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INTRODUCTION 

We intuitively feel it is rare for an observation to deviate greatly from the 

expected value. Markov’s inequality and Chebyshev’s inequality place this 

intuition on firm mathematical ground. 

 

In probability theory, Markov's inequality gives an upper bound for the 

probability that a non-negative function of a random variable is greater than or 

equal to some positive constant. It is named after the Russian mathematician 

Andrey Markov, although it appeared earlier in the work of Pafnuty Chebyshev 

(Markov's teacher), and many sources, especially in analysis, refer to it as 

Chebyshev's inequality (sometimes, calling it the first Chebyshev inequality, 

while referring to Chebyshev's inequality as the second Chebyshev inequality) 

or Bienaymé's inequality. 

 

Chebyshev's inequality, also known as Chebyshev's theorem, makes a fairly 

broad but useful statement about data dispersion for almost any data 

distribution. This theorem states that no more than 1 / k2 of the distribution's 

values will be more than k standard deviations away from the mean. Looked at 

another way, 1 - (1 / k2) of the distribution's values will lie within k standard 

deviations of the mean.  

The importance of Markov’s and Cheybyshev’s inequalities is that they enable 

us to derive bounds on probabilities when only the mean, or both the mean and 

the variance are known but the probability distribution are unknown. Of course, 

if the actual distribution were known, then the desired probabilities could be 

exactly computed and we would not need to use these bounds. 

https://en.wikipedia.org/wiki/Probability_theory
https://en.wikipedia.org/wiki/Upper_bound
https://en.wikipedia.org/wiki/Probability
https://en.wikipedia.org/wiki/Non-negative
https://en.wikipedia.org/wiki/Function_(mathematics)
https://en.wikipedia.org/wiki/Random_variable
https://en.wikipedia.org/wiki/Constant_(mathematics)
https://en.wikipedia.org/wiki/Andrey_Markov
https://en.wikipedia.org/wiki/Pafnuty_Chebyshev
https://en.wikipedia.org/wiki/Mathematical_analysis
https://en.wikipedia.org/wiki/Chebyshev%27s_inequality
https://en.wikipedia.org/wiki/Ir%C3%A9n%C3%A9e-Jules_Bienaym%C3%A9


MARKOV’S INEQUALITY 

Let X be a nonnegative random variable such that  (x) ≥ 0 for all x ∈ R. Assume 

that E (X) exists, then for any value a > 0 

 

P{ X ≥ a} ≤ 
𝐸(𝑋)

𝑎
 

 Proof:  

We give a proof for the case where X is continuous with density f. 

Define A1 = {x | (x) ≥  a} and A2 = {x | (x) < a}. 

 

E [(X)] = ∫ (𝑥) 𝑓(𝑥)𝑑𝑥
∞

0
 

  = ∫ (𝑥)𝑓(𝑥)𝑑𝑥 + 
𝐴1

∫ (𝑥)𝑓(𝑥)𝑑𝑥 
𝐴2

 

 = ∫ (𝑥) 𝑓(𝑥)𝑑𝑥
𝑎

0
 + ∫ (𝑥) 𝑓(𝑥)𝑑𝑥

∞

𝑎
 

  ≥ ∫ (𝑥) 𝑓(𝑥)𝑑𝑥
∞

𝑎
 

  ≥ ∫ 𝑎 𝑓(𝑥)𝑑𝑥
∞

𝑎
  

          = a ∫  𝑓(𝑥)𝑑𝑥
∞

𝑎
 

 = a 𝑃((𝑋) ≥ 𝑎) 

⇒ P{(X) ≥ a} ≤ 
𝐸(𝑋)

𝑎
……………Eq. 1 

We give a proof for the case where X is discrete with pmf f (x). 

E [(X)] = ∑ (𝑥) 𝑓(𝑥)∞
0  

     = ∑ (𝑥) 𝑓(𝑥)𝑎
0  + ∑ (𝑥) 𝑓(𝑥)∞

𝑎  

     ≥ ∑ (𝑥) 𝑓(𝑥)∞
𝑎  

             ≥ ∑ 𝑎 𝑓(𝑥)∞
𝑎                

     = a ∑  𝑓(𝑥)∞
𝑎  

     = a 𝑃((𝑋) ≥ 𝑎) ⇒ P{(X) ≥ a} ≤ 
𝐸(𝑋)

𝑎
 

Corollary:  

1. Let g(X) be a nonnegative function of an RV X. 



If E (g(X)) exists, then for every a > 0, P{g(X) ≥ a} ≤ 
𝐸𝑔(𝑋)

𝑎
 

 

2. Let g (X) is =  |𝑋|𝑟and a = 𝑘𝑟 

Where r > O and K > 0. Then P(|𝑋|𝑟  ≥ 𝑘𝑟)  ≤ (𝐸|𝑋|𝑟)/𝑘^𝑟    

 

Examples:  

1. A biased coin, which lands heads with probability1/10 each time it is flipped, 

is flipped 200 times consecutively. Give an upper bound on the probability that 

it lands heads at least 120 times. 

 

Answer: The number of heads is a binomially distributed r.v., X, with 

parameters p=1/10 and n=200. 

Thus, the expected number of heads is 

E(X) =np=200·(1/10) =20. 

By Markov Inequality, the probability of at least 120 heads is 

P(X≥120) ≤ E(X)/120 = 20/120 = 1/6 

2. 

  



3.  

  

4.  

 

 

5. Suppose that the average grade on the upcoming Math 20 exam is 70%. Give 

an upper bound on the proportion of students who score at least 90%. 

 

Solution: P(X≥90) ≤ E(X)/90 = 7/9 so at most 77.8% of students can possible 

score this high.  

6. Let X be a positive random variable whose expected value is E(X) =10. Find a 

lower bound to the probability P(X < 20) 



Solution 

First of all, we need to use the formula for the probability of a complement:

 

Now, we can use Markov's inequality: 

 

Multiplying both sides of the inequality by,  we obtainAdding to both sides of 

the inequality, we obtain  

 

Thus, the lower bound is  

P(X< 20) ≥
1

2
 

7.  For f(x) =e−x for x > 0 , 

 

E[X] = 1 

 

Markov’s inequality gives 

 

c = 1: P(X ≥ 1) ≤ E[X]/c = 1 

c = 10: P(X ≥ 10) ≤ E[X]/10 = 1/10 

 

 

CHEBYSHEV’S INEQUALITY 

 

https://www.youtube.com/watch?v=RZj2stql-L4 

 

If X is a random variable with mean μ and variance σ2, then for any value k > 0, 

  P{|𝑿 − 𝝁 | ≥ k} ≤ 
𝝈𝟐

𝒌𝟐
…………Eq. 1 

 



Proof: Since (X − μ)2  is a nonnegative random variable, we can apply Markov’s 

inequality [P{ g(X) ≥ a} ≤ 
𝐸(𝑔(𝑋))

𝑎
 ]with a = k2 and g(x) = (X − μ)2 to obtain 

 P{|𝑋 − 𝜇|2 ≥ 𝑘2} ≤ 
𝐸(𝑋−𝜇)2

𝑘2
 

 

But since (X − μ)2 ≥ k2 if and only if |X − μ| ≥ k, Equation 3 is equivalent to 

P{|𝑋 − 𝜇| ≥ k} ≤ 
𝐸(𝑋−𝜇)2

𝑘2
 

⇒P{|𝑿 − 𝝁 | ≥ k} ≤ 
𝝈𝟐

𝒌𝟐
                       [Since 𝐸(𝑋 − 𝜇)2 = 𝜎2] 

 

Note:  1. In particular, if we take g (X) =(𝑋 − 𝜇)2, a = 𝑘2𝜎2 

we get Chebychev-Bienayme inequality: 

P{|𝑿 − 𝝁 | ≥ k𝝈} ≤ 
𝟏

𝒌𝟐
                                Eq. 2 

 

Note: 2. P{|𝑋 − 𝜇 | ≥ k𝜎} ≤ 
1

𝑘2
 

⇒  − P{|𝑋 − 𝜇 | ≥ k𝜎} ≥ − 
1

𝑘2
 

⇒ 1 − P{|𝑋 − 𝜇 | ≥ k𝜎} ≥ 1 − 
1

𝑘2
 

⇒  P{|𝑿 − 𝝁 | < k𝝈} ≥ 𝟏 − 
𝟏

𝒌𝟐
                  Eq. 3 

 

Note: 3.  |𝑋 − 𝜇 | < k𝜎 

⇒  −𝑘𝜎 < 𝑋 − 𝜇 <  +𝑘𝜎  

⇒ 𝜇 − 𝑘𝜎 < 𝑋 < 𝜇 + 𝑘𝜎  

So, P{|𝑋 − 𝜇 | < k𝜎} ≥ 1 − 
1

𝑘2
   

⇒ 𝑷(𝝁 − 𝒌𝝈 < 𝑿 < 𝝁 + 𝒌𝝈)  ≥ 𝟏 − 
𝟏

𝒌𝟐
             Eq. 4 

 

Illustration of the Inequality  

To illustrate the inequality, we will look at it for a few values of K:  



 For K = 2 we have 1 – 1/K2 = 1 - 1/4 = 3/4 = 75%. So Chebyshev’s 

inequality says that at least 75% of the data values of any distribution 

must be within two standard deviations of the mean. 

 For K = 3 we have 1 – 1/K2 = 1 - 1/9 = 8/9 = 89%. So Chebyshev’s 

inequality says that at least 89% of the data values of any distribution 

must be within three standard deviations of the mean. 

 For K = 4 we have 1 – 1/K2 = 1 - 1/16 = 15/16 = 93.75%. So Chebyshev’s 

inequality says that at least 93.75% of the data values of any distribution 

must be within two standard deviations of the mean. 

 

Examples: 

   1.  If P{X = 0} = 1- 
1

𝑘2
,   K > 1, constant, 

and P{X = ± 1} = 
1

2𝑘2
 

prove that 𝑃(|𝑋| ≥ 1) ≤ 1/𝑘2 

 

Proof: E(X) = 0      𝐸(𝑋2) =
1

𝑘2
       𝜎 =

1

𝑘
 

P(|𝑋| ≥ 𝑘𝜎) = 𝑃(|𝑋| ≥ 1)  ≤ 1/𝑘2 

   

2.  Let X be distributed with pdf f (x) = 1 if 0 < x < 1, and = 0 

otherwise. Then prove that (|𝑋 −
1

2
| ≤ 2 √

1

12
 ) ≥ 0.75. Also compare with the 

actual value. Take k=2. 

 

Proof: E(X) = 
1

2
       𝐸(𝑋2) =

1

3
         𝑉𝑎𝑟(𝑋) =

1

12
 

By Chebyshev’s inequality, we get 

𝑃(|𝑋 −
1

2
| ≤ 2 √

1

12
 ) ≥ 1 −

1

4
= 0.75    



Actual value =  𝑃 (|𝑋 −
1

2
| ≤ 2 √

1

12
 ) = 𝑃(

1

2
−

1

√3
 < 𝑋 < 

1

2
+

1

√3
 ) = 1 

 

 

3. Suppose that it is known that the number of items produced in a factory 

during a week is a random variable with mean 50. 

(a) What can be said about the probability that this week’s production will 

exceed 75? 

(b) If the variance of a week’s production is known to equal 25, then what can 

be said about the probability that this week’s production will be between 40 and 

60? 

 

Solution: Let X be the number of items that will be produced in a week: 

(a) By Markov’s inequality 

P{X > 75} ≤ 
𝐸(𝑋)

75
=

50

75
=

2

3
  

 

 (b) By Chebyshev’s inequality 

𝑃(𝜇 − 𝑘𝜎 < 𝑋 < 𝜇 + 𝑘𝜎)  ≥ 1 − 
1

𝑘2
    

P{40 < X < 60} ≥ 1 − 
1

𝑘2
   

Hence 

𝜇 − 𝑘𝜎 = 40 ⇒ 50 − 𝑘 × 5 = 40 ⇒ 5𝑘 = 10 ⇒ 𝑘 = 2 

So, 𝑃 (40 < 𝑋 < 60)  ≥ 1 −
1

22
= 1 −

1

4
=

3

4
= 0.75 

and so the probability that this week’s production will be between 40 and 60 is 

at least 0.75. 

 

4.  Suppose the value of the Canadian dollar in terms of the US dollar over a 

certain period is a random variable X with 



mean μ = 0.98 and standard deviation σ = 0.05 . 

What can be said of the probability that the Canadian dollar is valued between 

$0.88US and $1.08US? 

 

Solution: By Chebyshev’s inequality we have 

𝑃(𝜇 − 𝑘𝜎 < 𝑋 < 𝜇 + 𝑘𝜎)  ≥ 1 − 
1

𝑘2
    

P{0.88 < X < 1.08} ≥ 1 − 
1

𝑘2
   

Hence 

𝜇 − 𝑘𝜎 = 0.88 ⇒ 0.98 − 𝑘 × 0.05 = 0.88 ⇒ 0.05𝑘 = 0.1 ⇒ 𝑘 = 2 

So, 𝑃 (0.88 < 𝑋 < 1.08)  ≥ 1 −
1

22
= 1 −

1

4
=

3

4
= 0.75 

and so the probability that this week’s production will be between 40 and 60 is 

at least 0.75. 

 

 

5. The score of students taking an examination is a random variable 

with mean μ = 65 and standard deviation σ = 5 . 

(a) What is the probability a student scores between 55 and 75? 

(b) How many students would have to take the examination so that the 

probability that their average grade is between 60 and 70 

is at least 80% ? 

 

Solution: (a)  Probability a student scores between 55 and 75 

  = P(55<X< 75) 

By Chebyshev’s inequality we have 

𝑃(𝜇 − 𝑘𝜎 < 𝑋 < 𝜇 + 𝑘𝜎)  ≥ 1 − 
1

𝑘2
    

P{55 < X < 75} ≥ 1 − 
1

𝑘2
   

Hence 



𝜇 − 𝑘𝜎 = 55 ⇒ 65 − 𝑘 × 5 = 55 ⇒ 5𝑘 = 10 ⇒ 𝑘 = 2 

So, 𝑃 (55 < 𝑋 < 75)  ≥ 1 −
1

22
= 1 −

1

4
=

3

4
= 0.75 

and so the probability that this week’s production will be between 40 and 60 is 

at least 0.75. 

 

(b)    𝑋̅ = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑀𝑒𝑎𝑛   

 𝜇𝑋̅ = 𝜇 = 65,       𝜎𝑋̅ =
𝜎

√𝑛
 =

5

√𝑛
 

𝑃(𝜇𝑋̅ − 𝑘𝜎𝑋̅ < 𝑋̅ < 𝜇𝑋̅ + 𝑘𝜎𝑋̅)  ≥ 1 − 
1

𝑘2
                     Eq a 

⇒ 𝑃(65 − 𝑘 ×
5

√𝑛
< 𝑋̅ <  65 + 𝑘 ×

5

√𝑛
) ≥ 1 −

1

𝑘2
 

⇒  1 −
1

𝑘2
= 0.8 ⇒

1

𝑘2
= 0.2 ⇒ 𝑘2 = 5 ⇒ 𝑘 = √5 

Now 𝑃(60 < 𝑋̅ < 70)  ≥ 0.8                                           Eq b 

Comparing equations a and b, we get 

      65 − 𝑘 ×
5

√𝑛
 = 60 

⇒ 65 − √5 ×
5

√𝑛
= 60  

⇒ √5  ×
5

√𝑛
= 5  

⇒ 𝑛 = 5  

 

6. Let X∼ Exponential (λ). Using Chebyshev's inequality find an upper bound 

for  

 

P (|X−EX| ≥b), where b>0. 

Solution: 

We have E(X) = 
1

λ
 and VarX= 

1

λ2
.  

Using Chebyshev's inequality, we have  

P (|X−EX| ≥b) ≤
σ2

b2
 



⇒  P (|X − EX| ≥ b)   ≤
1

λ2b2
  

 

 

BOOLE’S INEQUALITY 

 

In probability theory, Boole's inequality, also known as the union bound, says 

that for any finite or countable set of events, the probability that at least one of 

the events happens is no greater than the sum of the probabilities of the 

individual events. Boole's inequality is named after George Boole. 

 

Boole's Inequality provides an upper bound on the chance of a union.  

That is, the chance that at least one of the events occurs can be no larger than 

the sum of the chances. 

 

Use of Boole’s Inequality: 

 

1. In weather forecasting 

For example, if the weather forecast says that the chance of rain on Saturday is 

40% and the chance of rain on Sunday is 10%, then the chance that it rains at 

some point during those two days is at least 40% and at most 50%. 

To find the chance exactly, you would need the chance that it rains on both 

days, which you don't have. Assuming independence doesn't seem like a good 

idea in this setting. So you cannot compute an exact answer, and must be 

satisfied with bounds. 

Though bounds aren't exact answers or even approximations, they can be very 

useful. 

2. To find system reliability 

3. To find maximum market portfolio 



4. To find extreme values in Actuarial Science 

 

Let {𝐶𝑘} be an arbitrary sequence of events, then 

 

(𝑖) 𝑃(⋃ 𝐶𝑘
𝑛
𝑘=1 )  ≤ ∑ 𝑃(𝐶𝑘)𝑛

𝑘=1   

 

(𝑖𝑖) 𝑃(⋃ 𝐶𝑘
∞
𝑘=1 )  ≤ ∑ 𝑃(𝐶𝑘)∞

𝑘=1   

 

(iii) P (⋂ 𝐶𝑘)  ≥  ∑ 𝑃(𝐶𝑘) − (𝑛 − 1)𝑛
𝑘=1

𝑛
𝑘=1  

 

Proof: 

 (i) We will prove the Boole’s inequality by using the method of induction: 

 

When n = 1, the inequality is P(𝐶1) = 𝑃(𝐶1) 

We can write this as P(𝐶1) ≤ 𝑃(𝐶1) 

 

When n = 2, the inequality is 

𝑃(𝐶1 ∪ 𝐶2) = 𝑃(𝐶1) + 𝑃(𝐶2) − 𝑃(𝐶1 ∩ 𝐶2)      

                                                                      [From Addition law of probability] 

⇒  𝑃(𝐶1 ∪ 𝐶2) ≤ 𝑃(𝐶1) + 𝑃(𝐶2)            

                                                                 [Since 𝑃(𝐶1 ∩ 𝐶2)𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑣𝑎𝑙𝑢𝑒] 

 

 

 

 

 

 

 



 



(ii) 

 

 

 Proof: (iii)   P (⋂ 𝐶𝑘)  ≥  ∑ 𝑃(𝐶𝑘) − (𝑛 − 1)𝑛
𝑘=1

𝑛
𝑘=1   

If we apply Boole’s inequality to 𝐶𝑘
𝑐 , we have,  

  𝑃(⋃ 𝐶𝑘
𝑐𝑛

𝑘=1 )  ≤ (∑ 𝑃(𝐶𝑘
𝑐)𝑛

𝑘=1   

and using the fact that ∪ 𝐶𝑘
𝑐 = (∩ 𝐶𝑘)𝑐  𝑎𝑛𝑑 𝑃(𝐶𝑘

𝑐) = 1 − 𝑃(𝐶𝑘), 𝑤𝑒 𝑔𝑒𝑡,  

𝑃(⋃ 𝐶𝑘
𝑐𝑛

𝑘=1 ) = P (⋂ 𝐶𝑘)𝑛
𝑘=1

c = 1- P (⋂ 𝐶𝑘)𝑛
𝑘=1  

⇒ 1- P (⋂ 𝐶𝑘)𝑛
𝑘=1  ≤ (∑ 𝑃(𝐶𝑘

𝑐)𝑛
𝑘=1  

⇒ 1- P (⋂ 𝐶𝑘)𝑛
𝑘=1  ≤ ∑ (1 − 𝑃(𝐶𝑘))𝑛

𝑘=1  

⇒ 1- P (⋂ 𝐶𝑘)𝑛
𝑘=1  ≤ 𝑛 − ∑ 𝑃(𝐶𝑘)𝑛

𝑘=1  

⇒ P (⋂ 𝐶𝑘)𝑛
𝑘=1 ≥  ∑ 𝑃(𝐶𝑘)𝑛

𝑘=1 − (𝑛 − 1) 

 

Examples: 

1. There are 10,000 transister chips with Pr{transister failure} ≈ 1/1,000,000. 

Chip fails if any transister fails.  

Pr{Chip fails}  

= Pr{ ∪ [ith transister fails]} ≤ Σ Pr{ith transister fails}  

≈ (10,000) ×
1

1000000
= 0.01 

 



2. Your friend tells you that he had four job interviews last week. He says that 

based on how the interviews went, he thinks he has a 20% chance of receiving 

an offer from each of the companies he interviewed with. Nevertheless, since he 

interviewed with four companies, he is 90% sure that he will receive at least one 

offer. Is he right? 

Let 𝐶𝑘 be the event that your friend receives an offer from the k th company, 

k=1,2,3,4. Then, by the union bound (Boole’ Inequality)  

(𝑖) 𝑃 (⋃ 𝐶𝑘

𝑛

𝑘=1
)  ≤ ∑ 𝑃(𝐶𝑘)

𝑛

𝑘=1

 

= 0.2+ 0.2+0.2+0.2 =0.8 

Thus the probability of receiving at least one offer is less than or equal to 80%. 

 

3 Let A1,A2,...,An be any events. Define the indicator random variables X1, 

X2,...,Xn as  

Xi = 1 if Ai occurs 

       = 0 otherwise 

We define X=X1+X2+X3+...+Xn, prove P(X ≥ 1) =  P(⋃ Ai
n
i=1 )  

Solution:  

 E(X) =EX1+EX2+EX3+...+EXn 

           (by linearity of expectation) 

 

 

=P(A1)+P(A2)+...+P(An) 

⇒ E(X) =  ∑ P(Ai)
n
i=1   

Using Markov’s inequality, we get P{(X) ≥ a} ≤ 
E(X)

a
 

Choosing a=1, we get, P{(X) ≥ 1} ≤ 
E(X)

1
 

⇒ P(X ≥ 1) ≤ E(X)  



⇒ P(X ≥ 1) ≤ ∑ P(Ai)
n
i=1                             Eq. 1 

From Boole’s Inequality, we get 

P(⋃ Ai
n
i=1 )  ≤ ∑ P(Ai)

n
i=1                              Eq. 2 

Combining Equations 1 and 2, we get,  

P(X ≥ 1) =  P(⋃ Ai
n
i=1 )  

 

  

 

 

 

 

CAUCHY SCHWARTZ’S INEQUALITY 

What is the Cauchy-Schwarz Inequality? 

The Cauchy-Schwarz Inequality (also called Cauchy’s Inequality, the Cauchy-

Bunyakovsky-Schwarz Inequality and Schwarz’s Inequality) is useful for 

bounding expected values that are difficult to calculate. It allows you to split 

E[X Y] into an upper bound with two parts, one for each random variable. 

The formula is: 

 

Given that X and Y have finite variances. 

What this is basically saying is that for two random variables, X and Y, the 

expected value of the square of them multiplied together E(XY)2 will always be 

less than or equal to the expected value of the product of the squares of each. 

E(X2)E(Y2). 

Applications: The Cauchy-Schwarz inequality is arguably the inequality with 

the widest number of applications. As well as probability and statistics, the 

inequality is used in many other branches of mathematics, including: 

https://www.statisticshowto.com/expected-value
https://www.statisticshowto.com/random-variable/
https://www.statisticshowto.com/random-variable/
https://www.statisticshowto.com/wp-content/uploads/2016/06/cauchy-shwartz.png


 Classical Real and Complex Analysis, 

 Hilbert spaces theory, 

 Numerical analysis, 

 Qualitative theory of differential equations. 

 linear algebra 

 Probability theory 

 Vector algebra 

Statements: 

(i) (∑ 𝑋𝑖
2)𝑛

𝑖=1 (∑ 𝑌𝑖
2)𝑛

𝑖=1  ≥ (∑ 𝑋𝑖𝑌𝑖)𝑛
𝑖=1

2
 

(ii) 𝐸(𝑋2)𝐸(𝑌2) ≥ (𝐸(𝑋𝑌))
2
 

(iii) |𝜌(𝑋, 𝑌)|  ≤ 1     

 [where 𝜌(𝑋, 𝑌)𝑖𝑠 𝑡ℎ𝑒 𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑋 𝑎𝑛𝑑 𝑌] 

 

(ii) 

 

⇒ 𝑆𝑞𝑢𝑎𝑟𝑟𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑤𝑒 𝑔𝑒𝑡, 𝐸(𝑋2)𝐸(𝑌2) ≥ (𝐸(𝑋𝑌))
2
 

https://calculushowto.com/differential-equations/


 

     (iii)       Normalize X and Y as follows. Let 𝜇𝑥 , 𝜇𝑦 , 𝜎𝑥 and 

 

                                                    ⇒ |
𝐶𝑜𝑣(𝑋,𝑌)

𝜎𝑥𝜎𝑦
|  ≤ 1 ⇒ |𝜌(𝑋, 𝑌)|  ≤ 1 



 

 

 



 

 

 

WEAK LAW OF LARGE NUMBERS:  

 

The Weak Law of Large Numbers, also known as Bernoulli's theorem, states 

that if you have a sample of independent and identically distributed random 

variables, as the sample size grows larger, the sample mean will tend toward the 

population mean. 

 

Definition . Let f(x) be a density with mean μ and variance σ2. 

For i.i.d. random variables X1,X2,...,Xn, drawn from f(x),  the sample mean, 

denoted by  X̅, is defined as  

X̅ = (X1+X2+...+Xn)/n. 



 

Note that since the Xi's are random variables, the sample mean  X̅, is also a 

random variable.  

In particular, we have  

E[X̅] = (EX1+EX2+...+EXn)/n          (by linearity of expectation) 

  = 
nE(X)

n
                                    (since E(Xi) = E(X) for all i ) 

                   = E(X)  

 

Also, the variance of  X̅  is given by  

Var(X̅¯)=Var(X1+X2+...+Xn)/n2                               (since Var(aX)=a2Var(X))     

 

  = 
Var(X1)+Var(X2)+var(X3)+⋯….+Var(Xn)

n2
           

 (since the Xi's are independent) 

 = 
nVar(Xi)

n2
     (since Var(Xi)=Var(X)) 

 = 
Var(X)

n
 

  

Now let us state and prove the weak law of large numbers (WLLN).  

Let X1 , X2 , ... , Xn be i.i.d. random variables with a finite expected value 

 E(Xi) = μ < ∞. Then, for any ϵ>0, 

 lim
n→∞

 P[|X̅ − μ| ≥ ϵ ] = 0 

 

We shall prove the result only under the additional assumption that the random 

variables have a finite variance σ2.  

Now, as E(X̅) = μ and Var (X̅ ) 
Var(X)

n
=

σ2

n
. 

 

it follows from Chebyshev’s inequality that 



  P[|X̅ − μ| ≥ ϵ ]  ≤
σ2

nϵ2
 

               ⇒  P[|X̅ − μ| ≥ ϵ ]  ≤
𝜎2/𝜖2

n
 

Which tends to 0 as n tends to infinity. 

 

 

Weak law of large numbers Let f(x) be a density with mean μ and variance σ2. 

Let X̅ be the sample mean of a random sample of size n from f(x). Let ϵ and δ  

be any two specified numbers satisfying ϵ > 0 and 0 < δ < 1. If n is any integer 

greater than  
σ2

ϵ2 δ
  , then  

  

Then P[|X̅ − μ| < ϵ ] ≥ 1 − δ 

 

Proof:  From Markov’s Inequality we get, P{(X) ≥ a} ≤ 
E(X)

a
  

 

        ⇒  P{g(X)  ≥  a}  ≤  
Eg(X)

a
    

    ⇒  P{g(X) <  a} ≥ 1 −  
Eg(X)

a
 

 

Let g(X) = (X̅ − μ)2  and a = ϵ2 

 

Then, P[|X̅ − μ| < ϵ ] =P [(X̅ − μ)2 < ϵ2 ]  ≥ 1 −
E(X̅−μ)2

ϵ2
 

 ⇒ P [(X̅ − μ)2 < ϵ2 ]  ≥ 1 −
σ2

n

ϵ2
 

 ⇒ P [(X̅ − μ)2 < ϵ2 ] ≥ 1 − δ   

  For δ >
σ2

nϵ2
  or n >  

σ2

δϵ2
 

 ⇒  P[|X̅ − μ| < ϵ ] ≥ 1 − δ 

 



Example: Suppose that some distribution with an unknown mean has variance 

equal to 1. How large a sample must be taken in order that the probability wi1l 

be at least .95 that the sample mean X̅ will lie within 0.5 of the population 

mean?  

Solution: We have σ2 = 1, ϵ = .5, and δ = .05;  

Therefore n >  
σ2

δϵ2
 = 

1

0.05(0.5)2
 = 80 

 

Example: How large a sample must be taken in order that you are 99 percent 

certain that is within the sample mean X̅ will lie within .5σ of the population 

mean? 

Solution: We have σ2 = 1, ϵ = .5σ, and δ = .0.01;  

Therefore n >  
σ2

δϵ2
 = 

1

0.01(0.5σ)2
 = 

1

0.01(0.5)2
 = 400 

 

 

Example: A certain brand of lightbulb has lifetime that is exponentially 

distributed with mean A hours, A unknown. I try to estimate A by letting n 

lightbulbs run independently, and recording & averaging their lifetimes. How 

large should n be, so that I can be at least 90% sure that the estimate I get is 

within 5% of the actual average A? 

 

Solution: Here X̅= (X1+...+Xn)/n with Xi ∼exponential (λ) (λ unknown), 

 

 μ = 
1

λ
= A, σ2 = 

1

λ2
 = A2, ε= 0.05 A, 1 − δ = 0.9; δ = 0.1 

 n >  
σ2

δϵ2
 =   

A2

 0.1(0.05A)2
  = 4000 

  

Want n large enough so that this probability is at most.1, so n=400  

large enough. 



Central-limit theorem Let f(x) be a probability distribution function with mean 

μ and finite variance σ2. 

 Let X̅ be the sample mean of a random sample of size n from f(x). Let the 

random variable Z be defined by 

Z =
X̅ − μ

σ

√n

 

Then, the distribution of Z approaches the standard normal distribution 

as n approaches infinity. 

 

 


