy sequence which is convergent in (Q, d), where d is the usual distance, is

11 |
(a) (z,), where z, = 1+ — o + _1_5 4 4_5

1 2\
(b) () where xy =1 and z,, = 5(»% + x_n>

1 1\»
(¢) () = {0.1,0.101,0.101001,0.1010010001, - -- }  (d) (x,,) where z,, = —(1 + —)

n n

Topology of Metric Spaces: Practical 3.4
Sequences, convergent and Cauchy sequences in a metric space
Descriptive Questions 3.4

(1) Show that the following sequences in R? are convergent, distance being Euclidean.

(i) (2n) where z, = (% E)

nd 41

1 —1
(ii) (x,), where z,, = (2”, —) forn <9 and z,, = <210, —) for n > 10
n n

(2) Prove or disprove: Let dj,ds be equivalent metrics on a non-empty set X. Then

(i) (xy,) is bounded in (X, d,) if and only if (x,) is bounded in (X, ds)
(ii) (z,) is Cauchy in (X, d;) if and only if (z,) is Cauchy in (X, ds)

(3) Let dy and ds be equivalent metrics on a non-empty set X such that there exist ky, ko > 0
such that

kldl(flf>y) < d2(337y) < dzdl(%y) Ve,ye X

Then show that

(i) (zy,) is bounded in (X, d;) if and only if (z,) is bounded in (X, dy)

17
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(ii) (z,) is Cauchy in (X, d;) if and only if (z,) is Cauchy in (X, ds)

(4) Show that the sequence z,, = % converges to 0 in the usual metric space R but is not
convergent in X = (0, 1) with the usual metric.

1
(5) X = C[0, 1]. Show that f,(t) = e”™ converges to 0 w.r.t. the metric d;(f,g) = / |f(x)—

0
g(x)| dz but is not convergent w.r.t. the metric do(f, g) = sup{|f(x) — g(z)| : z € [0,1]}

(6) Let (X,d) be a metric space. If (z,,) and (y,) are sequences in X such that x,, — z and
Yn — y, then prove that the sequence d(x,,y,) — d(z,y) in R w.r.t. the usual metric.

(7) Let X = C[0, 1] be a metric space with the metric d., defined by
doo(f, 9) = sup{|f(t) — g(t)] : t € [0, 1]}
t
Show that the sequence { f,} in X given by f,(t) = % Vt € [0, 1], is a Cauchy sequence
n
in X.
(8) Prove that every Cauchy sequence in a discrete metric space is convergent.

(9) Let (x,) be a Cauchy sequence in a metric space (X, d) and (z,, ) be a subsequence of (x,,).
Show that d(z,,z,,) — 0 in R w.r.t. the usual metric.

(10) Let (x,) and (y,) be Cauchy sequences in a metric space (X, d). Prove that (d(x,,y,)) is
a Cauchy sequence in R w.r.t. the usual distance.

(11) Let (X,d) be a metric space and d’ be a metric on X defined by

d'(z,y) = min{l,d(z,y)}

Show that (z,) is a Cauchy sequence in (X, d) if and only if it is a Cauchy sequence in
(X,d).

(12) Let (X, d;) be a metric space and (z,) be a sequence in X. Show that z,, — z in (X, d;)
if and only if dy(z,,2) — 0 in (R, d) where d is the usual distance in R.

(13) Let (a,) and (b,) be sequences in a metric space (X,d;) and z,, = d(a,,b,).If (a,) is a
Cauchy sequence in (X, d;) and x,, — 0 in (R, d) (d is the usual distance), then show that
(b,) is a Cauchy sequence.
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Topology of Metric Spaces: Practical 3.5
Complete Metric Spaces
Objective questions 3.5

(Revised Syllabus 2018-19)

(1) F, = [n,00) for each n € N. Then N,enFy,
(a) has infinitely many points  (b) is a singleton set.

(c) is the empty set. (d) None of the above .
(2) In R with respect to usual distance N,enF, is a singleton set when
(a) Fp=[-nn] (b) Fy=[nn+1] () Fo=[1—,1 (d) F, =[0,n]
1 1
3 1——1+—)1i
@ N ( Loy n) s

(a) {1} (b) (0,2) (c) empty (d) None of these.

(a) [-1,1] (b) (=1,1) (c) empty (d) None of these.
) N —%H is
(a) {0} (b) [-1,1] (c¢) [0,1] (d) None of these.

© o]

neN

(a) -O} (b) empty (c) [0,1] (d) None of these.

(7) f:R — R be any function (distance is usual). Then
(a) f is continuous on R if and only if f satisfies intermediate value property.
(b) If f is continuous on R then satisfies intermediate value property.

(c) If f satisfies intermediate value proerty and f~'({r}) is closed V r € Q then f is
continuous on R.
(d) None of the above.

(8) f:[0,1] — [0, 1] is defined by

- x ifq;EQﬂ[O,l]
f(m)—{ 11—z ifze(R\Q)NJ[0,1]

(a) f is continuous on [0, 1] and does not satisfy intermediate value property.
(b) f satisfies intermediate value property but f is not continuous.
(¢) f is continuous only at = 3 and f[0,1] =[0,1] .  (d) None of the above.

(9) Cantor’s Theorem is applicable in the following and N,enF}, is a singleton set
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,1],d usual distance, F, = [-1, 1]

(i
(ii 1), d usual distance, F, = [0, 2]

) X =[-1
) X = (0,

(iii) X =R, d discrete metric, F,, = (0 l)
) X =10,

‘n

(iv 1], d usual distance, F,, = [1 — £, 1]

(a) (i) and (ii) (b) (i) and (iv) (¢) (i), (ii) and (iv) (d) None of these.

(10) Let dy and dsy be equivalent metrics on X. Then

(a) (X,d;) is bounded = (X, dy) is bounded.

(b) (X,dy) is complete = (X, ds) is complete.
(¢) (x,) is a Cauchy sequence in (X, d;) = (z,,) is a Cauchy sequence in (X, ds).
(d) None of the above.

(11) Consider the following subspaces of R where distance in R is usual.
(1) Q (1) Z (i11) {0} U{L : n € N} (iv) [-1,1) UN. Then
(a) (i) and (iv) are complete .
(b) only (ii) is complete.
(c) (ii), (iii) and (iv) are complete.
(d) None of the above.

(12) Suppose || |1 and || ||2 are equivalent norms on a normed linear space X. Then the
statement which is not true is
(a) (X, || ||1) is complete if and only if (X, || ||2) is complete.
(b) (z,) is a Cauchy sequence in (X, | ||; if and only if (x,) is a Cauchy sequence in
(X1 ).
(c¢) A is a bounded set in (X, || [|1) if and only if A is bounded in (X, || ||2).
(d) (a), (b) and (c) are not true.
(13) Consider the following subspaces of (R, d) where d is usual distance :
@) 0.oc) () 0.JUR3 (k35203 L2801  (iv) Z Then
(a) All the sub spaces are complete . (b) Only (i) is complete.
(c) Only (ii) is complete (d) Only (iii) is not complete.

—

(14) Let (X,d) be a complete metric space. A, B be complete subspaces of X such that
AN B # () then
(a) AU B is a complete subspace of X but AN B is not.
(b) AN B is a complete subspace of X but AU B is not.
(¢c) AU B and AN B are complete subspaces of X.
(d) None of the above.

(15) Consider the following subspaces under usual distance in R.
(i) {v2,v3,v5} (i) {{/p:pis a prime number}  (iii) {x € R\ Q: = < v/89} Then
(a) (i), (ii), (iii) are not complete.

(b) (i), (ii), (iii) are all complete.

20



US/AMT503 Sem V, Paper 3: Topology of Metric Spaces  Revised Syllabus 2018

(c) (i) and (ii) are complete and (iii) is not.
(d) None of the above.

(16) Consider the following subspaces of (R, d), where d is usual distance in R. If N, Z, Q, R\ Q
are subspaces of (R, d). Then
(a) N,Z and Q are complete , R\ Q is not complete.
(b) N,Z,Q and R \ Q are all complete.
(¢) N,Z are complete and Q, R\ Q are not complete.
(d) None of the above.

b
(17) Consider the space C[a,b] with norms || ||; and || ||c where ||f|l1 = / |f(x)] dr and

1 loe = sup{|£(z)]z € [a,]}. Then

() (Cla, 8L, ]| 1) and (Cla, 8], || ) are complete.

(b) (Cla,b],|| ||;) is complete but (C[a, b], | |le) is not complete.
(c) (Cla,b],|| l|s) is complete but (Cla, b], || ||;) is not complete.
(d) None of the above.

Topology of Metric Spaces: Practical 3.5
Complete Metric Spaces
DESCRIPTIVE QUESTIONS 3.5

(1) Check whether Cantor’s Intersection theorem is applicable for the following examples. Also,
find NyenF), in each case, where (F),) is a sequence of subsets of R and the distance in R is

usual.
(a) Fn = (0,00) (b) F, = (0, ) (c) Fp=[1—2,2+ 1]

(2) Let f : R — R be a function which satisfies intermediate value property: for a,b € R
with f(a) < A < f(b), there exists ¢ between a and b such that f(c¢) = A. Further if
{z € R: f(x) =r} is closed set for each r € Q, then show that f is continuous on R.

(3) Prove that there is no continuous function f : [0,1] — R satisfying z € Q <= f(z) ¢ Q.

(4) Let f: R — R be a function such that f~'({z}) has exactly two points for each z € R.
Show that f cannot be continuous on R.

(5) Let h be defined on [0, 1] (usual distance) as follows:

0 if x is irrational.
h(z) =14 = if a is rational number®, with(m,n) = 1
1 if x=0

Prove that h is continuous only at irrational points in [0, 1].
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(6) f:[0,1] — [0, 1] is defined by

f(:v):{ x if zeQn]o,1]

l1—z if 2zeR\QNIO0,1]
Show that f([0,1]) = [0, 1] whereas f does not satisfy intermediate value property.

(7) Show that the equation cosx = z has at least one solution.
(8) Show that the equation x® — 15z + 1 = 0 has 3 solutions in the interval [—4, 4].

(9) Show that the function f(z) = (x —a)*(x — b)*> + x takes the value (a+b)/2 for some value
of x.

(10) Let f(z) = tanx ; then f(n/4) = 1 and f(37/4) = —1. But there is no ¢ € (7w /4,37/4)
such that f(c) = 0. Explain why this does not contradicts Intermediate value property.

(11) Prove that if f, g are continuous on [a,b] and f(a) > g(a) and f(b) < g(b) then there is a
point ¢ € (a,b) such that f(c) = g(c).

(12) Use the intermediate value property to show that there is a square whose diagonal has
length between r and 2r and has area equal to half the area of the circle of radius r.

(13) Show that a Cauchy sequence in a metric space (X, d) where, X is a finite set and d is
any distance, is eventually constant. Hence show that (X, d) is complete.

(14) Show that Cauchy sequence in (N,d) (or (Z,d)) where d is usual distance is eventually
constant. Hence show that (N, d) (or (Z,d)) is complete.

(15) Show that a Cauchy sequence in a discrete metric space (X,d) is eventually constant.
Deduce that (X, d) is complete.

(16) Show that (R? d) is a complete metric space where d(z,y) = 2|r; — y1| + 3|xg — yo| for
= (r1,22),y = (y1,%2) € R?.

(17) Show that (N, d) is a complete metric space where for m,n € N,

d(m,n) = { "

(18) Let (Xi,d;) and (Xs,ds) be metric spaces and d be a metric on X; x Xy defined by

d((xl,xg), (yl,y2)> = /d3(z1,y1) + d3(z2,y2). Show that (xn> = (xl(n),xg(n)> in X; x
X, converges to (p1, pe) if and only if z1(n) — p; and z3(n) — p,. Hence prove that if
X1, X5 are complete, then X; x X5 is complete.

0 Itm=n

m-+n
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(19) Let (Xi,d;) and (X3, ds) be complete metric spaces. Show that <X1 x Xo, d’) and <X1 X
Xo,d" ) are complete metric spaces where
dl((l"l,iﬁz)a (y1, yz)) = ady(z1,y1) + Bdz (72, y2)
d”((l’l,l'g), (yl,yg)> = \/ad%(xl,yl) + ad3(ra,y2). where a, 8 > 0.

(20) Show that the metric space (C10,1],d;) is not complete where di(f,g) / |f(x

g(x)| du.
Hint: Consider the sequence {f,} in C[0, 1] defined by
0 ifo<t< % %
Faf)={ T4t ityobers]
1 iff<t<1

(21) Prove that (0,1) as a subspace of (R,d) (d being usual distance) is not complete but is
complete as a subspace of (R, d;) where d; is discrete metric.

(22) Show that C[0, 1] with || || defined as || ]l = sup{|f(¢)| : t € [0,1]} is complete.
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Topology of Metric Spaces: Practical 3.6
Compact Metric Spaces
Objective Questions 3.6

(Revised Syllabus 2018-19)

(1) Let (X,d) be a metric space and K C X. Then
(a) K is compact. (b) K is compact if K is closed.
(¢) K is compact if K is bounded. (d) K is compact if K is finite.

(2) Let (X,d) be a metric space and (z,) be a sequence in X such that x,, — z9 as n — 0.
Then
(a) {z,:n € N} is a compact subset of X
(b) {z, :n € N}U{xp} is a compact subset of X
(¢) {zn : n € N} U {zo} is a compact subset of X only if (z,) is a sequence of distinct
points.
(d) None of the above.

(3) Let {A,} be a family of compact subset of a metric space (X, d) such that N,enA, # 0.
Then
(a) AjU...UAg k € N and N,enA, are compact subsets of X.
(b) AyN...UA k€N and U,enA, are compact subsets of X.
(¢) UnenA, and N,enA,, are compact subsets of X
(d) None of the above.

(4) Which of the following statements is false?
(a) A compact subset of a metric space is closed and bounded.
(b) A closed and bounded subset of a metric space is compact.
(c) A finite subset of a metric space is compact.
(d) A closed subset of a compact set in a metric space is compact.

(5) Which of the following are compact sunsets in the given metric space?
(a) [0,1] in (R, d;) where d; is discrete metric.
(b) Nin (R, d) where d is usual distance.

)
(c) {( (=1) ) 'n € N} U {(0,0)} in (R?,d) where d is Euclidean distance.
n
(d) la,
(6) Consider the following subsets of (R?,d), (d being Euclidean distance)
(i) A={(z,y) eR*:2? —y* =1}

(i) B={(z,y) eR?:y* =}
(iii) C = {(z,y) € R? : 222 4+ 3y*> = 100} Then

n’
b] N Q where a, b are irrational numbers in (Q, d) where d is usual distance.
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(a) A, B,C are compact.
(b) B,C are compact and A is not compact.
(c) Only A, B are compact.
(d) C is compact.
(7) Let (X,d) be a metric space and x € X. Let B[z,r] denote the closed ball {y € Y :
d(z,y) < r} Then
(a) Blx,r] is compact. (b) B[z, r] is compact only if r < 1.
(¢) Blz,r]is compact if X =R and d is Euclidean distance.  (d) None of the above.
(8) In the metric space (Z,d), (Z is the set of integers, d is usual distance), K C Z
(a) if and only if K is closed. (b) if and only if K is bounded.
(c) if and only if K has a limit point. (d) if and only if 0 € K.
(9) Which of the following subsets of R? are compact?
(a) {(.CC,y,SC) € R : I2+y2 — 22 = 1} (b) {(l’,y,l’) € R? : 22 _y2 — 22 = 1}
(c) {(z,y,z) eR3: 2? + > + 22 =1} (d) None of the above.
(10) Which of the following subsets of R? is not compact? (distance being Euclidean) (a) The
‘ 2 g
ellipse {(z,y) € R?: a2t = 1}, (a,b > 0)

(b) The rectangular hyperbola {(z,y) € R? : xy = 1}
(c) The set {(x,y) € R? : 2% +2y?> < 32}  (d) The set {(z,y) e R? : |z| < 1,|y| < 1}

(11) In the metric space (R, d) (d begin usual distance)
(a) [0,1] U[2,3] is compact. (b) [0,1]
(c) [0,1]U{z € N:x > 3} is compact. (d) [0,1]

(12) Consider the following subsets of R? (distance being Euclidean).

2.3) is compact.
(2, p

U
U [2, 00) is compact.

(i) A={(z,y) eR?: 2? +y* =1} (iii) C ={(z,y) e R*: 2? +y* > 1}
(i) B={(z,y) e R? : 22 +94*> < 1}

(a) A, B,C are all compact. (b) A and B are compact, C' is not compact.
(c) Only B is compact. (d) Only A is compact.

(13) Consider the following subsets of (R", d) (d being Euclidean distance)
A= {(z1,...,2) eR" 9+ 29+ ...+ 2, =0}

B = {(xl,...,xn)ER”:fozl}
i=1

n

C= {(xl,...,xn)GR”:Z]a:i\Snforlgign}
i=1

D= {(z1,...,2,) ER": 2y =12, =0}
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(a) A, B,C,D are compact sets. (b) Only B and C' are compact sets.
(¢) Only B,C and D are compact sets. (d) None of the above.

(14) Let A, B be compact subsets of (R,d), (d being usual). Then the following set is not
compact.
(a) A x B in (R? d),d being Euclidean (b) AUB in R
(c) ANBin R (providled ANB #0). (d) A\ BinR (provided A\ B # 0).

(15) Let (x,) be a sequence in [0, 1]. Then, which of the following is not true.
(a) (x,) has a convergent subsequence.
(b) (z,) is bounded but may not be convergent.
(c) (x,) is Cauchy.

(d) (x,) may have subsequences converging to different limits.

(16) Let A be a compact subset of R. Then
(a) A may not be compact. (b) A° may not be compact.
(¢) 0A may not be compact. (d) None of the above.

(17) Let A be a compact subset of R. Then which of the following statements is not true
(a) A is complete. (b) A has a limit point in R
(c) Ais closed and bounded. (d) A° and 0A are bounded.

Topology of Metric Spaces: Practical 3.6
Compact Metric Spaces
Descriptive Questions 3.6

1
(1) Using definition, show that K = {— ‘n € N} U {0} is a compact subset of (R, d), where d
n

is usual distance in R. Also find a finite subcover of the open cover {B(, &)} en of K.

(2) Let (X, d) be a metric space and (z,,) be a sequence in X converging to zo. Using definition,
show that K = {z, : n € N} U{xz¢} is a compact subset of (X, d)

(3) In the following examples, show that the set is not compact b considering the given open
cover of the set:

(i) Cla, b] in the metric space (Cla, b, || [|l«); [|f|lcc = sup {|f(¢)] : t € [a, b]}. Show that
the open cover {B(0,n)},en of Cla,b] has no finite subcover. 0 being the constant
zero function).

(ii) (0,1) in the metric space (R, d), d being the usual distance . Show that the open cover
{(£,1)}nen of (0,1) has no finite subcover.

(iii) {— n € N} in the metric space (R, d), d being the usual distance. Show that the open

cover {(5, 2)}nen of {+ : n € N} has no finite subcover.
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(iv) [0,1] in the metric space (R,d;),d; being the discrete metric. Show that the open
cover {B(z, 3)}sep0,1) has no finite subcover.

(4) Check if the following sets are compact in the given metric space. Justify your answer.
(i) {(z,y) € R?: 22 — y*> = 1} in (R?,d), d being Euclidean metric.
(i) {(z,y) € R?:xy =1} in (R? d), d being euclidean metric.
(iii) {n+2:

(5) Prove or disprove:

(i

(ii
(iii
(iv

(6) Determine which of the following subsets of (R? d), where d is Euclidean distance is com-
pact. Justify your answer.

n € N} in (R, d), d being usual distance.

A closed and bounded subset of a metric space is compact.
A closed ball Bz, r| in a metric space is compact.
A compact set in a metric space is not open.

Interior and closure of a compact set are compact.

\_/\_/\_/\_/

y) €R?: x| + [yl < 1}

y) € R? : |z| < 1}

WER r2105y<Y)

y)ERzzaer v =1}, (a,b > 0)

y) € R? : zy = 0}

(7) Let A, B be compact subsets of R, distance being usual. Show that
(i) A+ B is a compact subset of R.

(i) AU B is a compact subset of R.
(iii) A x B is a compact subset of (R? d),d being Euclidean distance.

(8) Show that A = (0, 1] is not a compact subset of (R, d), d being Euclidean distance by

(i) exhibiting a sequence in A which has no convergent sequence.

(ii) exhibiting an infinite subset of A which has no limit point in A.

(9) Show that {(z1,2s,...,2,) € R" : 22 + 222 + - - - + nz? < (n+ 1)?} is a compact subset of
(R™,d), d being Euclidean.

(10) If A, B are disjoint non-empty subsets of (X, d) and A is closed, B is compact then show
that d(A, B) > 0.
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(11) Consider the set A = (—v/2,v/2) N Q in a metric space (Q,d) where d is a usual metric
from R. Is the set A:

(i) closed and bounded in (Q,d)?
(ii) compact in (Q,d)?
(12) Show that the closed unit ball B[0,1] in [? is not compact, where I? := {(x,) in R :

(o]
Z |z,|> < 0o i.e. convergent }; Further, for any = = (z,,) € I%; define ||z||, =
n=1

The metric on /2 is the metric corresponding to this norm.
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Topology of Metric Spaces: Practical 3.7
Miscellaneous.

Revised Syllabus 2018-19
UNIT 1

(1) Define a metric space (X,d) and a normed linear space (X, || ||). Show that on a normed
linear space d : X x X — R defined by d(z,y) = || — y|| is a metric.

(2) Define an open ball B(z,r) in a metric space (X, d). Show that an open ball is an open
set.

(3) State and prove Hausdorff property in a metric space (X, d)
(4) Show that in a metric space (X, d)

(i) an arbitrary union of open sets is open.

(ii) a finite intersection of open sets is open.
(5) Give an example to show that an arbitrary intersection of open sets need not be open.

(6) Let (X,d) be a metric space. Show that a subset G of X is open if and only if it is a union
of open balls.

(7) Prove that any nonempty open subset of R (distance being usual) can be written as a finite
or countable union of open mutually disjoint intervals.

(8) Let (X,d) be a metric space and A C X. Show that

(i) A° is an open set and is the larges open set contained in A.
(ii) A is open if and only if A = A°
(9) Let (X,d) be a metric space and A C X. Show that
(i) ACB= A°C B°
(i) ANB)°=A°NDB°
(iii) A°U B° C (AU B)° and the inequality may be strict.

(10) Show that two metrics d and d' on a non-empty set X are equivalent if and only if for
each z € X, any open ball By(x,r) contains an open ball By(z,r,) for some " > 0 and
any open ball B/(z,s) contains an open ball By(z,s") for some s’ > 0.

(11) Let (X,d) be a metric space and F' be a subset of X. Show that the following statements
are equivalent:
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(i) X \ F' is open.
(ii) F contains all its limit points.

(12) Show that in a metric space (X, d) , the following statements are equivalent for a subset
G of X.

(i) G is open
(ii) G does not contain any limit point of X \ G.

(13) Let (X,d) be a metric space and A C X. Show that

(i) Ais a closed set.
(ii) A is closed if and only if A = A.

(14) Let (X,d) be a metric space and A, B C X. Show that

(iii) AN B C AN B and the inequality may be strict.

(15) Let (X, d) be a metric space and A C X. Show that D(D(A)) C D(A) where D(S) denotes
the set of limit points of S C X. Hence show that D(A) is closed.

(16) Bolzano-Weierstrass Theorem: Consider a metric space (R, d), where d is the usual metric.
Prove that every infinite bounded subset of R must have a limit point in R.

UNIT II

(1) Let (X,d) be a metric space and A C X. Show that p € A if and only if there is a sequence
of points in A converging to p.

(2) Let (X,d) be a metric space and A be a subset of X. Show that p is a limit point of A if
and only if there is a sequence of distinct points converging to p.

(3) Prove: Every bounded sequence in R with usual metric, has a convergent subsequence.

(4) Show that a sequence (zj) in (R",d) (where d is Euclidean distance) converge to a point
p = (p1,p2,---,pn) € R"if and only if 2t — p;, for 1 < n; in R with respect to the usual
distance, where z, = (z},z%,--- ,z%). Hence deduce that (R",d) is a separable metric
space.

(5) Let (X,d) be a metric space and Y be a non-empty subset of X. Show that

(i) A subset G of Y is open in the subspace (Y, d) if and only of G = V NY where V is
an open set in (X, d)
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(ii) A subset F' of Y is closed in the subspace (Y,d) if and only if F = HNY where H is
closed set in (X, d).

(6) Let (X, d) be a metric space. Show that a convergent sequence in (X, d) is Cauchy. Give
an example to show that the converse is not true. further show that a Cauchy sequence
(x,) in (X, d) is convergent if and only if it has a convergent subsequence.

(7) Show that the metric spaces (X, d;) and (X, dy) are equivalent if and only if (z,,) converges
to pin (X, dy) if and only if (z,) converges to p in (X, dy)

(8) Let (X,d) be a metric space . Show that a subset A of X is dense in X if and only if
G N A # () for each non-empty open subset G of X.

(9) Let (X, d) be a metric space. If A C X is dense in X and B is a non-empty open subset of
X then ANB =B.

(10) Prove that the metric space (R, d) is complete where d is the usual distance.
(11) Prove that the metric space (R?, d) is complete where d is the Euclidean distance.

(12) Prove that the metric space (C,d) is complete with respect to the distance given by
d(Zl, ZQ) = |Zl — 22|

(13) Show that the metric space (Cfa, bl, d) is complete where d(f, g) = sup{|f(z) —g(x)| : = €
[a, b]}.

(14) Let (X,d) be a metric space and (Y, dy) be a subspace of (X,d). If (Y,dy) is complete
then show that Y is closed.

(15) Let (X,d) be a complete metric space. If Y is a closed subspace of X then show that the
subspace (Y, dy) is complete.

(16) State and prove Cantor’s intersection theorem in a metric space (X, d).

(17) If in a metric space (X, d), for every decreasing sequence {F,} of non-empty closed sets
with d(F,,) — 0, NuenF), is a singleton set then prove that (X, d) is complete.

(18) Nested Interval Theorem (As a particular case of Cantor’s intersection theorem): Let
Jn = [an,b,] be a sequence of intervals in R such that J,.; C J,Vn € N. Then show
that ﬂ Jy # 0. If further we assume that lim ¢(.J,,) = 0 then show that ﬂ J,, contains

n—aoo

neN neN
precisely one point.

As a consequence of Nested Interval Theorem:

(19) Show that set R of real numbers is uncountable.

(20) Density of rationals: Let < y be real numbers. Show that there exists a rational number
r € Q such that x <r < y.
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(21) Intermediate Value Theorem: Let f : [a,b] — R be continuous. Assume that f(a) and
f(b) are of different signs, say, f(a) < 0 and f(b) > 0. Show that there exists ¢ € (a,b)
such that f(c) = 0.

UNIT III

(1) Show that a compact subset of a metric space is closed and bounded. Give an example to
show that a closed and bounded subset of a metric space is not compact.

(2) Prove: A closed subset of a compact metric space is compact.

(3) Let (X,d) be a metric space and K is a compact subset of X. If F' is a closed subset of X
then show that F' N K is compact.

(4) Suppose (X, d) is a metric space and C is a non-empty collection of compact subsets of X
then

(i) () K is a compact subset of X.
Kec

(i) If C is finite then |J K is a compact subset of X.
KeC

(5) Prove that a set A in a discrete metric space (X, d) is compact if and only if A is a finite
set.

(6) Consider a metric space (R, d) where d is usual metric, ) # A C R. Prove that A is closed
and bounded if and only if A satisfy Hein-Borel property. (A set is said to satisfy Hein-
Borel property if every open conver of that set admits finite subcover).

Remark: The above result can be generalised to (R™, d) as follows(without proof):
A subset A of (R™,d) is closed and bounded if and only if it satisfy Hein-Borel property.
Hence, A C R" is compact if and only if it is closed and bounded.

(7) Consider a metric space (R, d) where d is usual metric, ) # A C R. Prove that A is closed
and bounded if and only if A is sequentially compact. (A set A is said to be sequentially
compact if every sequence in A has a covergent subsequence).

(8) Consider a metric space (R,d) where d is usual metric, ) # A C R. Prove that A is
sequentially compact if and only if A satisfy Bolzano-Weierstrass property. (A set A is said
to satisfy Bolzano-Weierstrass property if every non-empty, infinite subset of A has a limit
point in A).
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