US/AMT602 Linear Algebra Sem V Revised syllabus 2018

Practical no 1. Normal subgroups and Quotient groups

1. Let Hy ={I,(12)} and Hy = {I,(123),(132)}. Then
(a) Hy, Hy are normal subgroups of Ss.
(b) H; is a normal subgroup of S5 but H, is not a normal subgroup of Ss.
(¢) Hi, Hy are not normal subgroups of S3

(d) Hs is a normal subgroup of S3 but H; is not a normal subgroup of Ss.

2. Let Hi={oc€S,:0(n)=n},Hy={c €S, :0(k) =k, for some k, 1 <k <n}. Then
(a) Hi, Hy are normal subgroups of S,,.
(b) H; is a normal subgroup of S,, but Hj is not a normal subgroup of S,,.
(¢) Hi, Hy are not normal subgroups of S,
)

(d) Hs is a normal subgroup of S,, but H; is not a normal subgroup of S,,.

Z 47
3. Let G=——,H

507 =50z (under addition). Then order of quotient group T is

(@) 4 (b) oo ()5 (d) 20

4. Let H be a normal subgroup of G. Let [aH| =3 in £ and o(H) = 10, then order of a is
(a) 1 (b) 30
(c) one of 3,6, 15 or 30  (d) none of these.

5. Let G be a group of order 5. If ® : Z3y, — G is a group homomorphism, then ker ¢ has
order
(a) 5 (b) 30or6 (c) 30or5 (d) 1

6. Let G be a finite group. If f; : G — Z1g and fy : G — Z;5 are onto group homomorphisms,
then order of GG is
(a) 30k, where k € N (b) 5% where k€ N (c¢) 10or 15 (d) 5

VAT

7. In the quotient group 5= (under addition), the order of the element 5+ < 6 > is

(@) 5 (b) 6 ()2 (d)3

8. Let H be a subgroup of order 29 of a group G. If K is a subgroup of H, then

(a) K is abelian and normal subgroup of G.
(b

) K is normal subgroup of H.
(¢) K is cyclic but may not be a normal subgroup of H .
)

(d) H is normal subgroup of G and K is normal subgroup G.

9. LetG:GLg(R),K:{<g Z) :a,b,deR,ad;«éO},H: {(é ’f) :beR}. Then

(a) H is a normal subgroup of K and K is a normal subgroup of G.

(b) H is a normal subgroup of K but K is not a normal subgroup of G.



10.

11.

12.

13.

14.

15.

16.

17.

(¢) H is a not normal subgroup of K but K is a normal subgroup of G.
(d) None of these.

Let H be a normal subgroup of a finite group G. If |H| = 2 and G has an element of order
3 then

(a) G has a cyclic subgroup of order 6.

)
(b) G has a non-abelian subgroup of order 6.
(¢) G has subgroup of order 4.

)

(d) None of these.
Let G be a group of order 30. If Z(G) has order 5, then
(a) ZE;G) is cyclic.  (b) e is abelian but not cyclic.
(c) Z(GG) is non-abelian.  (d) None of these.

Let G = GLy(R), H = {A € G : detA € Q}, then
(a) H is a normal subgroup of G.  (b) H is not a subgroup of G.
(¢) H is a subgroup which is not normal in G. (d) H C Z(G).

Let G = GLy(R), H={A € G : detA = 23", for some m,n € Z}, then
(a) H is a normal subgroup of G.  (b) H is not a subgroup of G.
(c) H is a subgroup which is not normal in G. (d) H C Z(G).

Let G = U(16), H = {1,15}, K = {1,9}, then
G G

(a) H, K are isomorphic groups and TR are isomorphic groups.

(b) H, K are not isomorphic groups but T e isomorphic groups.

(c) H is not isomorphic to K.
G G

(d) T e e not isomorphic groups.

Let H = {(Z Z) ca,b,c,d € QZ} ,G = M(Z), under addition of 2 x 2 matrices. The

quotient group T has

(a) 4 elements (b) 16 elements (c) 12 elements (d) 8 elements

Let G = Dy = {e,a,a? a3 b,ab,a’b,a*b},a* = e = V?,aba = b, H = {e,b,a’b,a*}, K =
fe.b}

(a) K is normal in H and H is normal in G. (b) K is not normal in H.

(c) K isnormal in G. (d) H is not normal in G.

The quotient group (%, —I—) is

(a) an infinite group in which only identity is of finite order.
(b) is an infinite cyclic group of finite index.
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(c) an infinite group in which every element is of finite order.
(d) None of these.

18. Let G be a non-Abelian group of order pq, where p and ¢ are distinct primes then

(a) o(Z2(G))=p (b) o(Z(G)) =q

(¢c) Z(G) ={e} (d) None of these.
19. If H is any non-trivial sugroup of a cyclic G then G/H

(a) is infinite if G is infinite.

(b)
(c) is not cyclic
(d) None of these.

is finite

20. If G be an Abelian group then H = {(g,9) : g € G} is
(a) normal in G X G.
(b) is not normal in G x G.
(c) is not a subgroup of G x G
(d) None of these.

21. The index of centre of a finite non-Abelian group
(a) is o(G).
(b) is a prime
(c) can not be a prime
)

(d) None of these.

22. If N is a normal subgroup of G and all the elements of G/N and N have finite order, then
(a) every element of G has finite order.
(b) every element of G has infinite order.

)
(¢) G can have elements of infinite order.
(d) None of these.

23. If H is a subgroup of S,, having order n!/2; then which of the following is not true
(a) H is normal in S,
(b) 0% € H for every o € S,,.
(c) H contains all 3-cycles.
(d) H # A,.

Practical 1 Descriptive Question

a b

1. Let G = GLy(R), K = {(0 J

subgroup of G.

> ca,b,d € R ad # O}. Prove or disprove: K is normal
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Let G = {(8 Z) :a,b,deR,ad%O},H = {((1) ll)) :bGR}. Prove that (i) H is a

normal subgroup of G. (ii) T is abelian.

» Z42

. Find the order of 5 + (14) in —-.

(14)

- - Z
Find the order of 14 + (8) in —— .

(8)
In the following examples show that K is a normal subgroup of H and H is a normal
subgroup of GG, but K is not a normal subgroup of G.
(i) G = Dy ={e,a,a? a3 b,ab,a’b,a®b},a* = e = b* aba = b, H = {e, b, a®b, a*},
K = {e, b}.
(i) G'= Ay, H ={I,(12)(34), (13)(24), (14)(23)}, K = {1, (12)(34)}.

. Let Qg = {&1, &4, 47, £k}, 1? = j2 = k* = —1 = ijk. Show that

() Z(Qs) = {1, —1}.

(ii) Every subgroup of Qg is normal in Qs.

d

. Let H = {(CCL b) ca,b,e,de ZZ} ,G = M(Z), under addition of 2 x 2 matrices. Find

order of the quotient group T and describe I

Let G = {(3 Z) :a,b,deR,ad%O},H: {(é l;) :bER}. Prove that H is a nor-

Y

mal subgroup of G and 7 (R, ) (the group of positive real numbers under multiplica-
tion).
{17 _1}

Show that A4 has no subgroup of order 6.

Show that

= R, for the multiplicative groups R* = R — {0}, R™ of positive reals.

Show that order of each element of the quotient group % is finite.

Let G be a cyclic group of order 36 generated by a. Let H = (a%). Describe the quotient
G

group .
Ay

G=A4 K ={1,(12)(34), (13)(24), (14)(23) }. Show that = >~ Aj.
Sy

Let H be a normal subgroup of Sy, o(H) = 4. Prove that T = Ss.

Show that % has a unique subgroup of order n for each positive integer n.
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28.

Let G be a finite abelian group of order n. If 22 = e Va € G, show inductively that the
order of G is 3% for some k € NU {0}.

Let K be a cyclic subgroup of a group GG which is normal in G. Show that any subgroup
H of K is a normal subgroup of G.

Let G be a subgroup s.t. (ab)” = a™b™ for some position integer n. Show that G(n) =
{z" / x € G} is a normal subgroup of G.

Let H and K be subgroup of a group G such that H N K = {e} then show that hk = kh,
heH kekK,

Suppose G/Z(G) is cyclic then prove that G is Abelian. Further if G is a group of order
30 and Z(G) has order 5 Show that G/Z(G) is cyclic.

Let H be a normal subgroup of G of order 2. Show that H C Z(G). Further if G is of
order 10 show that G is Abelian.

If H is a subgroup of G such that 2?> € H for each x € G then show that H is a subgroup
of G and G/H is Abelian.

Prove that the map 0 : GLy(R) — (R*,-) given by 0(A) = det A is an onto homomorphism.
Prove SLy(R) is a normal subgroup of GLy(R).

Let G be a subgroup and H = {¢? / g € G} is a subgroup of G. Show H is normal in G.

Let H be a normal subgroup of a finite group G. If G/H has an elements of order n show
that G has an element of order n.

Let G =< a > be a cyclic group of order 21. LetH =< a” >. Find the order of element
a’H in the quotient group G/H.

Let G =< a > be a cyclic group of order 24. Let H =< a'? > and K =< a°® >.
(i) In G/H, find orders of a*H,a*H,a*H,a°H.
(ii) In G/K, find orders of a’K,a*K,a' K, a’ K.

Show that the map ¢ : Q — S; defined by ¢(m/n) = ™" where m/n € Q, (m,n) = 1
and S = {z € C |z]* < 1} is a homomorphism of groups (Q,+) and (S',-). Find ker ¢
Jm .
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Practical no 2. Cayley’s theorem and external direct product of
groups

1. ZQ X ZQ X Z2 has
(a) 3 subgroups of order 2. (b) 7 subgroup of order 2  (c¢) 6 subgroups of order 2.
(d) 9 subgroups of order 2.

2. The order of any non-identity element in Z3 x Zs is
(a) 3 (b) 9 (c) 6 (d) none of these.

3. Which of the following statements is false?
(a) Zs X Zs is isomorphic to Zy5 (b)) Zs X Zs is isomorphic to Zg
(¢) Zg X Zg is isomorphic to Zy;  (d) Z4 X Z3 is isomorphic to Zio

4. The group S5 X Zs is isomorphic to
(a) Z1s (b) Ay (¢) Dg (d) Zg X Zs
5. Let Gy = Zy X Z15 and Gy = Zg X Z1g, then
(a) G and G3 are cyclic groups of order 60.
(b) G; and G5 are not cyclic groups.
(c¢) Gy is cyclic but Gy is not cyclic group.
(d) Gy is not cyclic but Gy is a cyclic group.

6. . Which is true about groups?
(a) Zy X Zqy is isomorphic to V; X Zs.
(b) Zy X Zy X Zs is isomorphic to Vy X Zs.
(¢) Vi X Zs is not isomorphic to Zy X Zs.
(d) Dy (the dihedral group of order 8) is isomorphic to Quaternion group Qg of order
8.

7. A group of order n is isomorphic to
(a) a subgroup of Z, x Z,. (b) a subgroup of A,.
(c¢) a subgroup of D,,.  (d) a subgroup of Zs,

8. Zs is isomorphic to the following subgroup of S
(a) < (12) >. (b) <(13) > (c) A3 (d) S itself.

9. A group of order 4 in which every element satisfies the equation 22 = e is isomorphic to
(a) Zy X Zy.  (b) g4, the group of forth roots of unity under multiplication.
(C) (Z47+) (d) {173a 779}

10. The smallest positive integer n for which there are two non-isomorphic groups of order n
equals.

(a) 2 (b) 4 (c) 6 (d) 8
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For each positive integer n,

(a) There is a cyclic group of order n.  (b) There are two non-isomorphic groups of order
n.

(c¢) There is a non-abelian group of order n.  (d) The number of non-isomorphic groups
of order n is equal to n

A non-cyclic group of order 6 is isomorphic to
(a) Z3 X Zy  (b) ug, the group of sixth roots of unity under multiplication.

(¢) U(14) = {1,3,5,9,11,13}. (d) S;

Let G = Zs X Zs5,Go = Z3 X Zg. Then
(a) Gy is isomorphic to Zi5 and Gy is isomorphic to Zsy.
(b) G; and G5 are not isomorphic to Zis, Zor respectively.
(¢) Gy is not isomorphic to Zs5 but Gg is isomorphic to Zoy
(d) Gy is isomorphic to Z;5 but G5 is not isomorphic to Zg;

The number of elements of order 4 in Zg X Z,4 is
(a) 4 (b) 8 (c) 20 (d) 16

Consider the following groups i) Z, ii) U(10) ii) U(8) iv) U(5). The only non-isomorphic
group among them is
(a) U8) (b) U(10) (c) Z4 (d) All are isomorphic.

Consider the following groups i) Sy ii) e ii) Zg iv) ZoxZ3 v) U(9). The only non-isomorphic
group among them is
(a) Sz (b) pe (¢) ZoxZs (d) Sz~ U(9) and ug, Zg, Zs X Z3 are isomorphic. .
If for positive integers m, n have Z,, X Z,, is isomorphic to(Z,,, +) then which is not true,
(a) m,n are relatively prime.
(b) m,n are odd.
(c) m,n are prime.
(d) m =p",n = ¢° for primes p,q and r, s € N.
Let G =74 x Zy and H = Z4 x {0,1}, K =< (1,2) > be subgroups of G Then

(a) G/H is isomorphic to G/K (b) G/H is isomorphic to Zy X Zs
(¢c) H and K are isomorphic.  (d) none of these.

From the given list of pairs of group, pick the pair of non-isomorphic groups
(a) 3Z/127Z and Z, (b) 8Z/A8Z and Zg
(¢) Zyand Vy (d) (Z x Z)/(2Z x 27) and Zs X Zy

From the given list of pairs of groups, pick the pairs of isomorphic groups
(a) ZQ X ZQ X ZQ and Z4 X ZQ (b) Zg and Z4 X ZQ
(C) D4 and Z4 X Z2 (d) ZQ X ZQ X Z2 and ‘/4 X ZQ
If G, H, K are finite Abelian groups and G x K = H x K, then
(a) G=H
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(b) G need not be isomorphic to H
(¢c) G=H
(d) None of these.
22. If G is an Abelian group with order mn where (m,n) =1. G(m) ={g € G : g™ = e} and
G(n)={g € G: g" =e}, then
(a) G =G(n)UG(m)
(b) G=G(n) x G(m)
(c) G =G(m)G(m)
(d) None of these.

23. m,n € N with m|n and H = {k € U(n) : k =1 mod m}. Then
(a) U(n)/H = U(m)
(b) U(n)/U(m) = H.
(c) U(m)=H.
(d)

24. U(16)/ < 9 > is isomorphic to
(a) Zy  (b) Zy xZs  (c) Zg  (d) Non of these. If R* and RT are multiplicative
groups and f : R* — R7 is defined by f(x) = |z| then

(a) f is an injective homomorphism.
(b) f
(c) ker f={-1,1}.
(d) f

None of these.

is not a homomorphism.

is an isomorphism.
Practical 2 Descriptive Question

1. (a) Find all subgroup of order 2 in the group Zs X Zg X Zy
(b) Find all subgroups of order 4 in the group Z4 x Zj.

(c) Prove or disprove: Z x Z is a cyclic group.

N

(a) Find a subgroup of Sy isomorphic to i) Z, ii) V.
(b) Find a subgroup of Sg isomorphic to Zg.

w

Find the left Cayley representation of S5 in Sg.

i

Find the Cayley representation of Zs in Sj.
5. Check whether ,
(a) Zs3 X Zg and Zso; are isomorphic groups.

(b) Z3 x Zs and Z5 are isomorphic groups.

&

Show that ¢ : Z x Z — 7Z defined by ¢(a,b) = a — b is a group homomorphism. Find Ker
¢ and describe the set ¢~1(3).
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Let Gy x Gy, where G| = (Z4,+), Gy = {1,3} modulo 4 under multiplication. Let H =<
(2,3) > K =< (2,1) > be subgroups of G. List elements in H and K,G/H and G/K.
Show that H is isomorphic to K but G//H is not isomorphic to G/K.

Show that Zg x Z4 and Zs 0,000 X Z4,00,000 have same number of elements of order 4.
Find all subgroups of order 4 in Z, X Zy.

Find the number of elements of order 2 in Zs op.000 X Za4,00,000-

Find a subgroup of Zy X Z4 X Z15 of order 9.

Let m,n be fixed positive integers. Consider the map ¢, : Z — Z,, X Zy defined by
Gmn(z) = (x mod m,x mod n). Show that ¢y, ,, is a group homomorphism. Find ker ¢y, .

Show that a group G has a non-trivial homomorphism to Z, if and only if G has a subgroup
of index 2.

Let G be an Abelian group and n € N. G(n) ={g € G : ¢g" =e} and G, = {¢" : g € G},
then show that G/G(n) = G,.
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Practical no 3. Ring, Subring, Ideal and Integral domain

. Let R be a ring and a, b be non-zero elements of R. The equation ax = b
(a) has a unique solution in R. (c) has atmost one solution in R.

(b) may have more than one solution in R. (d) None of these.

. The group of units of the ring Zos is

(a) {1,3,5,7} mod 25.

(b) {1,2,3,4,6,7,8,9,11,12,13,14,16, 17, 18,19, 21, 22, 23, 24} mod 25.
(c) {1,4,8,12,16,20} mod 25.
)

(d) {1,3,6,9,12,15, 18,21, 24} mod 25.

. The group of units of a ring is
(a) abelian but may not be cyclic  (b) Cyclic (¢) may not be abelian  (d) finite

. Consider the ring My(Z) = “ Z

of 2 x 2 matrices, then A € My(Z) is an unit if -
(a) ad —bc#0 (c) and only if ad — be # 0.
(b) ad — bc is an even integer. (d) ad — bc = 1.

) s a,be de Z} under addition and multiplication

. Consider the following rings :

(i) (Zs,+,-) (ii) (Zy5,+,-) (ili) Z x Z under component wise addition and multiplication
(iv) Rlz] ,Then

have no proper zero divisors.

iv)

(iii) have no proper zero divisors
i)
i),

)
(i), (iii) have proper zero divisors.
i), (iii

. The number of units in the ring Zy is
(@) 5 (b) 6 (c) 7 (d) 8

(iv) have no proper zero divisors

. Which of the following is a subring of (Q, +, -)
(i) R={a/b/a,beZ, (a,b) =1,b# 0,b is not divisible by 3}.
(ii) R={a/b/a,beZ, (a,b) =1,b+#0,0b is divisible by 3}.
(ii) R={a/b/a,beZ, (a,b) =1,b+# 0,a is divisible by 3}.
(iii) R = {2?: 2 € Q}.
(a) (i) and (iv) (b) (ii) and (iv) (c¢) (i) and (ii)) (d) only (i).

. Let R and S be rings. Consider the ring R x S under component wise addition and
multiplication.

(a) If R,S are integral domains, then R x S is an integral domain.

(b) R x S is an integral domain if and only if R, S are integral domains.

(c) R x S is not an integral domain, whatever R, S may be.

(d) R x S is not commutative even if R, S are commutative.
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Let R be an integral domain. Then, 22 = 1
(a) has exactly two solutions.  (b) may not have any solution.
(c) may have more than two solutions.  (d) None of these.

Consider the following rings: (i) Zig (ii) Z1o (iii) Z1o (iv) Z14, then
(a) (i), (i), (iii) ,(iv) have nilpotent elements.  (b) (i), (ii) have nilpotent elements.
(c) (iii), (iv) have nilpotent elements.  (d) None of these have nilpotent elements.

In an integral domain the number of elements which are their own inverses is
(@) 1 (b) Tor2 (c) 2 (d) infinitely many.

In a ring (Z,, +,-) where n is a positive integer > 1

(i)a*=a = a=0ora=1fora€Z,
(i) a-b=0 = a=0o0r b=0for a,b € Z,
(iii) a-b=a-¢,a#0 = b=cforb,é € Z,. Then,

for
( (i), (ii), (iii) are true.
(b) the statements (i) i
(c) the statements (i),
(d) None of the above.

b
b=
a) the statements (i), (
) is true but (ii), (iii) may not be true.
) (i), (iii) are true if n is prime.
)
If R is a ring and a, b are zero divisors in R, then
(a) a+ b is always a zero divisor. (¢) a+ b may not be a zero divisor.
(b) @+ b is not a unit in R. (d) None of these.
a b
0 d
(a) 6 (b) 7 (c) 5 (d) None of these.

In the ring R = { ( ca,bde Zg}, the number of non-zero zero divisors is

If z is an idempotent element in Z,, (2*> = z) , then
(a) 1 —x is a unit. (b) 1+ z is a unit.
(¢) 1 —x is an idempotent.  (d) None of these.

Let R be a commutative ring such that a> =0 = a =0V a € R, then
(a) R has no proper zero divisors.  (b) R has no nilpotent elements.
(c) R is an integral domain but not a field.  (d) None of these.

Consider the rings Ry = (Zio,+,), Ro = (Zos, +,-), Rs = M5(Z)), Ry = Z x 7Z under
component wise addition and multiplication.

(a) Ri, R, R3, Ry are all integral domains.  (b) Only Ry, R3, R4 are integral domains.
(c¢) Rsis an integral domain.  (d) Ra, R4 are integral domains.

Let R be an integral domain of characteristic p. Then,
(a) (x+y)™ =2 +y™ Va,y € Rif and only if m = p.
(b) (z+y)" =a™+y™ Vz,y € R and m = kp.

(¢) (z+y)P" =aP" +y?" Va,y € R and for all n € N.
(d) None of the above.
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19. Consider the subset S = {0,2,4, 6,8} of Zo.
(a) S is a subring of Z19. (b) S is not a subring of Z,.
(c) S is a subring with multiplicative identity 6.

(d) S is a ring with multiplicative identity 6.

20. Let R be a ring in which 2% = x for all x € R. Then,
(a) R is an integral domain with characteristic 3.
(b) R is field with characteristic 3.
(c¢) Characteristic of R is 2. (d) None of these.

21. The characteristics of the ring Z5 X Z15 under component wise addition and multiplication
is

22. r € R[z] is

(d) None of these.
10 :
23. If El,l = <O O) and R = MQXQ(R) then REl,l 1S

is a subring with multiplicative identity I5.
is a subring with multiplicative identity Ej ;.

is not a subring of R.

24. Which of the following is true
(a) Zsli], Zs[i] are integral domains and Zj3[i] is a field.
(b (], and Zs[i] are fields

) Zoli], Zs|i]
(c) Zsli i] are fields and Zs]i] is an integral domain.
) :

Lsli], Zs|i
ZLoli], Zsi
(d) Only Z[i] is a field and Zs|[i], Zs[i] are integral domains.

25. If Hy ={a+bi+cj+dk:a,b,c,dec Z} then the multiplicative group of units of Hy, is

(a) {1}

(b) {1,4,5,k}

(c) {£1,+i, +j, £k}
(d) Hz — {0}.

Practical 3. Descriptive Questions

1. Let (R,+,) be a ring with unity 1. Define @ and () on R as a@Pb = a+ b — 1x and
a(Db=a+b—a-b. Show that (R, @, () is a ring.
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11.

12.

13.

Let (G,+) be an Abelian group and End (G) = {® : G — G : ® is homomorphism }. For
®; € End(G) define (@1 + 3)(g) = P1(g) + P2(g) and (P - P2)(g) = P10 P2(g). Show that
End (G) is a ring.

(i) Let R be a ring such that 2® = x for all x € R. Then show that R is commutative.
(ii) Let R be a ring such that #* = x for all z € R. Then show that R is commutative.

(iii) Let R be a ring in which ab = ca = b = c for all a,b,c € R, a # 0. Show that R is
commutative.

(iv) If R is a ring with more than one element . If az = b has a solution for all non-zero
a € R and for all b € R, then show that R is a division ring.

Show that Z x Z under component wise addition and multiplication is a ring. Is it an
integral domain? Justify.

Show that R, = {m/n : m,n € Z;(m,n) = 1;p{n} for a fixed prime p is a ring.

Let X be a any set and P(X) be power set of X. For any A, B € P(X), define A+ B =
(A—B)U(B—A) and A- B = AN B. Show that (P(X),+,-) is a commutative ring.

Show that Z[i]| = {a + bi : a,b € Z} is an integral domain.

(i) Show that a ring that is cyclic under addition is commutative.
(ii) If R is a ring having 6 elements then R is commutative. Is R an integral domain?
Justify.
Give examples -
(a) of a finite ring which is non-commutative.

(b) of a ring R such that a® = a for all a € R.
Let R be an integral domain and a,b € R.

(i) If a” =07, a'? = b'?, show that a = b.

(i) If a™ = b™ and a" = b™ where m, n are coprime integers, then show that a = b.

—wW
which is a division ring.

Let H = {( : 7“;) Cz,w E (C}. Show that H is a non-commutative subring of M,(C)

a
b
where addition and multiplication of entries is modulo 7 is a commutative ring. Is R an

integral domain? Justify your answer. What happens if R = { ( ab 2) ta,b e 25} ?

Show that, R = {( _ab> ca,b e 27} under usual matrix addition and multiplication

(i) Let R be a commutative ring. If u is a unit and a is nilpotent in R, show that u + a
is a unit in R.

(ii) Let x be a non-zero element of a ring R. If there exists a unique y € R such that
xyx = x, then show that z is invertible in R.
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14.

15.

16.

17.

18.

19.

(iii) If a,b are nilpotent elements of a commutative ring, show that a + b is also nilpotent.
Give an example to show that this may fail if the ring is not commutative.

(iv) Determine all zero divisors, units and idempotent and nilpotent elements of the fol-
lowing rings- (a) (Zs, +, ). (b) Zs x Zg under component wise addition and
multiplication.  (¢) F' X F where F'is a field.  (d) (P(X),+,N).

(v) Find two elements a, b in a ring such that both are non-zero zero divisors in R, a+b # 0
and a + b is not a zero divisor.

(i) Let a # 0 be nilpotent in a commutative ring R, show that (1 — a) is unit in R.

(ii) Show that 0 is the only nilpotent element in an integral domain R. Prove that only
idempotents in R are 0 and 1.

(iii) Find a zero divisor and a non-zero idempotent other that 1 in Zs[i] = {a + ib: a,b €
Zs[i]}-

(iv) If a is an idempotent in Z,, show that 1 — a is also an idempotent.

In the following examples, check whether S is a subring of the given ring R.

(a) R—MQ(R),S—{(Z Z) :a,bc,d €R sit. a+c—b+d}.

(b) R:M2(R),S:{<Z 2) : a,beR}.

(0) R:M2<@),S:{<b 2@”) : a,be(@}.

(d) R=Q, S={a/b : a,be Z,(a,b) =1,bis odd }.
(e) R=Q, S={a/b : a,be Z,(a,b) =1,bis even }.

Q

Show that Z[+/2] has infinitely many units. (every(34-2v/2)" is a unit where n is a positive
integer.)

(i) Consider the ring R = {0,2,4,6,8,10} under addition and multiplication modulo 12.
What is the characteristic of R?
(ii) Let R be a ring in which z* = z for all z € R. Find the characteristic of R.

(iii) For integral domain R with characteristic p, show that (z + y)? = aP 4+ yP for every
z,y € R.

(iv) For integral domain R with characteristic p, show that (z + y)?" = 2P" 4+ y?" for every
x,y € R and positive integer n.

(v) Prove or disprove: A ring with characteristic n is finite.

Let R be an integral domain with characteristic 2. Show that -
(a) (a+0)*=a?+b*Va,b € R.
(b) S ={a € R a® = a} is a subring of R.

Find elements x and y in a ring of characteristic 4 such that (z + y)* # 2% + y*.
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Practical no 4. Homomorphism, Isomorphism of Rings

1. Consider the ring Z x Z under component wise addition and multiplication.
Let I = {(a,—a) : a€ Z},J ={(a,0) : a€Z}. Then,
(a) I and J are ideals of Z x Z.
(b) I is an ideal of Z x Z but J is not an ideal of Z x Z.
(¢) Neither I nor J is an ideal of Z x Z.
(d) J is an ideal of Z x Z but I is not an ideal of Z x Z.

2. Consider the ring M»(Z) = { (;1 Z

let I = { (Z Z) :a,b, c,d are divisible by 5}. Then

) :a,b,c,dGZ} and

(a) I is a subring of Ms(Z) but not an ideal.
(b) I is an ideal of M5(Z) but not a subring.
(c) I is not an ideal of My(Z).
(d) I is both a subring and an ideal of Ms(Z).
3. Consider the ideal I = 10Z and J = 12Z, then

(a) [+ J =222, 1J=120Z. (b) I+ J=2Z, I.J = 60Z.
(c) I+J=2Z,1J=120Z. (d) None of these.

4. In the ring of integers Z, consider the ideals [ = 4Z + 6Z, J = mZ + nZ, m,n € N. Then,
(a) I =247Z,J =mnZ (b) I =27Z,J = dZ where d = ged (m,n)
(c) I =12Z,J =17, where l = lecm (m,n) (d) None of the above.

5. In the ring of integers Z, consider the ideal I = (6Z)(47Z), then
(a) [ =24Z. (b) [ =12Z. (c) I =2Z. (d) None of these.

6. (nZ)(mZ) = (nZ) N (mZ) if and only if
(a) m|n.  (b) (m,n)=1. (¢) m=mn. (d) None of these.

7. Which of the following is true
(i) Z is an ideal of Q (ii) {(n,n) :n € Z} is an ideal of Z X Z
(ili) {f € F(R,R) : f(7) = 0} where F(R,R) is a ring of real valued functions.
(a) (i), i) (b) (ii), (ili) (c) only (iii). (d) None of these.

8. The number of ring homomorphisms from Q to itself is
(a) 1 (b) 2 (c) infinitely many (d) none of these.

9. The number of ring homomorphisms from C to itself is
(a) 1 (b) 2 (c) infinitely many (d) none of these.
10. Consider the following pair of rings.
(i) Z[v2] and Z[v/5] (i) Z[v/—2] and Z[/=5] (iii) Q and R (iv) M = {(_C‘b 2) ta,b € R} ,C

(a) (i) and (iv) are isomorphic pairs of rings.

(b) (i) and (ii) are isomorphic pairs of rings.
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(c) only (iv) is an isomorphic pair of rings.

(d) (i), (ii) and (iv) are isomorphic pairs of rings.

11. Consider the following maps from Ms(Z,) — Z, defined by

f<(i Z)) :a,g(<z Z)) —atd, h(A) = det A for A € My(Z,).

(a) f,g,h are all ring homomorphisms.  (b) only & is a ring homomorphism.
(c¢) f is a ring homomorphism and g, h are not.  (d) none of these.

12. Consider the map 7 : Z X Z — Z and 7y : Z — 7 X 7 defined by m1(m,n) = m,
ma(m) = (m,0), where Z x Z denotes ring with component wise addition and multiplication.
(a) m and 7o are ring homomorphisms.
(b) Both 7y, w9 are not ring homomorphisms.
(c) m is a ring homomorphism but 7, is not a ring homomorphism.
(d) my is a ring homomorphism but 7; is not a ring homomorphism.

13. The number of ring homomorphisms from Z to Z are
(a) one (b) zero (c) two (d) infinitely many.

14. Let ¢, : Z[x] — Z,|x] be defined by ¢(ag + ayz + - - - axz®) = o + dyz + - - - da®, is a ring
homomorphism only if
(a) n is a prime number.  (b) n is a positive integer.
(c) nis an odd integer.  (d) n is an even integer.

15. The kernel of the ring homomorphism ¢ : Rjx] — C defined by ¢(f(z)) = f(2 +1) is
(a) {f(2) € Rla] : (z = 2)|f(x)}.  (b) {f(x) € Rz]: (2* — 4z — 5)|f(x)}.
(c) {f(x) €R[z]: (2* =4z +2)|f(2)}.  (d) {f(z) €R[z]: (2* — 4z +5)[f(2)}
16. Consider the ring homomorphism ¢ : R[z] — R defined by ¢(ag + a1z + -+ + a,z™) =

aop + ay + - - - + a,. Then, the kernel ¢ is

(a) {f(z) eR[z]: f(1) =1} (b) {f(z) € Rlz]: f(1) = 0}.
(¢) {f(z) e Rlz]: f(0) =1}. (d) None of these.

17. Consider the ring homomorphism ¢ : R[z] — R defined by ¢(ag + a1z + -+ + a,z"™) =

zn:(—l)kak. Then, the kernel ¢ is
(@) {f() €Ra): (1) =0} (b) {f(x) €Rla] : f(~1) =1}
(¢) {f(z) € Rlz]: f(—=1) = —1}. (d) None of these.

18. Ring H = {(Z 2;’) :a,bEZ} is

(a) is not isomorphic to Z[v/2].
(b) is isomorphic to Z[v/2].

(c) is isomorphic to Q[v/2].

(d) None of these.
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19.

20.

Consider the maps ¢ : My(Z) — Z defined by ¢, ¢ Z)) =a and ¢ : R — Z defined

by ¢, <(g 2)) — a, where R = {(g Z) :a,b,deZ}. Then

(a) ¢7 is a ring homomorphism but ¢, is not a ring homomorphism.
(b) Both ¢, ¢y are ring homomorphisms.

(¢) ¢9 is a ring homomorphism but ¢; is not a ring homomorphism.
(d) Both ¢1, ¢o are not ring homomorphisms.

Z{i]
— is
(1+1)
(a) is an infinite ring.  (b) a field having 2 elements.
(c) aring having 4 elements.  (d) a ring with proper zero-divisors.

The question ring

Practical 4 Descriptive Question

. Check whether following sets are ideals of the ring Z x Z under component wise addition

and multiplication.
(a) I ={(a,a):a€Z}. (b) I={(2a,2b):a,becZ}.
(c) I ={(2a,0):a€Z}. (d)I={(a,—a):acZ}.

Check which of the following are ideals of the polynomial ring Z[z].
(a) I ={f(x) =ao+a1x+ -+ aa™ € Zz] : 3|ap}.

(b) I ={f(z) =ap+a1x+ -+ aa™ € Z[z] : 3|az}.

(c) I={f(z)=ay+ a1z + -+ a,a" € Z[m] ; (0) =0}.

(

d) I={f(x)=ay+amz+ -+ az" € Zlx Zaz—o}

(a) Let R be a commutative ring and a € R be non-zero. Show that, annihilator of
a, ann(a) = {r € R : ra =0} is an ideal of R.

(b) If A, B are ideals of a commutative ring R such that R = A + B, show that
ANB=AB.

(c) If A, B are ideals of a commutative ring R such that AN B = (0) then show that
ab=0forae€ Abe B.

Let S ={a+ib:a,b€ Z,bis even }. Show that S is a subring of Z[i] but not an ideal of
Z[i].

b

Show that I = {(a
c d

) :a, b, c,d are even integers } is an ideal of My(Z).

Show that I = {(8 g) :CLER} is an ideal of the ring [ = {(g Z) :a,b,dGR}.

b

Show that I = {<a
c d

) :a,b,c, d are divisible by 5} is an ideal of My(Z).

Is I ={4a+bi:a,be Z} an ideal of Z[i]7 Justify.
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10.
11.

12.

13.

14.

15.

16.

17.

18.

19.
20.
21.

. Let I be an ideal of ring R. Show that, I™ = {Z 12+ - Qi & Q55 € Rom € N} is an
i=1

ideal of R.
Find the characteristic of Z[i]/ < 2+ i >.

Let R be a ring with prime characteristic p and f : R — R is defined by f(a) = a® for
a € R. Show that f is a ring homomorphism (called the Frobenius homomorphism). Is it
an isomorphism?

Show that the following are isomorphic:

(a) H= {(Z 2;’) :a,beZ} and Z[V3).

(b) M:{(_ab 2) :a,beR} and C.

Let R be a ring and a € R be a unit. Show that the map from R into itself given by
2+ axa~ ' is a ring automorphism.

Suppose I and J are ideals of ring R so that R=1+J. Let ¢ : R — R/I x R/J be given
by ¢(r) = (r + 1,7 + J), then show that ¢ is a ring homomorphism with ker ¢ = I N J.
Hence or otherwise show that the rings Z,,,, = Z,, X Z, when (n,m) = 1.

Let ¢ : Z — R be given by ¢(n) = nig. Show that ¢ is a ring homomorphism and Im ¢ is
isomorphic to Z or Zj, for k € N.

Consider the maps ¢ : Rz] — My(R) defined by ¢(ag+ a1z +---+a,a") = <a0 a1> and

0 ao
apg ap Qo
¢ : R[z] — M3(R) defined by ¢(ag+ a1z +---+az™) = [ 0 ap ay |. Show that ¢y, ps
0 0 Qo

are ring homomorphisms and find their kernels.

Show that following pairs of rings are not isomorphic.
(a) the rings Z[/2] and Z[v/5]

(b) the rings Z[v/—2] and Z[v/—5]
(C) Z4 X Z@ and 224.

(d) R and C.

Let R be a commutative ring and I be its ideal. Show that (i) Jy ={x € R:za=0Va € I}
(i) Jo ={z € R: 2" € I, for some n € N} are ideals of R.

Find all the ideals of Z/12Z using the correspondence theorem.
Show that Z[i]/(2 4 i) is finite field, where (24 i) = {(2 +i)(m + in) : m +in € Z[i]}.

Show that following rings of order 4 are non-isomorphic-

(a) Zy (b) Z.xZy () {(g 2) :a,beZQ} (d) Zo[z]/(2® + z + 1)
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22.

23.

24.

25.

Show that |Z[i]/(2)| = n* + m? where z = n + mi € Z]i].
Show that aR is an ideal of R if and only if ar = ra for all r € R.

Let ¢ : R — Msy2(R) be given by ¢(r) = (g 8

and ¢(1) is the multiplicative identity of Im ¢ but not of Msy»(R).

. Show that ¢ is a ring homomorphism

Give example of a simple ring which is not a field.

Sem VI Algebra Page 19 of 34



Practical no 5. Divisibility, Prime ideals, Maximal ideals

1. Let R = My(Z) and I = {(Z Z

(a) I isnot an ideal.  (b) I is a prime ideal but not a maximal ideal.
(c¢) I is a maximal ideal.  (d) [ is an ideal but not a prime ideal.

) ta,b,c,d € 7Z, and are divisible by 5}

2. Let R be a commutative ring. If (0) is the only maximal ideal in R, then
(a) R is finite ring. (b) R is an integral domain, but not field.
(c) R is a field. (d) None of the above.

3. The number of maximal ideals in Zg are

(a) 1. (b) 2. (c) 3. (d) 4.

10

0 O>A.AER}. Then

(a) I is not an ideal.  (b) [ is a prime ideal but not a maximal ideal.
(c) I is a maximal ideal.  (d) I is an ideal but not a prime ideal.

4. Let R = My(Zs) and I = {<

5. Let R = C[0,1], the ring of continuous real valued functions on [0,1] under pointwise
addition and multiplication, I = {f € R : f(1/2) = 0}.
(a) I isnot an ideal. (b) I is a prime ideal but not a maximal ideal.
(c) I is a maximal ideal.  (d) I is an ideal but not a prime ideal.

6. In the polynomial ring Z[x], consider I = {f(z) : f(0) = 0}, then
(a) I is an ideal. (b) I is prime ideal but not maximal ideal.
(c) I is a maximal ideal. (d) I is ideal but neither prime ideal nor maximal.

7. If R is an integral domain and [ is a proper ideal then

(a) R/I is an integral domain.  (b) R/I is a field.
(c) R/I is finite (d) R/I may not be commutative.

8. Let R be a finite commutative ring. Then
(a) Risafield. (b) (0) is the only proper ideal of R.
(c) every prime ideal is maximal. (d) R is an integral domain.
9. Let S={a+ib:a,b€Z, are divisible by 5 }. Then,
(a) S is not an ideal but is a subring of Z[].
(b) S is an ideal as well as subring of Z[i].
(c) S is an ideal of Z[i].
(d) None of these.
10. Let R be a commutative ring, and P; and P, are prime ideals of R, then
(a) P, U P, and P, N P, both are prime ideals of R.
(b) Py N Py is prime ideal of R always but P; U P, may not be.

(c) If P, C Py or P, C P, then P, N P, is prime ideal of R.
(d) None of the above.
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11. Which of the following is irreducible in Z[v/5]
(2) 9+4v5 (b)) 1+v5 (c) 5 (d) 4++5

12. In the ring Q[x], the principal ideal (2 + bz + ¢) is a maximal ideal if
(a) b=c=0 (b) b*—4c is not a square of a rational number.
(c) b* — 4c is a square of a rational number.  (d) b* — 4c is an integer.

13. In the ring Zx],
(a) (z) is a maximal ideal.
(b

) () is a prime ideal which is not maximal.
(c) there is no maximal ideal in Z|x].
)

(d) (z) is not a prime ideal.

14. In the ring Z[v/5]
(a) 14 /5 is irreducible but not prime.  (b) 1+ +/5 is prime
(¢) 14 /5 is not irreducible  (d) 1+ /5 is a unit.

15. In the ring Z[v/—5]
(a) 14 /=5 is not irreducible  (b) 1+ /=5 is prime
(¢) 1+ +/=5 is irreducible but not prime (d) 1+ +/—5 is a unit.

16. Consider the following pairs of elements in the given rings respectively. (i) 2+ and 1 — 23
in Z[i] (i) 1 — /=5 and 7 — 3y/=5 in Z[y/-5] (iii) 2 and 1 + i in Z[i]. Then
(a) (i) and (iii) are pairs of associates  (b) (i) and (ii) are pairs of associates
(c) (i), (ii) and (iii) are pairs of associates.  (d) only (iii) is a pair of associates.

17. Consider the following elements in Z[v/=5] (i) 6 + /=5 (ii) 7 (iii) 2 — 3y/=5. Then
(a) (ii) and (iii) are irreducible and (i) is not irreducible
(b) (i) and (iii) are irreducible and (ii) is not irreducible
(c) (i),(ii) and (iii) are all irreducible  (d) (i),(ii) and (iii) are all reducible.

18. Which of the following is true in Z[v/—5]
(a) 2+ /=5 is irreducible but not prime.  (b) 2+ /=5 is prime.
(c) 3is prime. (d) 4 is reducible.

19. The number of maximal ideals in R x R x R is
(a) 1. (b) 3. (c) 6. (d) 9.

20. Which of the following is prime in Z[i],
(a) 2. (b) 5. (c) 17. (d) 3.

21. a =+ ib is irreducible in Z[i] satisfying a® + b* = p if
(a) pis a prime integer. (b) pis an odd integer.
(¢) p=2 or a prime such that p =1 mod 4. (d) None of these.
Zi]
(1+41)
(a) an integral domain which is not a field.

22. The quotient ring

(b) a field having 2 elements.
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23.

24.

25.

e ={

(c) a field having 4 elements.

(d) a ring with proper zero divisors.
Rlz] .

—— s

GES)

(a) an infinite integral domain.  (b) an infinite field.

(c) a finite field.  (d) None of these.

The ring

Consider the ring homomorphisms f : Z[i] — Z, defined by f(a + bi) = (a — b) mod 2 and
fa 1 Zli] — Zs defined by f(a + bi) = (a — 2b) mod 5. Then

(a) ker f; is a maximal ideal but ker f5 is not a maximal ideal.
(b) ker f; is a maximal ideal but ker f; is not a maximal ideal.
(c) both ker f; and ker fy are not maximal ideals.
)

(d) both ker f; and ker f; are maximal ideals.

In the ring R[z] and C[z], consider the ideal I = (2? — z + 2)
(a) I is a maximal ideal in both R[z] and Clz].
(b) I is a maximal ideal in R[z] but not C[z].
(c) I is a maximal ideal in C[z] but not in R[z].
(d) I is a not maximal ideal in both R[z] and Clx].

Practical 5 Descriptive Question

. Let R, S be commutative rings. And f : R — S be an onto ring homomorphism. Prove

that

(i) If P is a prime ideal in S, then f~!(P) is a prime ideal in R.
(ii) If M is a maximal ideal in S, f~'(M) is a maximal ideal in R. Do the above results

hold if f is not onto? Justify your answer.

Prove or disprove : If R, S be commutative rings. And f : R — S be an onto ring
homomorphism.

(i) If P is a prime ideal in R, then f(P) is a prime ideal in S.

(ii) If M is a maximal ideal in R, f(M) is a maximal ideal in M.

For a commutative ring R, prove that

(i) R is an integral domain iff {0} is a prime ideal in R.
(ii) R is a field iff {0} is a maximal ideal in R.
Let R be a ring and I be an ideal of R. Let M be an ideal of R containing I, and let

M = M/I be the corresponding ideal of R/I. Prove that M is maximal if and only if M
is maximal.

Z Z) :a,beZ}. Let ¢ : R — Z be defined bygb((a Z)) =a —b. Then,

b
is ker ¢ a prime ideal? Is ker ¢ a maximal ideal? Justify.
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6. Show that the following ideals are maximal in the indicated ring

(a) I ={a+by=5:a,b€Z,a—biseven }in Z[\/-5].

(b) <2*+1>inR[z].

(c) I ={Bz,y) :z,y € Z} in Z x Z.

(d) I ={f € R: f(0)=0} in the ring of continuous function from R to R.
© (V3) in Z[Va).

(f) I ={a+bi:amod2=>bmod?2} in Z]i].

a) Zs b) Zijy c¢) R — R under component wise addi
(d)Z2s () Q (f) Z x Z.

8. Determine the maximal ideals of each of the following (a) R[z]/(2?)  (b) Rlz]/(z* —
3z +2)
(¢) Rlz]/(z*+2z+1) (d) R={$:a,b€Z, (a,b) =1, a,bisodd }

7. Find the maximal ideals of the following rings

9. Is (2) a maximal ideal in Z[i]? Justify your answer.

10. Show that the following ideals are prime ideal in the indicated ring

(a) I is set of all polynomials all of whose coefficients are even in Z[z].

(g) (22 + 1) in Z[z]. Also show it is not maximal.
11. Show that Z[x] has infinitely many maximal ideals.

12. Determine which of the following are prime ideals in Z][i]?
(i) (2) (i) (3) (iil) (2+4) (iv) (1 +19).
13. Show that (2 +4) is a maximal ideal in Z[i]. How many elements does Z[i]/(2 + i) has?
14. Consider the ring Z[\/g], where d is not 1 and is not divisible by square of number. Define
N : Z[Vd] — Z* as N(a +bvd) = |a> — db*|. Show that
(a) N(x) =0 if and only if x = 0.
(b) N(zy) = N(x)N(y)
(¢) N(z) =1 if and only if z is unit.
(d) =z is irreducible if N(z) is prime.
15. Show that [ = {f(x) € Z[z] : 2|f(0)} is not a principal ideal in Z[z].

16. Show that 2,3,1 + /5,1 — /5 are irreducible elements in Z[v/5]. Which elements among
these are prime?
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Practical no 6. Polynomial ring and Field

LR =ZV2 ={a+b/2 : a,b € Z}, Ry = Z[V5] = {a +bV/5 : a,b € Z}, Ry = Q2] =
{a+bv2 : a,beQ},Ry=2Z[i] = {a+bi : a,b € Z}, then
(a) Ri, Ro, R3, Ry are integral domains which are not fields.
(b) Ry, Rs, Ry are integral domains which are not fields and Ry is a field.
(¢) Ry, Ro, Rs, Ry are all fields.
(d) None of the above.

2. Consider the ring S = { Z Z) a € @}

(a) S is an integral domain which is not a field.
1

(b) S is a field with multiplicative identity %

2
(c) S is a non-commutative ring.  (d) None of these.

N | —

3. Let R and S be rings. Consider the ring R x S under component wise addition and
multiplication.
(a) If R, S are fields, then R x S is a field.
(b) If R, S are integral domains, then R x S is an integral domain.
(c) R x S isnot a field, whatever R, S may be.
(d) None of the above.

4. Let Fy and F; be fields having 9 and 16 elements respectively. Then, the number of (non-
trivial) ring homomorphism from Fj to F, are
(a) One (b) zero (c) two (d) None of the above.

5. Consider the rings Ry = (Z1g, +,-), Ry = (Zy17,+,-), Rs = {} 1 a,b € Z, bis odd }.
(a) Ry, Ry, R3 are all fields.  (b) Only Ry, Ry are fields.
(c) Only Ry, R3 are fields.  (d) Only Rs is a field.

6. Let R[x]/(2x). Then,
(a) Risafield. (b) R is an integral domain but not a field.
(c) R is not an integral domain.  (d) R is a finite commutative ring.

7. There exist fields of
(a) 10 elements. (b) 7,8,9 elements.  (c¢) 12 elements. (d) 6 elements.

8. The field of quotients of Z[v/2] is
(2) Qv2] (M) R () Q (d) C.
9. The field of quotients of Z[7] is
(a) Q] (b) R (c) C (d) None of these.
10. Which of the following statements is true?
(a) R isring = R[z] is ring.
(b) R is a division ring = R[z] is division ring.
(c) Ris field = R[z] is field.
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(d) R is integral domain = R|xz] is an integral domain.

11. The polynomial f(z) = 22 + 4 is reducible over
(a) Z (b) Q (¢c) R (d) None.

12. Which of the following polynomials in Z[z] satisfy an Eisenstein criterion for irreducibility

in Q.

(i) 2% — 12 (ii) 823 + 622 — 9z + 24
(iii) 42'0 — 923 + 242 — 18 (iv) 22! — 2523 + 1022 — 30
(a) All are irreducible. (b) (ii) and (iii) are irreducible.

(c) (ii), (iii) and (iv) are irreducible. (d) only (i) is true.

13. The polynomial 823 — 6z + 1 is
(a) reducible over Z  (b) is reducible over Q
(c) is irreducible over Q  (d) is irreducible over R.

14. Let f(x) = 2? — 2, then

f(z) is reducible in Q[x].

f(z) is irreducible in Q[x] but reducible in Q[v/2][z].
(

x) is reducible over Q

—~ —~ T
Y
N

None of these.

15. Let f(x) = 2® — 2, then
(a) f(x) is reducible in Zs[x] and Zs|z].
(b) f(z) is irreducible in Zs[z| but reducible in Zs[z].
(¢) f(z) is reducible in Zs[z| but irreducible in Zs|x].
(d) f(z) is irreducible in both Zs[x] and Zs[z].

16. Let R be a commutative ring and f(x) be a polynomial of degree n over R. Then the no.
of roots of f(z) in R is
(a) less than or equal to n.  (b) equal to n
(c) strictly less than n (d) may be greater than n.

17. The polynomial 2x 4 1 is
(a) unit in Zg[x] (b) zero divisor in Zg[x] but not nilpotent.
(c) nilpotent in Zg|x] (d) None of the above

18. Let f(z) € Z[x]. Which of the following is true?

(a)
(b) f(=) is reducible over Q, but it may not be reducible over Z.
) f(x) is reducible over Q.

)

19. Let [ = (2 + x + 1) in Z,[z], 1 <n <10 Then, Z,[x]/I is a field if
(a) n<5 (b)n=2 (¢c)jn=3 (d)n="7
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20.

21.

22.

23.

24.

25.

The polynomial z is irreducible in Z,[z]
(a) for eachn (b) forn >3 (c) iff n is prime (d) never.

The number of roots of the polynomial % — 1 in Zs;[x] is
(a) 25 (b) 5 (¢) 24 (d)1

Let f(z) =2% — 2 +1

f(z)) is a maximal ideal in Zs[x], Z3[x] and Zs|x].

f

(
(
(f(x)) is a maximal ideal in Zs[z| and Zs[z] but not in Zs[z].

(z))
(x)) is a maximal ideal in Zs[z| and Zs[z] but not in Zs[z].
(z))

None of the above

(x), g(z) are both irreducible over Z[z].
(x), g(x) are both reducible over Z|x].

(x) is irreducible over Z[z], g(x) is not.

(x) is irreducible over Z[z|, f(x) is not.

The polynomial f(z) = x is

(a) irreducible over any ring R.  (b) irreducible but not prime over any ring R.
(c) can be factored in some polynomial ring.  (d) has no roots.

i Bl Let £ {5(o) € Rl /2 = £(2) = () = 0 and 7 = (1) € R (2) =
0, (3)=0

(a) I,J are ideals in R[z].  (b) I is an ideal, J is not.

(c) Neither I nor J is an ideal.  (d) I is a prime ideal in R[z].

Practical 6 Descriptive Question

(a) Show that Q[v2] = {r +sv2: 7,5 € Q} and Q[i] = {r +si : r,s € Q} are fields.

(b) Show that Z[+/2] and Z[i] are integral domains but not fields. Find their field of
quotients.

Check if the fields Q[v/2] and Q[v/5] are isomorphic.
Show that Z[i]/(3) is a field.
Prove that the ring Zs[z]/(2® + x + 1) is a field, but Zsz[z]/(z* + = + 1) is not a field.

List all the polynomials of degree 2 over (a) Zs[z] (b) Zs[z]. Which of these are irreducible?

Determine which of the given polynomials are irreducible over Q
(a) 2° + 922 + 1222 +6 (b)) 2?1 +322+3 (c) '+ 2 +1
(d) 2° + 52 + 1 (e) 23 =5z +10 (f) 2* —32*+9
(g) 22° — b2 +5 (h) «® + 8.

. Show that x* + 1 is reducible over Z,[x], where p is prime p > 2.
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10.

11.
12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Show that 23 + ax? + bx + 1 € Z[z] is reducible over Z iff either a = b or a + b = —2.
Let I ={f(x) € Rlz]: f(2) = f'(2) = f"(2) = 0}. Show that [ is a principal ideal in R|x]

and find its generator.

Let f(z) = 2%+ 2%4+ -+ 2+ 1, g(z) = 2" + 2%+ .- + 2 + 1. Determine whether
f(x), g(zx) are irreducible over Q.

If p > 2 is a prime, then show that 1 —z + 22 — 2% + - -+ + 2P~! is irreducible in Q[z].

Let p be a positive prime and let n € N, Then show that p”th cyclotomic polynomial
() =1+ 2" 22" 4. 4 2=V s drreducible in Q[z].

Show that ™ — p is irreducible over QQ for each prime p.
Determine all ideals in Z[z]/(2, 2% + 1) where (2,2 + 1) = (2) + (2® + 1).

Let R = {ap + a1z + -+ 4+ ana™ : ag € Z,a; € Q fori > 1}. Show that R is an integral
domain. Find units and primes in R. Is x a prime in R.

Let F be a field. Show that a polynomial f(z) € F[x] of degree n has at the most n distinct
roots in F.

Let F be a field and f(x) € F[z] is such that a € F is a root of f(x) as well as the derivative
of f(z) with respect to z, then show that a has multiplicity at least two.

Rz]
<z >

~ R.

For any ring R, show that

Prove that M is a field.

(2% - 2)
Let p be a prime. Show that the number of monic quadratic reducible polynomials in Z,|x]

1
is M Determine the number of monic quadratic irreducible polynomials in Z,[x].

Show that R[z]/(z% + 1) is isomorphic to C.

Z
Show that z% + 1 and z?* 4+ x + 4 are irreducible polynomials in Zi;[z]. Show that ( 21:[_1;1)
T
7
and #[37} are fields having 121 elements.
(2 4+ 2+ 4)

Show that a finite field containing p™ elements where p is a prime integer has characteristic
p.

Suppose that f(z) = 2" + a,_12"' + -+ + ag € Z[z]. If r is a rational such that z —r
divides f(z), show that r is an integer.
let I be a field and let a be a non-zero element of F'

(a) If af(z) is irreducible in F'[z], prove that f(x) is irreducible in F[z].

(b) If f(ax) is irreducible in F[z], prove that f(z) is irreducible in F'|x].
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(c) If f(z + a) is irreducible in F[z], prove that f(z) is irreducible in F[z].
(d) use part (c) to prove that 8z° — 6z + 1 is irreducible over Q.

26. If p is a prime, prove that zP~! — 2772 + ... — x + 1 is irreducible over Q.

27. Let F be a field having 32 elements. Then show that the only sub field of F' is {0,1} and
F itself.

28. Construct a field of order (i) 25 (ii) 27.
29. Show that for every prime p there exists a field of order p?.

30. For prime integer p show that Z,. has a unique maximal ideal.
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10.

11.

12.

13.

14.

Practical no 7. Unit-wise Theoretical Questions

Unit 1

. Let H be a subgroup of group GG. Prove that the following statements are equivalent.

(a) aHa™' C H for each a € G.
(b) aHa™! = H for each a € G.

(c) Every left coset of H in G is also a right coset of H in G i.e. aH = Ha for each
a€q.

(d) HaHb = Hab for each a,b € G.
Let G be a group. Show that centre of a GG is a normal subgroup of G.

If H is a normal subgroup of G and K is a subgroup of GG, Show that HK = KH.

Let G be a group and a € G, Show that N(a) = {x € G : ax = xa} is a subgroup of G
and < a > is a normal subgroup of N(a).

Let G be finite group with a normal subgroup H such that (o(H),o(G/H)) = 1 then show
that H is a unique subgroup of G of order H.

Let G be a group and H is a unique subgroup of a given order, then show that H is a
normal subgroup of G.

Let H and K be subgroup of a group G such that H N K = {e} then show that hk =
kh, h€ Hk € K.
Let G be a group such that (ab)™ = a™b" for some position integer n.

(a) Show that G(n) = {z"/x € G} is a normal subgroup of G.

(b) Show that G(n — 1) = {z"Y /2 € G} is a normal subgroup of G.

Let H be a normal subgroup of G and let % ={Ha:a € G}. Show that HaHb = Hab is
G

a well defined binary operation in T and T is a group under this binary operation.

Let G be a group and H be a subgroup of G. If 22 € H for each x € G, then show that H
is a subgroup of G and G/H is Abelian.

If G/Z(G) is cyclic then prove that G is Abelian.

If a cyclic subgroup H of a group G is normal in G. Show that every subgroup of H is
normal in G .

Let G be a group and H be a normal subgroup of G. Then prove that
(a) (Ha)™ = Ha" for all n € Z.
(b) o(Ha) divides o(a).

Let G, G’ be groups and f : G — G’ be an onto homomorphism. Prove that
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(a) kernel f is a normal subgroup of G and Imf is a subgroup of G'.

(b) If H' is a subgroup of G’ then f~'(H') = {h € H : f(h) € H'} is a subgroup of
G containing ker f. If H' is normal in G’ then f~!'(H’) is normal in G.

(c) If H is a subgroup G then f(H) = {f(h) : h € H} is a subgroup of G’ and
f(Ha) = f(H)f(a) for each a € G. Further, if H is normal in G then f(H) is
normal in G'.

15. Let G be a group and H be a normal subgroup of G. Show that n: G — G/H defined by
n(a) = Ha is a group homomorphism and Kern = H.

16. State and prove ”First isomorphism theorem / Fundamental theorem of homomorphism of
groups”.

17. State and prove 7 Second isomorphism theorem of groups”.
18. State and prove " Third isomorphism theorem of groups”.
19. State and prove Cayley’s theorem for finite group.

20. Show that A, is a normal subgroup of S,,.

21. Show that

(i) finite cyclic group of order n is isomorphic to the group Z, of residue classes modulo
n.

(ii) Every infinite cyclic group is isomorphic to the group Z of integers under addition.

OR
(i) Show that any two cyclic groups of same order are isomorphic.

(ii) Show that any two infinite cyclic groups are isomorphic.

22. Classify groups of order < 7 up to isomorphism.

(i

(i

23. If (G1,-), (Ga,*) are groups and G1 X Gy = {(91,92) : ¢1 € Gi,92 € Go} with binary
operation o defined by (g1, g2) © (¢}, 95) = (g1 - 1, g2 * g5) then

) Show the there are two non-isomorphic groups of order 4.
)

Show that there are only two non-isomorphic groups of order 6.

(a) (G x Gaq,0) is a group.
(b) if Gy, Gy are abelian then G x G5 is also abelian.
(c) If a € G1,b € Gy such that o(a) = m,o(b) = n, then (a,b)* = (a*,b*) and

o(a,b) = lem(m,n).

(d) If G1,Gy are cyclic then Gy X Gy is cyclic if and only if o(G;) and o(Gy) are

relatively prime.
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(e) If Hy, Hy are normal subgroups of G, Gy respectively then H; x Hj is a normal

Gy x G
subgroup of G x G5 and ﬁ is isomorphic to the external direct product
1 2
Gy Gy
— X —.
H, H,
Unit II

1. R is a ring with multiplicative identity, then
(a) Show that the set of units in R form a group under multiplication.

(b) The set Z(R) ={a € R : ax = za; ¥ x € R}, called the center of the ring is a
subring of R.

2. (a) Show that every element of a finite commutative ring is either a unit or a zero
divisor.
(b) Show that every element of Z, is either a unit or a zero divisor.

(c) Show that an integral domain has no non-zero nilpotent element.
3. Show that subring of an integral domain is an integral domain.
4. (a) Show that, characteristic of a ring R is n if and only if the order of the multi-
plicative identity of R is n in the group (R, +).

(b) Show that characteristic of an integral domain is either 0 or a prime.

D. (a) Let R be a ring with unity 1z and I be an ideal in R such that 1z € I then prove
that I = R.

(b) Let R be a commutative ring and a € R. Prove that Ra = (a) = {ra/r € R} is
an ideal of R.

(c) Show that any ideal of the ring Z is of the form mZ for some m € Z.

6. (a) If I is an ideal of a ring R, then show that R/I = {z+1 : z € R} is a ring with
the operations (z+ 1)+ (y+I)=(zr+y)+ 1 and (z+ I)(y+ 1) =zy + I.

(b) Let R be a commutative ring. If I, J are ideals in R, Show that I NJ, I 4+ J and
1J are ideals of R, where

I+J={z+y :zelyecJ} and[J—{inyi : xiel,yieJ,neN}.
=1

(c) Let R be a ring and I, J, K be ideals of R. Prove (a) I(J + K) = IJ + IK,
(I+)K=1J+JK. (b)IfJCI, then IN(J+K)=J+(INK).

(d) For a ring R, show that any ideal of the ring of n x n matrices over R, M, (R) is
of the form M,,(I) = {[a;;] : a;; € I} for some ideal I of R.

7. Show that a commutative ring is a field if and only if it has no proper ideal.

8. Let I be an ideal in a ring R and n: R — R/I is defined by n(a) = a + I for a € R. Show
that 1 is a homomorphism and ker n = I.
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10.

11.

12.

13.

14.

15.

16.

Let R be a commutative ring. Show that I = {a : a € R,a" = 0 for some n € N} is an
ideal (called the nil radical) of R and R/I has no nilpotent element.

Let R, R' be commutative rings and f : R — R’ be a ring homomorphism. Show that-
(a) If f is surjective, [ is an ideal of R, then f(I) is an ideal of R'.
(b) If I’ is an ideal of R’ , then f~!(I’) is an ideal of R.

State and prove the First Isomorphism Theorem(Fundamental theorem of homomorphism)
of rings.

(Second Isomorphism Theorem of rings) Let A be a subring and B be an ideal of a ring R.
Then AN B is an ideal of A and A/(ANB) ~ (A+ B)/B.

(Third Isomorphism Theorem of rings) Let A, B be ideals of a ring R with A C B. Then
A/B is an ideal of R/B and (R/B)/(A/B) ~ R/A.

Show that, J is an ideal of the quotient ring R/I if and only if there is an ideal J C I of
the ring R such that J ={x +1:2 € J}.

There is exactly one non-zero ring homomorphism from Z into any ring R.

Let f: R — S be an onto ring homomorphism and K = ker f. Prove that there is one-one
onto correspondence between ideals of R containing K and ideals of S.

Unit III

Fields

1.

2.

Show that a field is an integral domain. Is the converse true? Justify your answer.

Show that a finite integral domain is a field. Give an example of an infinite integral domain
which is not a field.

Show that characteristic of a field is either zero or a prime number.
Show that the ring Z,, of residue classes modulo n is field if and only if n is a prime number.
Show that a field has no ideals except 0 and itself.

Show that an ideal P in a commutative ring R is a prime ideal if and only if R/P is an
integral domain.

Show that an ideal M in a commutative ring R is a maximal ideal if and only if R/M is a
field.

(a) If R is a finite commutative ring prove that every prime ideal is maximal.

(b) If R is a commutative ring such that for a € R there exists a n € N (depending

on a) such that a™ = a then show that every prime ideal is maximal.

(a) Show that an ideal [ in the ring Z of integers is a prime ideal if and only if I = (0)
or I = pZ where p is a prime number.
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(b) Show that every non-zero prime ideal in Z is a maximal ideal.
(c) Show that an ideal I in the ring Z of integers is a maximal ideal if and only if
I = pZ where p is a prime number.
10. Show that a field contains a subfield isomorphic to Z, or Q.
11. Explain construction of quotient field of Z.

12. Show that the rings, Z[i], Z[v/2], Z[/—5] are integral domain which are not fields. Show
that their quotient fields are Q[i], Q[v/2], Q[v/—5] respective.

Polynomial Rings

1. Let R be a ring. Let R[z] = {a,2® + ap_ 12" ' +---ayx +ap : a; € R,n € ZT}. Show
that R[z] is a ring with respect to usual addition and multiplication of polynomial. Further
show that if R is an integral domain, then R[z] is also an integral domain.

3. Let F be a field.

(a) Show that F[z] is an integral domain. Is it a field? Justify your answer.
(b) Show that only units in F[z]| are the non-zero elements of F.

(c) Division Algorithm: For any pair of non-constant polynomials f(z), g(x) € F|z], there
exist ¢(z),r(z) € Flz] such that f(z) = g(x)q(z) + r(z) where r(z) = 0 or degr(z) <
deg g(x).

4. Let F be a field. Show that every ideal of F[z] is principal ideal.

5. Let F be a field a € F, and f(z) € F[z]. Then a is a zero of f(x) if and only = — a is a
factor of f(z).

6. Define irreducible polynomials. Let F' be a field, f(z) € F[z] and deg f(x) = 2 or 3. Show
that f(z) is reducible over F' if and only if f(x) has a zero in F.

7. Show that
(a) if Fis a field, f(x) and g(x) in F[z]| are associate if and only if f(z) = cg(z)
where ¢ # 0 in R.
OR
if R is an integral domain f(z) and g(z) in R|x] are associate iff f(z) = cg(x)
where ¢ is a unit in R.
(b) Let F be a field and let f(z), g(z), h(z) € F[z]|. If f(x) is irreducible over F and

f(@)lg(x)h(z),then f(x)|g(x) or f(x)|h(z).
(In R[z] or Q[z], C[x]) if f(x) is irreducible and f(z)|g(z)h(z),then f(z)|g(x) or

f(@)|h(z).

8. Let F be a field. Show that (p(x)) is a maximal ideal in Fz] if and only if p(z) is an
irreducible polynomial in F[x].

OR

Sem VI Algebra Page 33 of 34



Let F be a field. Show that Fz]/ < p(x) > is a field if and only if p(z) is an irreducible
polynomial in F[z].

Show that any a non-zero ideal of F[x] is prime if and only if it is maximal.

10. Show that the only irreducible polynomials in R[z] are a linear polynomial x—a or quadratic
polynomial 2% + bz + ¢ such that > — 4c < 0, where a,b,c € R.
OR
Show that the only maximal (or prime )ideals in R[z] are principal ideals < z —a > or
< 2% 4 bz + ¢ > such that b*> —ac < 0, a,b,c € R.
11. Show that the only irreducible polynomials in C[z] are a linear polynomial z — « for a € C.
OR
Show that the only maximal (or prime )ideals in Clz| are principal ideals < z — a > where
a e C.

12. Eisenstein’s Criteria for Irreducibility Let f(z) = 2" ++a, 12" '+ - a1z +ag € Z[z].
Let p € Z be a prime such that p | a;, for all i = 0,1,2,---n— 1, pt a, and p* { ap. Then
f(z) is irreducible in Q[z].

13. Using Eisenstein’s criteria show that the p*— Cyclotomic polynomial ®,(z) = xP~1 4+ 2P+
-+« 4+ x 4+ 1 where p is prime, is irreducible over Q.

14. Let f(x) = apa™ +---+ag € Z[x] and a, # 0if r/s € Q,(r,s) = 1, f(r/s) = 0 then show
that r/a,, s/ay.

15. Show that p'/” is irrational where n > 1 and p is a prime.

Divisibility

1. Let R be a commutative ring and a, b, u # 0. Then show that
(a) If w is an unit in R then ula.
(b) b€ (a) & alb < (b) C (a).
(¢) a and b are associates <> (a) = (b)
(d) If a|lgr <> ais a unit and R = (a).
2. Let R be an Integral Domain , Let p € R. Then ,
(a) p is prime iff (p) is a non zero prime ideal of R.
(b) If p is prime then p is irreducible. Show that the converse is not true.
3. Prove that in Z (ring of integers) a non zero non unit element p is irreducible iff p is prime.
4. Let R be an Integral Domain and a € R , a # Og. If (a) is maximal then a is irreducible.
Give an example to show that converse is not true.
5. Let R be a commutative ring and I, J be prime ideals of R. Show that, I NJ is prime only
ifICJorJCl.
6. Let R be commutative and I, J be ideal of R and P is a prime ideal of R that contains

INJ. Prove that either I C Por J C P.
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