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Unit-III 

Joint moment generating function 

The concept of joint moment generating function (joint mgf) is a multivariate 

generalization of the concept of moment generating function. Similarly to the 

univariate case, a joint mgf uniquely determines the joint distribution of its 

associated random vector, and it can be used to derive the cross-moments of the 

distribution by partial differentiation.  

The random variables X and Y defined on sample space S are (jointly) discrete 

if (X,Y) takes countable values. 

Discrete variables X and Y are independent if the events {X=x} and {Y=y} are 

independent for all x and y. 

The joint probability mass function f X,Y: of X and Y is given by  

f (x, y) =fX,Y(x,y) =P(X=x, Y=y). 

The marginal pmf of X, f X (x), is found from: 

 f (x) = fX(x) =P(X=x) 

= ∑ P(X = x, Y = y)𝑦  

= ∑  f (x, y)𝑦 . 

Similarly for fY (y) 

X and Y are independent iff f X,Y (x, y) = f X (x) f Y(y), for all x, y ∈ S 

The conditional probability mass function of Y given X=x, f Y|X (y|x), is 

defined by 

f Y|X(y|x) =P(Y=y| X=x),for any x such that P(x=x)>0. 

The random variables X and Yon S are called jointly continuous if their 

joint distribution function can be expressed as 

F X,Y(x,y) = ∫ ∫ f (u, v)
𝑦

𝑣=−∞

𝑥

𝑢=−∞
 dv du,  x, y ∈ S,  

Then f X,Y is the joint probability density function of X,Y. 

If  f X,Y is ‘sufficiently differentiable’ at (x,y) we have  
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f X,Y(x,y) = 
𝜕2

𝜕𝑥𝜕𝑦
 F X,Y(x,y) 

The marginal pdf of X is f X(x) = ∫ f (x, y)
∞

−∞
 dy. 

Similarly, the marginal pdf of Y is f Y(y) = ∫ f (x, y)
∞

−∞
 dx. 

X and Y are independent if  

  f X,Y(x,y) =f X(x) f Y(y),∀x, y ∈ S  

 

Let X and Y be jointly distributed. The joint moment generating function of X 

and Y is M (𝑡1, 𝑡2) =E (𝑒𝑡1𝑋+𝑡2𝑌). 

1. Let X and Y be jointly distributed continuous random variables with pdf 

f(x,y). The joint moment generating function of X and Y is  

M (𝑡1, 𝑡2) =E(𝑒𝑡1𝑋+𝑡2𝑌) = ∫ ∫ 𝑒𝑡1𝑥+𝑡2𝑦𝑓(𝑥, 𝑦)
∞

−∞

∞

−∞
dx dy 

2. Let X and Y be jointly distributed discrete random variables with pdf f(x,y). 

The joint moment generating function of X and Y is  

M (𝑡1, 𝑡2) =E(𝑒𝑡1𝑋+𝑡2𝑌) = ∑ ∑ 𝑒𝑡1𝑥+𝑡2𝑦𝑓(𝑥, 𝑦)∞
−∞

∞
−∞  

 

Property 1.The mgfs of X and Y are M (t1, 0) and M (0, t2), respectively. 

M (𝑡1, 0) = 𝐸(𝑒𝑡1𝑋) = 𝑀𝑋(𝑡1) 

 

M (0, 𝑡2) = 𝐸(𝑒𝑡2𝑌) = 𝑀𝑌(𝑡2) 

 

Property 2. It determines the joint distribution of X and Y uniquely and it also 

yields the moments: 

𝜕𝑚+𝑛

(𝜕𝑡1)𝑚(𝜕𝑡2)𝑛
 M (𝑡1, 𝑡2)∣𝑡1=𝑡2=0     =E (Xm Yn). 

             
𝜕𝑀(0,0)

𝜕𝑡1
= 𝐸(𝑋)                                    

𝜕𝑀(0,0)

𝜕𝑡2
= 𝐸(𝑌) 

           
𝜕2𝑀(0,0)

𝜕𝑡1
2 = 𝐸(𝑋2)       

𝜕2𝑀(0,0)

𝜕𝑡2
2 = 𝐸(𝑌2)  

             
𝜕2𝑀(0,0)

𝜕𝑡1𝜕𝑡2
= 𝐸(𝑋𝑌)  



 

Property 3. Suppose the joint mgf, M(t1, t2), exists for the random variables 

X1 and X2. Then X1 and X2 are independent if and only if 

M(t1, t2) = M(t1, 0)M(0, t2); 

that is, the joint mgf is identically equal to the product of the marginal mgfs. 



 



 

By the uniqueness of the MGF (Property 1) we must have  

f (𝑥1, 𝑥2) = f(𝑥1) f(𝑥2) for all (𝑥1, 𝑥2)  

It follows that X1 and X2 are independent. A similar proof is given in the case 

where (X1, X2) is of the discrete type. 

The MGF technique uses the uniqueness property. 

 

Property 4. M (0, 0) = 1 for any X and Y 

 

Property 5.  For c1, c2 and d1, d2 constants: 

Mc1X+d1, c2Y+d2 (t1, t2) = e d1t1+d2t2 MX, Y (c1t1, c2t2). 

Proof.  Mc1X+d1, c2Y+d2 (t1, t2) = E(𝑒(𝑐1𝑋+𝑑1)𝑡1+(𝑐2𝑌+𝑑2)𝑡2) 

    = 𝑒𝑑1𝑡1+𝑑2𝑡2E (𝑒𝑐1𝑋𝑡1+𝑐2𝑌𝑡2) 

    = 𝑒𝑑1𝑡1+𝑑2𝑡2  MX, Y (c1t1, c2t2) 

 

Example 1. Each one of the r.v.’s X and Y takes on four values only, 0, 1, 2, 3, 

with joint Probabilities expressed best in a matrix form as in following Table. 

 

 

Solution: M X,Y (t1, t2) = M (t1, t2) =E(et1X+t2Y) = ∑ ∑ et1x+t2yf(x, y)∞
−∞

∞
−∞  

 

= 0.05 + 0.20et2 + 0.21et1 + 0.26e t1+t2 + 0.06e t1+2t2 + 0.08 e 2t1+t2 

+0.07e 2t1+2t2 + 0.03e 2t1+3t2 + 0.02e 3t1+2t2 + 0.02e 3t1+3t2 . 



 

Example 2. Let the r.v.’s X and Y have the joint p.d.f.  

f (x, y) = λ1λ2 e
−λ1x−λ2y, 

x, y > 0, λ1, λ2 > 0. For example, X and Y may represent the lifetimes of 

two components in an electronic system. Derive the joint MGF. Also find MGF 

of X and Y. 

 Solution:  M (𝑡1, 𝑡2) =E (𝑒𝑡1𝑋+𝑡2𝑌) = ∫ ∫ 𝑒𝑡1𝑥+𝑡2𝑦𝑓(𝑥, 𝑦)
∞

−∞

∞

−∞
dx dy 

 

    = ∫ ∫ 𝑒𝑡1𝑥+𝑡2𝑦  
∞

0

∞

0
 λ1λ2 e

−λ1x−λ2y dx dy 

 

    = ∫ 𝜆1 𝑒−(𝜆1−𝑡1)𝑥  𝑑𝑥
∞

0
 ∫ 𝜆2 𝑒−(𝜆2−𝑡2)𝑦 𝑑𝑦

∞

0
   

     

= (−
𝜆1𝑒−(𝜆1−𝑡1)𝑥

𝜆1−𝑡1
)  × (−

𝜆2𝑒−(𝜆2−𝑡2)𝑦

𝜆2−𝑡2
)            [Range 0 to ∞] 

 

    = 
𝜆1

𝜆1−𝑡1
 ×  

𝜆2

𝜆2−𝑡2
            [provided t1 < λ1 and t2 < λ2] 

 

The mgfs of X and Y are M (t1, 0) and M (0, t2), respectively. 

M (𝑡1, 0) = 𝐸(𝑒𝑡1𝑋) = 𝑀𝑋(𝑡1) = 
𝜆1

𝜆1−𝑡1
 

 

M (𝑡2, 0) = 𝐸(𝑒𝑡2𝑌) = 𝑀𝑌(𝑡2) = 
𝜆2

𝜆2−𝑡2
 

 

Example 3. If f(x1, x2) = e−x1−x2 , 0 < x1 < ∞, 0 < x2 < ∞, zero elsewhere, is the 

joint pdf of the random variables X1 and X2, show that X1 and X2 are 

independent 

Solution:  M (𝑡1, 𝑡2) =E (𝑒𝑡1𝑋1+𝑡2𝑋2)  

   = ∫ ∫ 𝑒𝑡1𝑋1+𝑡2𝑋2∞

0

∞

0
 e−x1−x2 dx1dx2 



   = ∫ 𝑒−(1−𝑡1)𝑥1∞

0
 dx1 ∫ 𝑒−(1−𝑡1)𝑥1∞

0
dx2 

   = 
𝑒−(1−𝑡1)𝑥1

−(1−𝑡1)
 ×  

𝑒−(1−𝑡2)𝑥2

−(1−𝑡2)
         [0 < x1 < ∞, 0 < x2 < ∞] 

 = 
1

1−𝑡1
 ×  

1

1−𝑡2
            𝑓𝑜𝑟 t2 < 1, t1 < 1. [From Example 2] 

. 

Accordingly, find the mean and the variance of Y = X1 + X2. 

 

 

 

Example 4. 

_ 

 

 

Example 5. 



 

 

 

Trinomial Distribution 

Definition. Suppose we repeat an experiment n independent times, with each 

experiment ending in one of three mutually exclusive and exhaustive ways 

(success, first kind of failure, second kind of failure).  

Now suppose that at each trial there are 3 possibilities, say “success”, “failure”, 

or “neither” of the two, with corresponding probabilities  𝑝1, 𝑝2, 1 − 𝑝1 − 𝑝2, 

which are the same for all trials.  

Let X be the number of first type of trials and Y be the number of second type 

of trials. The joint distribution of (X,Y)is called the trinomial distribution. 

 

 f(x, y) = P(X=x, Y=y) = 
𝑛!

𝑥!𝑦!(𝑛−𝑥−𝑦)!! 
 𝑝1

𝑥  𝑝2
𝑦

 (1 − 𝑝1 − 𝑝2)𝑛−𝑥−𝑦 



with: x = 0, 1, 2,……..n 

       y = 0, 1, 2,……..n 

and 𝑥 + 𝑦 ≤ 𝑛 

𝑝1, 𝑝2 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑠 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑝1 + 𝑝2 < 1.  

 

Example:  

1. Suppose n=20 students are selected at random: 

 Let A be the event that a randomly selected student went to the football 

game on Saturday. Also, let P(A) = 0.20 = 𝑝1, 𝑠𝑎𝑦 

 Let B be the event that a randomly selected student watched the football 

game on TV on   Saturday. Let P(A) = 0.50 = 𝑝2, 𝑠𝑎𝑦  

 Let C be the event that a randomly selected student completely ignored 

the football game on Saturday. Let P(C) = 0.30 = 1 − 𝑝1 − 𝑝2, 𝑠𝑎𝑦 

 

Joint Moment Generating Function: 

 

       M (𝑡1, 𝑡2) =E (𝑒𝑡1𝑋+𝑡2𝑌) = ∑ ∑ 𝑒𝑡1𝑥+𝑡2𝑦𝑓(𝑥, 𝑦)∞
−∞

∞
−∞  

  = ∑ ∑ 𝑒𝑡1𝑥+𝑡2𝑦∞
−∞

∞
−∞  

𝑛!

𝑥!𝑦!(𝑛−𝑥−𝑦)! 
 𝑝1

𝑥 𝑝2
𝑦

 (1 − 𝑝1 − 𝑝2)𝑛−𝑥−𝑦 

 = ∑ ∑
𝑛!

𝑥!𝑦!(𝑛−𝑥−𝑦)! 
  (𝑝1𝑒𝑡1)𝑥 (𝑝2 𝑒𝑡2)𝑦 𝑛−𝑥

𝑦=0
𝑛
𝑥=0 (1 − 𝑝1 − 𝑝2)𝑛−𝑥−𝑦 

 = ∑
𝑛!

𝑥!(𝑛−𝑥)!
 𝑛

𝑥=0 (𝑝1𝑒𝑡1)𝑥  ∑
(𝑛−𝑥)!

𝑦!(𝑛−𝑥−𝑦)!
 𝑛−𝑥

𝑦=0 (𝑝2 𝑒𝑡2)𝑦 (1 − 𝑝1 − 𝑝2)𝑛−𝑥−𝑦  

 = ∑
𝑛!

𝑥!(𝑛−𝑥)!
 𝑛

𝑥=0 (𝑝1𝑒𝑡1)𝑥 (𝑝2 𝑒𝑡2 + 𝑝3)𝑛−𝑥     

                 [From Binomial expansion and by considering 1-𝑝1 − 𝑝2 = 𝑝3] 

 = (𝑝1 𝑒𝑡1 + 𝑝2 𝑒𝑡2 + 𝑝3)n 



  

X and Y are independent if and only if 

M(t1, t2) = M(t1, 0)M(0, t2); 

that is, the joint mgf is identically equal to the product of the marginal mgfs. 

Here M(t1, t2) ≠ M(t1, 0)M(0, t2) 

So, X and Y are not independent. 

 

 Marginal Distributions: 

       M (𝑡1, 𝑡2) = (𝑝1 𝑒𝑡1 + 𝑝2 𝑒𝑡2 + 𝑝3)n 

So Moment Generating Function of X is M (𝑡1, 0) = [(1 − 𝑝1) + 𝑝1𝑒𝑡1]𝑛,  

⇒ 𝑋~𝐵𝑖𝑛(𝑛, 𝑝1)  

That is: f(x) = 𝑛𝐶𝑥 𝑝1
𝑥(1 − 𝑝1)𝑛−𝑥 

with x = 0, 1, 2, …n 

 

⇒ 𝐸(𝑋) = 𝑀𝑒𝑎𝑛 𝑜𝑓 𝑋 = 𝜇1 = 𝑛𝑝1  

and Var (X) = 𝜎1
2 = 𝑛𝑝1(1 − 𝑝1) 

 

Moment Generating Function of Y is M (0,  𝑡2) = [(1 − 𝑝2) + 𝑝2𝑒𝑡2]𝑛,  

⇒ 𝑌~𝐵𝑖𝑛(𝑛, 𝑝2)  

That is: f(y) = 𝑛𝐶𝑦 𝑝2
𝑦(1 − 𝑝2)𝑛−𝑦 

with y = 0, 1, 2, …n 

 



     ⇒ 𝐸(𝑌) = 𝑀𝑒𝑎𝑛 𝑜𝑓 𝑌 = 𝜇2 = 𝑛𝑝2            

𝑎𝑛𝑑 𝑉𝑎𝑟 (𝑌) =   𝜎2
2 = 𝑛𝑝2(1 − 𝑝2)  

 

Alternative Method to find Moments: 

𝜇𝑚𝑛
′ =  

𝜕𝑚+𝑛

(𝜕𝑡1)𝑚(𝜕𝑡2)𝑛
 M (𝑡1, 𝑡2)∣𝑡1=𝑡2=0     =E (XmYn). 

            𝜇10
′ = 

𝜕𝑀(0,0)

𝜕𝑡1
= 𝐸(𝑋)                        𝜇01

′ =
𝜕𝑀(0,0)

𝜕𝑡2
= 𝐸(𝑌) 

          𝜇20
′ = 

𝜕2𝑀(0,0)

𝜕𝑡1
2 = 𝐸(𝑋2)   𝜇02

′ =    
𝜕2𝑀(0,0)

𝜕𝑡2
2 = 𝐸(𝑌2)  

          𝜇11
′ =   

𝜕2𝑀(0,0)

𝜕𝑡1𝜕𝑡2
= 𝐸(𝑋𝑌) 

Now             𝜇10
′ =

𝜕𝑀(0,0)

𝜕𝑡1
=  

𝜕𝑀(𝑡1,𝑡2)

𝜕𝑡1
 (𝑡1 = 𝑡2 = 0) 

  = 
𝜕 (𝑝1 𝑒𝑡1+𝑝2 𝑒𝑡2+𝑝3)

n

𝜕𝑡1
 (𝑡1 = 𝑡2 = 0) 

  = 𝑛(𝑝1 𝑒𝑡1 + 𝑝2 𝑒𝑡2 + 𝑝3)n−1𝑝1𝑒𝑡1            (𝑡1 = 𝑡2 = 0) 

  = 𝑛(𝑝1 + 𝑝2 + 𝑝3)𝑛−1𝑝1 

  = 𝑛𝑝1    [𝑆𝑖𝑛𝑐𝑒 𝑝1 + 𝑝2 + 𝑝3 = 1] 

Similarly, Now             𝜇01
′ =

𝜕𝑀(0,0)

𝜕𝑡2
=  

𝜕𝑀(𝑡1,𝑡2)

𝜕𝑡2
 (𝑡1 = 𝑡2 = 0) 

  = 
𝜕 (𝑝1 𝑒𝑡1+𝑝2 𝑒𝑡2+𝑝3)

n

𝜕𝑡2
 (𝑡1 = 𝑡2 = 0) 

  = 𝑛(𝑝1 𝑒𝑡1 + 𝑝2 𝑒𝑡2 + 𝑝3)n−1𝑝2𝑒𝑡2            (𝑡1 = 𝑡2 = 0) 

  = 𝑛(𝑝1 + 𝑝2 + 𝑝3)𝑛−1𝑝2 

  = 𝑛𝑝2    [𝑆𝑖𝑛𝑐𝑒 𝑝1 + 𝑝2 + 𝑝3 = 1] 

 

𝜇20
′ = 

𝜕2𝑀(0,0)

𝜕𝑡1
2  = 

𝜕2𝑀(𝑡1,𝑡2)

𝜕𝑡1
2    (𝑡1 = 𝑡2 = 0) 

     = 
𝜕𝑀′(𝑡1,𝑡2)

𝜕𝑡1
 (𝑡1 = 𝑡2 = 0) 

  = 
𝜕[𝑛(𝑝1 𝑒𝑡1+𝑝2 𝑒𝑡2+𝑝3)

n−1
𝑝1𝑒𝑡1]

𝜕𝑡1
 (𝑡1 = 𝑡2 = 0) 



= 𝑛𝑝1[𝑒𝑡1(𝑛 − 1)(𝑝1 𝑒𝑡1 + 𝑝2 𝑒𝑡2 + 𝑝3)n−2𝑝1 𝑒𝑡1+ (𝑝1 𝑒𝑡1 + 𝑝2 𝑒𝑡2 +

𝑝3)n−1𝑒𝑡1]

                                                                                                                                                                            

= 𝑛𝑝1[(𝑛 − 1)(𝑝1 + 𝑝2 + 𝑝3)𝑛−2𝑝1  + (𝑝1 + 𝑝2 + 𝑝3)𝑛−1] 

= 𝑛𝑝1[(𝑛 − 1)𝑝1 + 1] = 𝑛𝑝1 + 𝑛(𝑛 − 1)𝑝1
2 

𝜇20 = 𝜇20
′ − (𝜇10

′ )2
  = 𝑛𝑝1 + 𝑛(𝑛 − 1)𝑝1

2- (𝑛𝑝1)2  

   = 𝑛𝑝1 − 𝑛𝑝1
2  = 𝑛𝑝1(1 − 𝑝1) 

 

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝜇02
′ = 

𝜕2𝑀(0,0)

𝜕𝑡2
2  = 

𝜕2𝑀(𝑡1,𝑡2)

𝜕𝑡2
2    (𝑡1 = 𝑡2 = 0) 

     = 
𝜕𝑀′(𝑡1,𝑡2)

𝜕𝑡2
 (𝑡1 = 𝑡2 = 0) 

  = 
𝜕[𝑛(𝑝1 𝑒𝑡1+𝑝2 𝑒𝑡2+𝑝3)

n−1
𝑝2𝑒𝑡2]

𝜕𝑡1
 (𝑡1 = 𝑡2 = 0) 

= 𝑛𝑝2[𝑒𝑡2(𝑛 − 1)(𝑝1 𝑒𝑡1 + 𝑝2 𝑒𝑡2 + 𝑝3)n−2𝑝2 𝑒𝑡2+ (𝑝1 𝑒𝑡1 + 𝑝2 𝑒𝑡2 +

𝑝3)n−1𝑒𝑡2]

                                                                                                                                                                            

= 𝑛𝑝2[(𝑛 − 1)(𝑝1 + 𝑝2 + 𝑝3)𝑛−2𝑝2  + (𝑝1 + 𝑝2 + 𝑝3)𝑛−1] 

= 𝑛𝑝2[(𝑛 − 1)𝑝2 + 1] = 𝑛𝑝2 + 𝑛(𝑛 − 1)𝑝2
2 

𝜇02 = 𝜇02
′ − (𝜇01

′ )2
  = 𝑛𝑝2 + 𝑛(𝑛 − 1)𝑝2

2- (𝑛𝑝2)2  

   = 𝑛𝑝2 − 𝑛𝑝2
2  = 𝑛𝑝2(1 − 𝑝2) 

 

 

Conditional Distributions: 

If Y = y, then the conditional distribution of X/(Y = y) is Binomial (n − y,
p1

1−p2
) 

Proof: P(X=x/Y=y) = 
P((X=x)∩(Y=y))

P(Y=y)
 

   



 = 

n!

x!y!(n−x−y)!! 
 p1

x p2
y

 (1−p1−p2)n−x−y

nCy p2
y

(1−p2)n−y   

 

 = 

n!

x!y!(n−x−y)!! 
 p1

x p2
y

 (1−p1−p2)n−x−y

n!

y!(n−y)!
 p2

y
(1−p2)n−y

  

 = 
(n−y)!p1

x  (1−p1−p2)n−x−y

x!(n−x−y)!(1−p2)n−y  

 

 = 
(n−y)!p1

x  (1−p1−p2)n−x−y

x!(n−x−y)!(1−p2)n−x−y+x   

  

 = n−yCx (
p1

1−p2
)

x
(

1−p1−p2

1−p2
)

n−y−x
 

 = n−yCx (
p1

1−p2
)

x
(1 −

p1

1−p2
)

n−y−x
 

for x = 0;1; :::; (n-y). Hence the conditional distribution of X/(Y = y) is Binomal 

(n − y,
p1

1−p2
)  

⇒ E(X/(Y = y)) = (𝑛 − 𝑦) 
p1

1−p2
 

and V(X/(Y = y)) = (𝑛 − 𝑦) 
p1

1−p2
 (1 −

p1

1−p2
) 

E [XY] = E [YE[X/Y]]    [From property of expectation] 

   = E [Y(𝑛 − 𝑌) 
p1

1−p2
] 

 = 
p1

1−p2
 𝐸[Y(𝑛 − 𝑌)] 

 = 
 p1

1−p2
 [E (nY) - E(𝑌2)] 

 = 
 p1

1−p2
 [n E(Y) - E(𝑌2)] 

 = 
 p1

1−p2
 [n × 𝑛𝑝2 −  𝑛𝑝

2
− 𝑛(𝑛 − 1)𝑝

2
2]        



[Since E(𝑌2) = 𝜇02
′ =  𝑛𝑝2 + 𝑛(𝑛 − 1)𝑝2

2] 

  

 = 
 p1

1−p2
 [𝑛2𝑝2 − 𝑛𝑝

2
− 𝑛(𝑛 − 1)𝑝

2
2] 

 = 
 p1

1−p2
 [𝑛𝑝2(𝑛 − 1) − 𝑛(𝑛 − 1)𝑝2

2] 

 = 
 p1

1−p2
 [𝑛𝑝2(𝑛 − 1)(1 − 𝑝2)] 

 = 𝑛(𝑛 − 1)𝑝1𝑝2 

Therefore Cov(X,Y) = E[XY]- E[X]E[Y]  

   = 𝑛(𝑛 − 1)𝑝1𝑝2 − 𝑛𝑝1 × 𝑛𝑝2 

   = (𝑛2 − 𝑛)(𝑝1𝑝2) − 𝑛2𝑝1𝑝2 

   = −𝑛𝑝1𝑝2 

 

ρ(X, Y) = Correlation (X, Y) = 
𝐶𝑜𝑣(𝑋,𝑌)

√𝑉𝑎𝑟(𝑋)𝑉𝑎𝑟(𝑌) 
 

   = 
−𝑛𝑝1𝑝2

√𝑛𝑝1(1−𝑝1)×𝑛𝑝2(1−𝑝2) 
 

   =
−𝑛𝑝1𝑝2

𝑛√𝑝1𝑝2√(1−𝑝1)(1−𝑝2)
   = - 

√𝑝1𝑝2

√(1−𝑝1)(1−𝑝2)
 

 

   = −√
𝑝1𝑝2

(1−𝑝1)(1−𝑝2)
 

 

Note that if p1 + p2 = 1 then Y = n-X and there is an exact linear relation 

between Y and X. In this case it is easily seen that ρ(X,Y) = -1. 

 

From Property 5 of Joint Moment Generating Function, we get, 

  For c1, c2 and d1, d2 constants: 

Mc1X+d1, c2Y+d2 (t1, t2) = e d1t1+d2t2MX, Y (c1t1, c2t2).  

⇒ MX, Y2 (t1, t2) = MX, Y (c1t1, c2t2). 



 

if X and Y are independent and X has MGF Mx(t) and Y has MGF My(t), then the MGF of X+Y is 

just Mx(t)My(t), or the product of the two MGFs. 

 

Example 1: 

 
 

 

Example 2: 

 



 
 

 

https://www.youtube.com/watch?v=syVW7DgvUaY 

 

 

 

Multinomial Distribution 

Definition 

Multinomial distribution is the generalization of binomial distribution. Consider 

k events E1, E2,…, Ek. The event E1 occurs X1 times, E2 occurs X2 times and 

so on, with the corresponding probability p1, p2, …pk respectively. 

 i = 1, 2, 3, …,k.  𝑝1 + 𝑝2 + ⋯ . . +𝑝𝑘−1 + 𝑝𝑘 = 1 

Then the joint probability function of k events is given by, 

 

f (𝑥1, 𝑥2, … . . 𝑥𝑘)) = P(𝑋1 = 𝑥1, 𝑋2 = 𝑥2, … . . 𝑋𝑘 = 𝑥𝑘)  

= 
𝑛!

𝑥1!  𝑥2!……𝑥𝑘! 
 𝑝1

𝑥1  𝑝2
𝑥2 … … … … . 𝑝𝑘

𝑥𝑘  =  
𝑛!

 ∏ 𝑥𝑖!𝑘
𝑖=1

 ∏ 𝑝𝑖
𝑥𝑖𝑘

𝑖=1  



with: 𝑥𝑖 = 0, 1, 2,……..n so that 𝑥1 + 𝑥2 + ⋯ … … 𝑥𝑘 = 𝑛 

  Alternatively, 
 

.Let 𝑥1, 𝑥2 … … . . 𝑥𝑘−1 be nonnegative integers such that  

𝑥1 + 𝑥2 + ⋯ … … 𝑥𝑘−1 ≤ 𝑛 

Then the probability that exactly 𝑥𝑖 trials terminate in 𝐴𝑖, i = 1, 2, ... , k- l, and 

hence that Xk = n - (x1 + x2 + · · · + Xk-1) trials terminate in Ak is clearly 

 

= 
𝑛!

𝑥1!  𝑥2!……𝑥𝑘! 
 𝑝1

𝑥1  𝑝2
𝑥2 … … … … . 𝑝𝑘

𝑥𝑘  

 

 

Definition. An RV (𝑋1, 𝑋2, … … . . 𝑋𝑘−1) with joint PMF given by 

 P{X1 = x1, X2 = x2, .. . , Xk-1 = xk-1) 

 

f (𝑥1, 𝑥2, … … … 𝑥𝑘−1) 

 

 = 
𝑛!

𝑥1!  𝑥2!……𝑥𝑘−1!(𝑛−𝑥1−𝑥2−     −𝑥𝑘−1)! 
 𝑝1

𝑥1  𝑝2
𝑥2 … … … … . 𝑝𝑘

𝑛−𝑥1−𝑥2−     −𝑥𝑘−1 

 

== 
𝑛!

𝑥1!  𝑥2!……𝑥𝑘−1!(𝑛−𝑥1−𝑥2−     −𝑥𝑘−1)! 
 

 

 𝑝1
𝑥1  𝑝2

𝑥2 … . . (1 − 𝑝1 − ⋯ … − 𝑝𝑘−1)(𝑛−𝑥1−⋯…..𝑥𝑘−1 ) 

 

    If 𝑥1 + 𝑥2 + ⋯ … … 𝑥𝑘−1 ≤ 𝑛 

 

 

For example, if a fair die is tossed twelve times, the probability of getting 1, 2, 

3, 4, 5 and 6 points exactly twice each is given by 

P (𝑥1 = 2, 𝑥2 = 2, 𝑥3 = 2, 𝑥4 = 2, 𝑥5 = 2, 𝑥6 = 2)  

= 
12!

2!2!2!2!2!2!
 (

1

6
)

2

(
1

6
)

2

(
1

6
)

2

(
1

6
)

2

(
1

6
)

2

(
1

6
)

2
 

=0.00344 

 
MGF of Multinomial Distribution 

 

M (𝑡1, 𝑡2, … 𝑡𝑘−1) =E (𝑒𝑡1𝑋1+𝑡2𝑋2+⋯….𝑡𝑘−1𝑋𝑘−1)  

=  ∑ 𝑒𝑡1𝑋1+𝑡2𝑋2+⋯….𝑡𝑘−1𝑋𝑘−1𝑛
𝑥1+𝑥2+⋯……𝑥𝑘−1=0  

𝑛!

𝑥1!𝑥2!………𝑥𝑘! 
 𝑝1

𝑥1  𝑝2
𝑥2  .........𝑝𝑘

𝑥𝑘    

= 



∑   
𝑛!

𝑥1! 𝑥2! … … … 𝑥𝑘! 
 (𝑝1𝑒𝑡1)𝑥1

𝑛

𝑥1+𝑥2+⋯……𝑥𝑘−1=0

(𝑝2𝑒𝑡2)𝑥2 … … (𝑝𝑘−1𝑒𝑡𝑘−1)𝑝𝑘
𝑥𝑘           

 

  = (𝑝1 𝑒𝑡1 + 𝑝2 𝑒𝑡2 + ⋯ … … … 𝑝𝑘−1𝑒𝑡𝑘−1 + 𝑝𝑘)n 

   for all 𝑡1, 𝑡2, … … . 𝑡𝑘−1 ∈ R. 

 

 
 
We can consider the marginal of 𝑋𝑗+1, 𝑋𝑗+2, … … … . 𝑋𝑘−1 



M (𝑡𝑗+1, 𝑡𝑗+2, … 𝑡𝑘−1)  

= (𝑝1  + 𝑝2  + ⋯ … … + 𝑝𝑗 + 𝑝𝑗+1𝑒𝑡𝑗+1 + ⋯ … + 𝑝𝑘−1𝑒𝑡𝑘−1+ 𝑝𝑘)n 

 

 

= (𝑝𝑗+1𝑒𝑡𝑗+1 + ⋯ … + 𝑝𝑘−1𝑒𝑡𝑘−1+(1 −  𝑝𝑗+1 − 𝑝𝑗+2 − ⋯ . . −𝑝𝑘−1 ))n 

 

 

f (𝑥𝑗+1, 𝑥𝑗+2, … … … . 𝑥𝑘−1) 

  

= 
𝑛!

𝑥𝑗+1!  𝑥𝑗+2!……𝑥𝑘−1!(𝑛−𝑥𝑗+1−𝑥𝑗+2−     −𝑥𝑘−1)! 
 

                                               

  𝑝
𝑗+1

𝑥𝑗+1  𝑝
𝑗+2

𝑥𝑗+2 … … … … 𝑝𝑘−1
𝑥𝑘−1(1 − 𝑝𝑗+1  − 𝑝𝑗+2 − ⋯ . −𝑝𝑘−1)

𝑛−𝑥𝑗+1−⋯𝑥𝑘−1
 

 

Conditional Distributions 

𝑓(𝑥1, 𝑥2, … . . 𝑥𝑗/𝑥𝑗+1, 𝑥𝑗+2, … … … . 𝑥𝑘−1) 

 

= 
f(𝑥1,𝑥2,……….𝑥𝑘−1)

f(𝑥𝑗+1,𝑥𝑗+2,……….𝑥𝑘−1)
 

 

=
 

𝑛!

𝑥1!  𝑥2!……𝑥𝑘−1!(𝑛−𝑥1−𝑥2−     −𝑥𝑘−1)! 

𝑛!

𝑥𝑗+1!  𝑥𝑗+2!……𝑥𝑘−1!(𝑛−𝑥𝑗+1−𝑥𝑗+2−     −𝑥𝑘−1)! 

 

 

𝑝1
𝑥1  𝑝2

𝑥2 … . . (1 − 𝑝1 − ⋯ … − 𝑝𝑘−1)(𝑛−𝑥1−⋯…..𝑥𝑘−1 )

𝑝
𝑗+1

𝑥𝑗+1  𝑝
𝑗+2

𝑥𝑗+2 … … … … 𝑝𝑘−1
𝑥𝑘−1(1 − 𝑝𝑗+1  − 𝑝𝑗+2 − ⋯ . −𝑝𝑘−1)

𝑛−𝑥𝑗+1−⋯𝑥𝑘−1
 

 
 

= 
(𝑛−𝑥𝑗+1−𝑥𝑗+2−     −𝑥𝑘−1)! 

𝑥1!  𝑥2!……𝑥𝑗! (𝑛−𝑥1−𝑥2−     −𝑥𝑘−1)!
   


