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Practical - 06

Practical no 6. Polynomial ring and Field

LR =ZV2={at+bvV2:abeZ}, Ry =Z[V5| ={a+b/5 : a,be Z}, R; = Q[v2] =
{a+bv2:a,bcQ},Ry=2Z[i] ={a+bi:abcZ}, then
(a) Ry, Ry, Ry, Ry are integral domains which are not. fields.
(b) Ry, Ry, By are integral domains which are not fields and R is a field.
(c) 1y, Ry, Ry, Ry are all fields.
(d) None of the above.

Solution : —Option (b) as R, R,, R, are integral domain but R; is a field .

2. Consider the ring 5 {(:: u) € @}

]

(a) S is an integral domain which is not a feld.
1

(b) 5 is a field with multiplicative identity ?

[ e )

(¢) S is a non-commutative ring.  (d) None of these.

Solution : —Option (b) Sis a field and multiplicative identity is

N =D =
N =D =

1 1 a a a a
as (¢ Y[z 2|27z 2F2|_(a a
'\a a/\1 1) \242 2,2] \a a
2 2 2 2 2 2
11
Hence, i i is the multiplicative identity of S .
2 2

3. Let B and S be rings. Consider the ring R x 5 under component wise addition and
multiplication,
(a) If R, S are fields, then i x S is a field.
(b) I R, S are integral domains, then 2 x S is an integral domain,
(¢) R x S is not a field, whatever R, S may be.
(d) None of the above.

Solution : —Option (c) R X S isnot a field what ever may be Rand S.

Let us prove that R x S is not a field if R and S are any two non-zero rings. The following steps
lead to a solution:

(1) Note that (1, 0g) € R x Swhere 1 is the multiplicative identity of R and g is the additive
identity of S.
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Let us prove that R x S is not a field if R and S are any two non-zero rings. The following steps

lead to a solution:

(1) Note that (1, 0g) € R x Swhere 1 is the multiplicative identity of R and g is the additive
identity of S.

(2) If T' is a ring, if Oy is the additive identitv of T', and if £ € T', prove that t0y = Or = Opt.
(Hint: use the distributive law and write Oy = Op + 0p.)

(3) Prove that (1p, 1g) is the multiplicative identity of R x .S where 1 and 1g are the
multiplicative identities of R and 5, respectively.

(4)If (r,8) € R x S, prove that (r, 8) - (1r,0g) = (r,0).

(5) Finally, prove that there does not exist (7, 8) € R x S such that (r, 8) - (1g,05) = (1g, 15).
Deduce that the element (1p,05) € R x S has no multiplicative inverse. (Hint: note carefully
where yvou use the fact that R and .S are non-zero rings.)

5. Consider the rings Ry = (Zyo, +,-), By = (Zy7, +,), By = {§ :a,b€ Z, bis odd }.
(a) Ry, Ry, Ry are all fields.  (b) Only Ry, Ry are fields.
(¢) Only Ry, Ry are fields,  (d) Only Ry is a field.

Solution : —Option (d) Only R, is a field as 17 is a prime number.
6. Let R[x]/(2x). Then,

(a) Risa held. (b) R is an integral domain but not a field.
(¢) R is not an integral domain.  (d) / is a finite commutative ring,

Solution : —Option (a)

2x = 2 X x as2isaunit and only divisor of 2x is 2 and x so ( 2x) is
irreducible polynomial in R[x] so (2x) is maximal ideal in R[x] , so R[x] / ( 2x)
is a field.

8. The field of quotients of Z[v/2] is
(a) Qv2] (W R (¢) @ (d) C

Solution : —Option (a)Q(V?2)

9. The field of quotients of Zli] is
(a) Q] (b) R (c¢) € (d) None ol these.

Solution : —Option (a) Q(1i)
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10. Which ol the following statements is true?

(a) R is ring = R|r| is ring.

(b) R is a division ring =+ R|z| is division ring,

(¢) R is hield = Rlx] is field.

(d) R is integral domain = R[z| is an integral domain.
Solution : —Option (c¢) Ris a field then R[x] is also a field .
11. The polynomial f(x) = 2z* + 4 is reducible over

(a) Z (b) Q (¢) R (d) None.

Solution : —Option (¢) :
f(x) =2x*>+4 =2 (X+\/§)(X—\/E)
f(x) is reducible in Ras V2 € R

12. Which of the following polynomials in Z[z]| satisly an Eisenstein criterion for irreducibility

in Q.

(i) 2% — 12 (i) 8z* + 62* — 9 + 24

(iii) 4z'" — 92% + 24z — 18 (iv) 2z'0 — 252° + 102% — 30

(a) All are irreducible. (b) (ii) and (iii) are irreducible.
(¢) (ii), (iii) and (iv) are irreducible.  (d) only (i) is true.

Solution : — Option ( ¢)( i), (ii), (iv)are irreducible.
Eisenstein’s Criteria for Irreducibility Let f(x) = 2"+ ta, = fesayztag € Zjz).
Let p € & be a prime such that p | a;, foralli =0,1,2,---n— 1, pta, and p? t ag. Then

Sf(x) is irreducible in Q[z].

(i) f(x) = x% + 0x — 12

241,2412,240 ,But2? = 4/12

341,3|12,3|0,But3? =9} 12 sox? — 12 is irreducible Q[x].
(i) f(x) = 8x3 + 6x% — 9x + 24

34/8,3|6,3|9,3]|24 But3? =9+ 24 so (ii)is irreducible in Q[x].
(i) f(x) = 4x1% —9x3 + 24x — 18

344,3]0,3|9,3]24,3 |18 But32 =918 so (iii)

is not irreducible in Q[x].

(iv) f(x) = 2x10 — 5x3 + 10x2 — 30

542,5|0,5|5,5]10 ,5] 30 ,But5% =25 30 so (iv)is
irreducible in Q[x].

n—1

13. The polynomial 8% — 6z + 1 is
(a) reducible over Z  (b) is reducible over @
(¢) is irreducible over @ (d) is irreducible over R.
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Solution : —(b)
(8x3 — 6x + 1 ) is reducible over Q.
write left as f(z) = 8z® — 6z + 1 = g(2z), where g(t) =t — 3t + 1.

let t=p+q, we get

g(t) =glp+q) =p° +3p°¢+3pg”> + ¢° — 3(p+g) +1

= (p* + ¢+ 1) + (3p°¢ + 3pa® — 3p — 3q)

=@+ +1)+3(p+q)(pg—1)

suppose p* + g% +1 = 0 and pg — 1 = 0, we find that

p? +g* = —1and pPg® =1,

so, they are solutions of equation y2 + y+ 1 = 0. i.e. 273 and e ©27/3,

where, e = cos(#) + i x sin(f).

29 i2m /9

then, p, g are e and e , and

t — p _|_ q — Ei?rr,f!l + e 'iz;rll,-'!] — 2‘:53{2:&_;9}.

s0, T = cos(2m/9) is a solution of 8z — 6z + 1 = 0.

So,x =0.76604444311 is the solution, so it is reducible over Q .

14. Let f(z) = z* — 2, then
(a) f(x) is reducible in Q[z].
(b) f(x) is irreducible in Qx| but reducible in @[\,@H:]
(c) f(z) is reducible over @
(d) None of these.

Solution : —

f(x) = x% -2

So if we take, f(x) = 0 then we get

x2—2=0

>x2=2 2x=+\2

So, (x++2) and (x-+/2) is the factor of f(x) .

But,v2 ¢ Q,but V2 € Q[\/Z]
So, f(x) is reducible in Q [\/E] [x] but not in Q[x]
Option (b)
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15. Let f(x) = x* — 2, then
(a) f(x) is reducible in Zy[x] and Zs[x].
(b) f(x) is irreducible in Zg|z] but reducible in Zg[z].
(¢) f(x) is reducible in Zg[x] but irreducible in Zg[z)].
(d) f(x) is irreducible in both Zy|z] and Zg|x)].

Solution : —

Let us consider,

f(x) = x? — 2, then
InZ; ={0,1,2},
f(0)=0%2—-2=-2
f(H=12-2=-1
f2)=22-2=2

So not reducible in Z;[x]
In,Zs ={0,1,2,3,4}
f(0)=0%2—-2=-2
f(H=12-2=-1
f2)=22-2=2
f3)=32-2=7=2
f(4)=4>—-2=14 =4
So not reducible in Z3[x]

Option (d)

6. Let It be a commutative ring and f{x) be a polynomial of degree n over K. Then the no.
of roots of f(x) in R is
(a) less than or equal to n. (b)) equal to n

(c) strictly less than n (d) may be greater than n.

Solution : — Option (a)
Let R be a commutative ring and f(x) be a polynomial of degree n over R.
Then number of roots of f(x) will be less than equal to n.

7. The polynomial 2@ -+ 1 18
(a) unit in Zg[z] (b) zero divisor in Zg|z| but not nilpotent.
(¢) nilpotent in Zg|z]  (d) None of the above

Solution : —

Zg ={0,1,2,3,4,5,6,7}
When,x=0weget,2x+1=2X0+1=1
x=1,2x+1=2%x1+1=3
x=2,2x+1=2%x24+1=5
x=3,2x4+1=2%x3+1=7
Xx=4,2x4+1=2%x4+1=9=1
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x=5,2x4+1=2%Xx54+1=11=3
Hence, Option (a) units of Zg[x].

18, Let f(x) € Z|x]. Which of the following is true?

(a) IF f{x) is reducible over @, then it is reducible over Z,

(b) flx) is reducible over @, but it may not be reducible over Z.

(¢) flx) is reducible over Q.

(el) none ol these.
Solution : —(b)
As f(x) € Z|x] . Now if f(x) € Q[x] and is reducible in Q . But all
reducible element in Q is not necessarility reducible in Z . Hence f(x) may
not reducible in Z .

19. Let £ = (z* + & + 1) in Z,[z], 1 € n < 10 Then, Z,[z]/] is a field if
w)n<hb (bjn=2 (¢jn=3 (d)n=7T

Solution : (d) — Consider [ = (x2 + x + 1)
When n = 2 we have Z, = { 0, 1}, But both 0 and 1 are not solution of I.
Hence not reducible for n = 2.
Whenn=3,Z, ={0,1,2}, But both 0 1and 2 are not solution of I. Hence
not reducible for n = 3.
Whenn=7,%Z,={0,1,2,3,4,5,6},
Also,(2)?4+24+1=44+2+1=7 =0 (mod?7)

20. The polynomial x is irreducible in Z,[z]
(a) foreachn (b} forn >3 (¢} ifl nis prime (d) never.

Solution : — Let us consider, f(x) = x

Now for each value of n we can see f(x) is not having any non zero
solutions in Z, [x].

Option (a)

21. The number of roots of the polynomial £2* — 1 in Lr|x] is
(a) 256 (b)) 5 (c¢) 24 (d) 1

Solution : —

Here,Z;;, ={0,1, 2, 3, 4,——— —,36}

1is the only solution of x*7 - 1=01in Z5..

Option (d)
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22. Let f(z)=2* —2* +1
(a) (f(x)) is a maximal ideal in Zo[z], Zsfz] and Zs[z].
(b) (f(x)) is a maximal ideal in Zs|z) and Zs[z] but not in Zyfz).
() (f(x)) is a maximal ideal in Zy[z] and Zs[z] but not in Zs|z].
(d) None of the above
Solution : —
f(x) = x3 —x? + 1 in Z,[x] when x = 1 we get
1-1+1=1% 0 (mod 2)
Hence, f(x) is irreducible in Z,[x]
For Z;[x] we get Zs = {0,1,2} , Here
1-1+1=1% 0 (mod 3)
Again,23—-224+1=8 —4+4+1=5 %0 (mod 3)
Hence, f(x) is irreducible in Z3[x]
For Zs[x] we get Zs = { 0,1, 2,3,4} , Here
1-1+1=1#0(mod)5)
25—-2241=8—-4+1=5 =0(mod5)

Hence, f(X) is reducible in Zz[x]
Therefore, f(x) is maximal in Z,[x] and Z3[x] but not maximal in Zz[x].
Option (¢)

23. Let f(z) =x"+2+--4+z+1,g(z) =" +2"+2"+---+ 2+ 1. Then
(a) f(x),g(x) are both irreducible over Z[].
(b) f(x),g(x) are both reducible over Z[z)].
(¢) f(x) is irreducible over Z[z], g(x) is not.
(d) g(z) is irreducible over Z[z], f(z) is not.
Solution : —
fx)=x%+x+ —— +x+1
=(x0+x)+ (B +x7)+ (xC+x°) + (x* +x3) + (x2+x+ 1)
So f(x) is not reducible but if we consider
gX)=ax14+x0+x%+ ——— +x+1
= (@M +x0)+ (% +x8) + (7 +x8) + (P +xH) + (B3 +xD) + (xc +
1)
=x0%(x+ D) +x8x+ D)+ 2+ D) +x*(x+1) +x?(x+1) +1(x+ 1)
=(x0+xB+x0 +x* +x2+1)(x+1)
But we can see that g(x) is irreducible in Z[x].
24, The polynomial f(x) = x is

(a) irreducible over any ring K. (b) irreducible but not prime over any ring R.
(¢) can be [actored in some polynomial ring.  (d) has no roots.

TYBSC Sem 6 Page 7



Solution : — (a)
We know f(x) = x is not reducible in any Z, [x] for any value forn.
Similarly it has not root in any ring R so irreducible over R.

25, In Rlz|, Let I = {f(z) € Rlx] : f(2) = ['(2) = f"(2) = 0} and J = {f(x) € R|z] : f(2)
0, f(3) = 0}
(a) 1,0 areideals in R[z]. (b) I is an ideal, .J is not.
(¢) Neither I nor Jis an ideal.  (d) I is a prime ideal in R[x].
Solution :- Option (b)
| = {f(x) € R[x] where f(2) ='(2) =f"(2) =0}
Let f(x) = ap + a;x + a,x* + ———— —fora; € R
f(2)=0
= ay+ 2a; +4a, +8a;+ —— — = 0--—---------- (1)
f'(x) =a; + 2a,x + 3a3x? + 4a,x3
= f'(2)=0
=>ay+2a,X2+3a3X4+4a,Xx8=0
= aq +4a, + 12 a3 + 32a, = 0------—-—-----mmomeme- (2)
f'(x) = 2a, + 6azx + 12a,x* + ——————— —
f'(x)=0
= 2a, + 12a3 + 12a, X4+ ———— =0
= 2a, +12a3+48a,+ ———=0
From (1)
ap =—2(a; +2a, +4a3;+8a,+ —————)
a, =—4(a, +6a; +16a, + ————— -)
2a, = —12a3; — 48a, ——————— —
= a, = —6az — 24a, ————— —
=-6(a;+4a,+ ————— -)
= a; = —4(—6a; — 24a, + 6a; + 16a,)
=-4 (-8 ay)
=32 a,
= ay = —2{32a, — 12a; — 48a, + 4a; + 8a, + ———— —}
=-2[-8a; —8a,]
=16 (az —a4)
So, I is an principal ideal of R[x]
Similarly we can check that J is not an ideal
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