MCQ Practice Unit 3

22 April 2021 12:40 AM

Practical No : 2.5

Cosets and Lagrange's Theorem
Objective Questions

(1) LetH be a subgroup of G and a € G. aH = H if and only if

(a) agH Hﬂ/aEH

() a'gH (d) None of these

Uo) a ey

{(2) LetHbeasubgroupof Ganda,b € G. aH = bH if and only if
(a) aeH (b) abeH
\/E{a'lb EH (d) None of these

ar=bd = a'lu)=a (o
= (s'o) H = (@'k)N
= el =(@'h)y

=~ alb €r

(3) LetH be a subgroup of G and a,b € G_ If aH # bH then

& aHMNbH = ¢ (b) aHMNbH £ ¢
{(c) aH c bH (d) None ofthese

() GHObH = qD

(4) Let H be a subgroup of G . Which of the following statements are true
(i) ae&aH
(1) |aH| = |bH| Ya,bEG
(1i1) aH = Haifand onlyifH = aHa™?!
(a) (1) and (i1) \‘(‘E{ (11) and (111)
(c) (1) and (1i1) (d) Only (u)

Ce) ) &AL aH v
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o) ¢ &AL aH-ra

aHad = woo = HQQO\“‘\=H

(5) LetG = Zand H = 5Z. Then the following pair of left cosets are not equal. Then

() 11+5Zand-39+5Z \(];3/1.1+szmd-25+5z
(c) 11+5Zand-34+5Z. (d) Noneofthese.
=25 W=BZ 73 ---—\53—\0)—6,6,6,10,“‘3'--Fj
W+ 5z = %----u,\;671\)%,2\,1@...’3
T 6T = % BRI L I T L P LR

—Akh+ bz = ©BL

(6) Let H be a subgroup of G and a € G. aH 1s a subgroup of G if and only if

(a) agH b a€eH
(¢) a'eH (d) None of these
(o) oeH

(7) If G = Z with addition and H = {0, +3, +6, 19, ...} then which of the following 1s true

i 114+ H=17+H T 11+ H=17+H
() 7+H=23+H (d H=2+H
AN 1%-'-+‘L,5,%>H,\H)\q)9_o---3
w+14~—%——--+8J-lt,\qJJq,Qo---}
L+ v = 17 =+

(8) The left cosets of H = {1,11} in U(30) are

\/Qa’)/ 7T+H134+H 194 H, v+ " (b) 74+H,13+H,234+H

(¢ H,1+H294+H (d) None of these
H—,%\,\\“E , V(20) =2 1,7, 0,13, 13, xq,azjl“\}

b4 W = o EEAN =%?,1%}“ 1t = €18 7
-\ :SLNL, 21}" t%t-tzg

124 = S0, AR5
294V =% o 20%

20, 0%
2.2+ |14 f%szq)uﬁ
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(9) Suppose a has order 20, then number of cosets of < a® >in < a > is

(a) 3 N g

(c) 4 (d) None of these
19 2.0

o o o,0>,ak . o=
A R E R
&<cf’7 {o o , o\‘e’,o’g
<>y =%at, o ,&”“Jof’i
,cf)}

&<O~ E@ 0%, ol

!
ak <oﬁ7 ot o , o7, &”?
=
0= XY
(10) Let G = C* under multiplication and H = {z € C*: |z| = 1} . then cosets of Hin G are

\/%({ZEEI‘:IZI=1{} vk € R* t) {zec':|zw| =1} vwe

(c) {zec|z4+w|=1} YweCT* (d) None of these

fred  \zl= 17 = Sonib, Gabor ot

CC+iy) 1y = { (z+19) (@+'b), |2 @] =
(wa-Yb) i (Yot xb)
Mod = WUer[o)l’

(11} Let K be a proper subgroup of H and H be proper subgroup of G If |K| = 42 and
|G| = 420 , what are the possible orders of H?

\,@'/Ech 210 (b) Only 84

() Only 210 (d) None of these
<) =u2, l&] =L20
4o-| Bl
L2 [2)0

(12) If G = Z,, then how many solutions does x'® = 1 has in G
(a) 16 () 15

\)ca/i 7 (d) None of these
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%t(”—«—T buk &\“}’,\th\
No c-)/b csolu =19
(<)

(13) IfG = GL(2,R) and H = S5L(2, R) then for any matrix A in G, the coset AH 1s
\La’)/The set of all 2 X 2 matrices with the same determinant as A
(b) The set of all 2 X 2 matrices with determinant equal to 1

(c) Thesetofall 2 X 2 matrices with determinant equal to -1

(d None of these
A AP CHALE
4= 5 () Adoc‘j):\(2
AEG pev , &k =1
Bu = § oA, &k (AB) - akadeke =dzsm}
(14) If G is a non-abelian group of order 10 then G has how many elements of order 2

a5 ®) 6

(c) 4 (d) NMNone of these
If (7 is a non-abelian sroup of order 10, prove that (& has five elements of order 2.

I know that if @ € G such that a # e, then as a consequence of Lagrange's theorem

la| € {2,5,10}. The order of a cannot equal 10, since then G would be cyclic, and thus abelian
which is a contradiction. Now this means that |a| = 2 or |a| = 5. I know from this question that G
has a subgroup of order 5. This subgroup H has prime order, so it is eylie, and all of its non-identity
elements have order 5. Now I need to show that the elements not in H have order 2. This is where
I'm stuck.

I've tried assuming that an element b ¢ H has order 5, in order to derive a contradiction, but to no

avail.

I also know from a previous exercise that if G has order 10), then it has at least one subgroup of
order 2, so I tried to assume toward a contradiction that (¢ has two subgroups of order 5, and one

subgroup of order 2. I was trving to show that this would make & abelian, but I couldn't.

(15) Order of U(n) forn > 2 1s

-
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(15) Order of U(n) forn > 2 is

Xar~ Even (b) Odd

(c) n-1 (d) None of these

U@jrax,o_i
O (h) ——%\,3}
v {5) = %I,'l,"a, H}

(16) H and K be a subgroups of a group G. If [H| = 12 and |K| = 35 . Find [HNK]
@ 2 ® 1

(c) 3 (d) None of these

v # 7.20: Since H and K are both subgroups of . we know that H N K must contain e, so it is
nonempty. Suppose there is some other element, g, that is in H N K. Then g € H and g € K, s0
g |> 1 must divide the order of H and of K, since both H and K are themselves groups. But, since
' H|=12and | K |= 35 have no common divisors greater than 1, we have derived a contradiction.
Thus, the only element in HN K s e, 50| HNK |= 1.

(17) Let G be a group of order 25. Which of the following is true
(@ Giscyclic (b) g°=eforallginG
\y)/ Giscyclicorg® = eforallginG  (d) None of these
1f G 15 o greb of GYd 2% Huen ethen Gis ayhic
¥ 35 - e &g\( alX 3 n &
Solution,
If (G is cyclic, then we're done. So assume that (7 is not cyclic. Let g € G. If g = e, then

clearly g° = . So suppose g # ¢. Then |g| divides 25, i.e., [g] = 1. 5, or 25. But |g| # 1 since
we assumed g # e, and |g| # 25 since otherwize, 7 would be cyclic. So [g| = 5, e, ¢* = €.
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(19) Let |G| = 8 then

\w/é’ must have an element of order 2

(b) G must have an element of order 4

(c) G may not have an element of order 2

(d) None of these

(o) sk hove oam Jamgnl O‘b ot At 2L

(207  Which of the following 1s true
\/({ Every odd ordered subgroup of Dy, 1s cyvclic
(b)  Ewvery subgroup of Dy 1s cyclic
()  Only one subgroup of Dy 15 cyclic

(d) None of these

Prove that any subgroup of D}, of odd order is cyclic.

So far | have:

LetH < D,

Let 7 denote a simple rotation such that 7" = e, and let f denote a vertical flip
if | H| = 1, we're done since H = e, which is cyclic

otherwise let |H| = 2k + 1 for some non-negative k € N

Considera € H.
Ifa = 1" % ffor some m € Z, then ord(a) = 2. Since the order of any element must divide the order of the group, we have that a cannot be in H.

So the only elements of H are of the form 7™

But | can't seem to show that H must be generated by an element of the form 7™. Any help would be greatly appreciated.

(21) Let G = §; and consider the subgroup H = {1,(12)} of G. Then

(a) Every left coset of H 1n G 1s also a right coset.

MH] = 3 and two left cosets of H 1n G are also right cosets.

(c) No left coset except H itself 1s a right coset of H 1n G.

None of the above.
S»= g T,0%), (=, (&9, um,osﬁs

4 = % T, (J\’)_\ fi H Q\'bﬁ: %{(_\'5))&13’)_)’3
oW o= LU, 2'3]3

(d)

T W= HI v

~ PPN Vv~
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T W = HI v

G2) = = = U 2) Ve
(22) Suppose G has subgroups of order 45 and 75. If |G| < 400, then |G |1is
(a) 90 (b) 150
A 225 (d)  None of this

&t {hoo , o(H)y=hb , o(k)=15
4 2 ¥ oow go\o%m\p
b5 (225 , I% [225

23) Let & be an abelian group of order 12. If @, b € G and order of @ 1s 4 and order of b 15 6 then
- order of ab 1s

(a) 2 (k) 4
€ 6 12
oLG\o} — g\cmSLOLO\))OLb)FZ = L(‘)_Q’%
= Jemd n, G Y
Practical - 6
Obijectives

(1) Letg:C'— C* given by @(x) = x* be a homomorphism then kerg =

@ {1,-1) \ AT {1,-1,1,—i)}

() {i,—i} (d) None of these
ket = gxec | X =\lg
xh= )

= Sﬁ \ y —-'\ ) .'l; 3 ‘173
26-04-2021

2) Let@:Z,; - Zy, given by @(x) = 3x be a homomorphism then kerg =
(@ (0,1} A5 {0,3,8)
(© (0,4} (d) None of these
& (X)) = 2= | Km¢:%xe 2., 6)=3 ”3
a(V) = 2x1 =3 £ 0 (med 1}
(%) (1) = 2= o (mod 12)
@(‘_3) =2L= o moc\\ﬂq
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(3) Number of homomorhisms from Z,, to T, 1s

6 () 7

(c) 8 (d) Nomne of these
(12, %0)= & li)ii(z

RS
X

(4) Let G be a cyclic group of order 7 and @: G — G given by @(x) = x* then
(a) ¢ 1s not a group homomorphism

\m 15 a group homomorphism which 1s not one-one

(¢) g isa group homomorphism which is not onto
(d) None of these
(= <G} , Oﬁ = &
(e % =t L) =y
a(oug) = () =yt =R @)
\Lmq) = %/7_(—,6; \ dP@Q: \ (i

(5) Suppose @: Ty, — Zg, is a group homomorphism and kere = {0,10,20). If ¢(23) =

9then the elements that map to 9 are

(a)3,13,23 (b) 3,23

Ll
L

1

’ (d) None of these
<1>(972ﬂ = & (ifo{@) = 9 de(f:tz—;@b
=7 ‘CPKZTO) + 43&75) =9 $ \06 ::
(O S 6(3) -9 (s8) =0
({) Q/?J} = @ Q\—O Arp_?)w = J?L\Ow—\— @(’5w =q

=
Gl
%]

(c)
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(6) Let G be a subgroup of some dihedral group. Define ¢: G — {1, -1}

~  1ifxisarotation
p(x) =

k =
—1 if x is a reflection then kere

(a) A subgroup containing only reflections.
(b) A subgroup containing only reflections and rotations.

\,(,eﬁ/ﬂ subgroup containing only rotations.
(d) None of these

kon b = %%G_G’.\ C‘?(”qﬂ(j

©

(7)  How many homomorphisms are there from ., onto Z,4 7

(a) 4 (b) 5

\/ffr’ 10 (d) None of these

(Qo , lo\ =\0O
(&

(8) Which of the following statements is true.

@) (z4, +) and Vy(Klemn's 4 group) 4 (zl‘j-)and tiy (The group of fourth roots
A are 1somorphic. of unity) are 1somorphic.

(c) V,and p,are isomorphic (d) None of these
kzL\,—x—\ V5 Uﬁd\ﬁc 3:—&&% o’\) &gd L
IR c&ﬂjcbc goerup %méqn Iy
4= P

(9) Let Qg be quaternion group {+1, +i, +j, £k} wherei* = j° = —1,ij =k = —ji .
Consider the map @: Qg — T, defined by (i) = 0,@(j) = 1 then

\M ip 15 not a group homomorphism

(b) ¢ 1s a group homomorphism and kerg = {1,i}

()

(c) ¢ 15 agroup homomorphism and kerg = [—I,i}

(d) None of these
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(d) None of these
e pla) =« (9
=T () (1) = (Y
=7 O X1 = C}DUQ
—”ﬁ %\)U,\) =0

(10) Suppose for each prime p, Z,, 1s the homomorphic image of a group G. What can we say
about |G| 7

(a) finite (b) infinite

\Miﬂlﬂ (d) None of these

\ZP\: b, P s &\?n;w_

& |
SUyT © e

(11) Let G be an abelian group which has no element of order 2 and @: G = & given by

@(x) = x°, then
\/fﬁ%;; 1s an automorphism of G.
(b) @ 1s a group homomorphism which may not be one-one.

(c) @ 1s an automorphism of G if G 1s finite.

(d) ¢ 1s not a group homomorphism.

(@ =% aly)-g L xqEC
(¢ V6 abelion N o -
dy) = bos) = gy =24 (9)
\an & = ocGCstk 5?(’1):6'73

o

= e )
Bk T\V *x & & &x?e Hdon =< nod druse

ker & = %Q}
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(12) Letg:Z; = Zyy given by @(x) = 3x
\,@’{ @ 15 not a group homomorphism
(b) @ 15 a group homomorphism which 1s not one-one

(c) ¢ 15 a group homomorphism which 1s not onto

(d) None of these

&Ky =271, Hly) =2y

® () = 2 £ (30)(24)

() b)) o)
(

(13) Consider the group G, where & = {(z

2) caelk ,a # ﬂ} under multiplication of 2x2
matrices. then
(a) G isisomorphicto (R,+).

by G is isomorphic to (R* , 4)
{c) G isisomorphic to (SL;(R),+)

(d) None of these

% BN &K%‘\ir&
CCD 0\50#0 (g,(ﬂ %CC:\EG{ _ﬁ 3( < {'\OH‘ 1SGTMX
Cs(-)\[?f \ g\cg\ = G

ws SQ&"S\S&X oJl M F;{_QFQ}{\V\\T |
Sly Up\\ = ol 2Axxn noer S\“%L&o\)ﬂ ma&r\\)(

'14) Let U(16) denote the group of prime residue classes modulo 16 under multiplication.
Which of the following statements are false?

(@) ¢q:U(16) = U(16)defined by ¢;(x) = x* is a group automorphism_
(b) @,:U(16) = U(16)defined by @,(x) = x” is a group automorphism.

(€) @s:U(16) = U(16)defined by @5(x) = x° 1s a group automorphism.

\/ﬁiﬁ:: U(16) = U(16)defined by ¢, (x) = x* is a group automorphism.

D00 =§1,5,5.7,% 115,15
c\?,LB\Bc % =07 = \\Qmoe\u;\
. . ”
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Y-
2\ = % =07 = d1c
CX)’LB ; HLmo 1\

d@\(a\: b =12n = 4 Qmog 1@,}
C’PL?)?% 6} = WA = = g Q_WOJ [6)

(15) Letm and n be integers. Then
(a) The groups (mZ, +) and (nZ, +) are isomorphic.
(b) The groups (mZ, +) and (nZ, +) are isomorphic if and only if m = —n.
\};J/The groups (miZ, +) and (nZ, +) are not 1somorphic 1f m # n.

(d) The groups (mZ, +) and (nZ, +) are 1somorphic for all non-zero integers m and n.

(S

(16) Themap f: GL,(R) = GL,(R) defined by f(A) = (AF)"1 is
{a) nota group homomorphism.
(b) group homomorphism and kerf = SL.(R).

(¢c) group homomorphism and kerf = 0,(R).

" agroup autnmurphism_\ _\
g(ﬂ\ = Lak) ) g (%\ - Q%k\ _\ -\ .
{ (A0 = (o)) = (8%a") = () (@%)
= {(A). £(®)
o =3 0L, - ()]
Qﬁ\ky\ = L\OO)
Ak = 10}

L

Jo b X _ro < | ©

p‘Ccl ) {A'Qb&\:Qol
o)

\ €0 k=0 cd =
wnf = & (0]

hence 5\ -
. - - = A
- J 15 Qo M\‘omﬁ\’?\mgm.z Suwkﬁﬂ‘é‘\j %\6 G{\&—Ol\\(}

17)  The number of group homomorphism from 5, to (Z4, +) 1s
fah 1 - n
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17) The number of group homomorphism from 5, to (T4, +) is

(a) 1 0

© 3 (d) 2
The m\ﬂ \\W\DW\O\N'\_SW\ %Tum\ S \e 7, 05
e Lsiviodl hmv\bmm\a\n‘\em. a\\)e_o o

fl@)= 0 for ony g€ S

Haon(e (5“\\3 oL Lgodw \(\,GTF\OW\M‘EW\S(‘\ ex 15 4R
(b)

(18) The number of group automorphism of Vy (Klien's four group) 1s

(a) 4 2
(c) 3 (d) 6

g‘l \{L\—j \IL\. \IL\:({Q O,\D.Q’B
Lonhly@L() =% 0 _p 2 -e

119} Let G be an abelian group of order n. The map ¢: G — G given by @(x) = x™ wherem
15 a positive integer 1s

\/Laﬁ/g group homomorphism 1f and only 1if m_n are relatively prime.
(b) agroup homomorphism and kerf = {x € G : x% = e} where d = gdc(m,n)
(c) a group homomorphism and ker fhas order m.

(d) None of these.

%)
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(20) The number of onto homomorphisms from S; to V4 are
(@) 1 (b) 0
(©) 2 ) 3
S5= 2 1. Ua), (12, (22), (1a3) (25
o(12) = o, oll\B)=q , o(x)=2
o= (1), b- Qzﬂ , ¢ =(23)
P, TN,
Loy = 02) | Py =013), $(H=(23)



