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Distribution Theory and Stochastic Process

Unit I: Bivariate Normal Distribution

What is a Bivariate Normal Distribution? The “regular” normal distribution has
one random variable; A bivariate normal distribution is made up of two
independent random variables. The two variables in a bivariate normal are both
are normally distributed, and they have a normal distribution when both are
added together. Visually, the bivariate normal distribution is a three-
dimensional bell curve.

Francis Galton (1822-1911) was one of the first mathematicians to study the
bivariate normal distribution in depth, during his study on the heights of parents
and their adult children. Bravais, Gauss, Laplace, Plana also studied the

distribution in the early nineteenth century (Balakrishnan & Lai, 2009).

Definition 1. A two-dimensional RV (X, Y) is said to have a bivariate normal
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Is the correlation of x;and x, and ¥:izis the covariance.


https://www.statisticshowto.com/probability-and-statistics/normal-distributions/
https://mathworld.wolfram.com/Correlation.html

Marginal Distribution of X and Y

The moment generating function of (X, Y) can be given by
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The moment generating function of X can be given by

1
My (t;) = M(t,0) = exp [#1t1 + Eaftf]-

Similarly, the moment generating function of Y can be given by

1
My (62) = M(0,t;) = exp |ust, +505t3]

Thus, X and Y are both marginally normal distributed, i.e.,
X~N([,l1, 0-12)’ and Y~N(M2J 022)

The pdf of X is

. . 1 _(x—.lh)z
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The pdf of Y is
) = ) = 7= Zexp[ (yz(ff) .

Theorem: X and Y have Bivariate Normal distribution with means
p, and p, , variances o3and o3 and correlation coef ficient p. Then
Xand Y are independent if p = 0.

Proof:
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If ©=0 then

M(t1,t;) = explusty Uat, +% (of tf + 05t3)]
MGF of X is

My (ty) = M(¢,,0) = exp [#1t1 + %O-lztlz]
MGF of Y is

My (t;) = M(0,t;) = exp [Hztz + %Uzztzz]

Soif £ =0 then

1
M(t;,t;) = explust; ppt; + > (of tf + 05t3)] = M(ty, 0)M(t,, 0)

Therefore, X and Y are independent.

Conversely If X and Y are independent, then

1
M(¢y,t;) = M(&y, 0)M(¢5,0) = explusty ppt, + > (of tf + 05t3)]
Therefore, p=0

Accordingly, we have the following theorem:

Let X and Y have Bivariate Normal distribution with means u, and u, ,

variances ofand of and correlation coef ficient p. Then X and Y are

independent if p = 0.

Theorem: X and Y have Bivariate Normal distribution with means

pq and p, , variances oZand o5 and correlation coefficient p. Then

aX +bY ~N (ap,+ bp,, a*c% + 2abpo,o, + b*a3 )

Proof: My, (t)=E [et(x”)] _E |:etX+ty:|

Recall that M (t,,t,) = E [etlx o ] , therefore we can obtain M, (t) by

setting tl :tz =tin M (tl,tz)



That is,

1
M, () =M (t,t) = exp{yxt +,uYt+§(0)2<t2 +2po, o t? +0Y2t2)}
l 2 2\42
:exp[(,uX +ﬂy)t+§(0x +2p0, 0, +0Y)t }
XY ~N(u=py +p,0°=0; +2pc, 0, +07)
= aX +bY ~N (au,+ bp,, a*of + 2abpo,o, + b*c})

The conditional distribution of X given Y=y is given by
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Similarly, we have the conditional distribution of Y given X=x is
2
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Proof of MGF of (X, Y)



The m.g.f. of a bivariate normal distribution can be determined as
follows. We have

M, t) = J et fix, y) dxdy
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for all real values of ¢, and ¢,. The integral within the brackets is the
m.g.f. of the conditional p.d.f. fy(y|x). Since f (ylx) is a normal p.d.f.
with mean p, + p(0,/0,)(x — w,) and variance ¢3(1 — p*), then
® o 2ol — p)
j eVfu(ylx) dy = exp {tz[ﬂz + p;;j(x - u.)] + [




Accordingly, M(t,, t,) can be written in the form

o 231 = p? _
exp {fz,uz — b -&—T,u. + H(E—e—)}r exp |:(n + 4p :—_:‘)fo.(x) dx.

But E(e”) = exp [t + (a1*)/2) for all real values of «. Accordingly,
if we set t = t, + t,p(a,/a,), we see that M(1,, 1,) is given by

-

EXp <Lty — f:PJ_:.“l +JE:(_2'L)+ #.(n + fzﬂgf)

\ ba
a
(fI + 4Lp ;T)
\

toi—s
4
or, equivalently,
| @6 + 2pa,0,1,t, + OF
M(fis f;] = ¢xXp (H|I1 + Ul + L h ]22 12 d E).



Let X and Y be jointly normal random variables with parameters uy =1, O'i =1, py =0,
012,:4,andp: %

a. Find P(2X +Y <3).
b. Find Cov(X +Y,2X - Y).
c. Find P(Y > 1| X =2).

Solution

a. Since X and Y are jointly normal, the random variable V' = 2X + Y is normal. We have
EV =2EX + EY =2,

Var(V) = 4Var(X) + Var(Y) + 4Cov(X,Y)
=4 +4+4oxoyp(X,Y)
:8+4x1x2x%
=N

Thus, V ~ N(2,12). Therefore,

P(V<3)=4% (?1}122) ~9 (%) — 0.6136

b. Note that Cov(X,Y) = oxoyp(X,Y) = 1. We have
Cov(X+Y,2X -Y) =2Cov(X,X) — Cov(X,Y) +2Cov(Y,X) — Cov(Y,Y)
=2-14+2-4=-1.
c. Using Theorem 5.4, we conclude that given X = 2, Y is normally distributed with

2 .
E[Y|X =2 = py + poy —%
ox

Var(Y|X =z) = (1 - p*)o? = 3.

=1

Thus

P(Y>1|X2)1—<I>(%)%.



Let X and Y be jointly normal random variables with parameters uyx =0, 03( =1, uyy = -1,
012, =4,and p = —%.

1.Find P(X+Y > 0).

2. Find the constant a if we know aX + Y and X + 2Y are independent.

3.Find P(X +Y > 02X - Y =0).

Solution

1. Since X and Y are jointly normal, the random variable U = X + Y is normal. We have
EU=EX+EY =-1,

Var(U) = Var(X) 4 Var(Y) + 2Cov(X, Y)
=1+4+20x0yp(X,Y)

1
=5—-2X1x2x—

2
= &,

Thus, U ~ N(—1,3). Therefore,

P(U>0)—1—t1>(0_\/(§_1)) —1—@(%) —0.2819

2. Note that aX +Y and X +2Y are jointly normal. Thus, for them, independence is
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Let X be the height of the father, Y the height of the son, in a sample of father-son pairs.
Assume X and Y bivariate normal, as found by Karl Pearson around 1900. Assume
E(X) = 68 (inches), E(Y) = 69, ox = oy = 2,p = .5. (We expect p to be positive
because on the average, the taller the father, the taller the son.)

Given X = 80 (6 feet 8 inches), Y is normal with mean
uy + 7% (2 — pix) = 69 + 580 — 68) = 75
ox
which is 6 feet 3 inches. The variance of Y given X = 80 is

0% (1—p?) =4(3/4) = 3.

Thus the son will tend to be of above average height, but not as tall as the father. This
phenomenon is often called regression, and the line y = py + (poy /ox )(z — px) is called
the line of regression or the regression line.

It determines the joint distribution of X and Y uniquely and it also yields the

moments:
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azM(tlltZ) —
dt,0t,

02 t242p 0 05t ty+07 t3 1 [ + 2t1012+2p0102t2]
1

d
— expluity + ppt; + 5 >

at,

02 t242p 0,0t ty+05 t2 ]

=expluity + poty; + > [ poyios]

2
+ [ug + 2t161+22p6162t2] explust; + pyt, +

02 t242p 0,04t 1 t,+02 t3 ]

> [u, +
2t,07 + 2poq 0yt

2

%M (0,0)
ot,0t,

= E(XY) = poyo, + iy



Cov(X, Y) = E(XY) = (EX)(EY) = po;0; + 111z — Hy}; = pO10;

and therefore p(X, Y) = Covizy) _ p

G102

Thus, we have: Cov(X, Y) = poiczand p(X, Y) = p.

Let X and Y be two jointly continuous random variables with joint PDF

2 y+z<l,z>0,y>0

fxv(z,y) =
0 otherwise

Find Cov(X,Y) and p(X,Y).

Solution

For 0 <z < 1, we have

fx(z) = /_m fxy(z,y)dy

ll=a
= / 2dy
0

=2(1 — ).

Thus,

2(1 — =) 0<z<l1
fx(m){




Similarly, we obtain

fr(y) =
0 otherwise
Thus, we have
1
EX = f 22(1 — z)d=z
0
= 1 = FEY,
3
1
EX? —f 2% (1 — z)dz
0
= 1 — EY2,
6

Thus,

Var(X) = Var(Y) = %

We also have

1 1—=
EXY = f / 2zydydx
0o Jo
1

_/; z(1 — xz)’dx
1

ﬁ-
Now, we can find Cov(X,Y) and p(X,Y):

Cov(X,Y) = EXY — EXEY

1 1\’
-5-(3)
1
%7
B Cov(X,Y)
- /Var(X)Var(Y)
1

= =

p(X,Y)




Correlation is a measure of the strength of relationship between random variables. The population
correlation between two variables X and Y 15 defined as:

p (X, Y)=Covariance (X, Y)/ {Variance (X) * Variance (Y)} *

p 1s called the Product Moment Correlation Coefficient or simply the Correlation Coefficient. It is a
number that summarizes the direction and closeness of linear relations between two variables.
The sample value is called , and the population value 1s called p (tho). The correlation
coefficient can take values between -1 through 0 to +1. The sign (+ or -) of the correlation
defines the direction of the relationship. When the correlation 1s positive (> 0), it means that as
the value of one variable increases, so does the other. For example, as the dose amount of an
oncology medicine increases, so does the survival time, i a certain range. If a correlation 1s
negative (r <0),, 1t indicates that when one variable increases, the other variable decreases. This
means there 15 an inverse relationship between the two variables. For example, as the dose
amount of an anti-hypertensive medicine increases, the diastolic blood pressure decreases.

The formula for the population Pearson product-moment correlation, denoted by Fz¥ , is

The formula for the population Pearson product-moment correlation, denoted by z¥, is

Cov(z,y) E((z - E(z))(y -E(y)))

Pry = T~ - ()12 E( "
*" V@Vl /Ez-E@)Ey-Ep)P

The formula for the sample Pearson product-moment correlation 1s

Yol (5 =)o - 7)
Ty = = — —
N \,.-”’Zz.(rz- - I)? Zi(_yi -7)

Testing using Student's t-distribution
For pairs from an uncorrelated bivariate normal distribution, the sampling

distribution of a certain function of Pearson's correlation coefficient follows


https://en.wikipedia.org/wiki/Bivariate_normal_distribution
https://en.wikipedia.org/wiki/Sampling_distribution
https://en.wikipedia.org/wiki/Sampling_distribution

Student's t-distribution with degrees of freedom n — 2. Specifically, for a

bivariate normal distribution, the variable

t=r ~ has a student's t-distribution under the null Hypothesis

Ho: p = 0 (zero correlation).
If the value of t is greater than critical value we reject Hp at given level of
significance and conclude that p = 0This holds approximately in case of non-
normal observed values if sample sizes are large enough. For determining the
critical values for r the inverse function is needed:

— t

Vn-2+t2

Alternatively, large sample, asymptotic approaches can be used.

The Fisher Z-Transformation is a way to transform the sampling distribution
of Pearson's r (i.e. the correlation coefficient) so that it becomes normally
distributed. The “z” in Fisher Z stands for a z-score. ... Fisher's z' is used to find
confidence intervals for both r and differences between correlations.

Fisher's z-transformation of r is defined as

z=2=2In(:>)

where "In" is the natural logarithm function

If (X, Y) has a bivariate normal distribution with correlation p and the pairs
(Xi, Yi) are independent and identically distributed, then z is approximately

normally distributed with mean

— 1, (1tp _1
Z, = > In (1 ) and standard error N

where N is the sample size, and p is the true correlation coefficient.

The applications of Fisher Z transformation are provided below:


https://en.wikipedia.org/wiki/Student%27s_t-distribution
https://en.wikipedia.org/wiki/Natural_logarithm
https://en.wikipedia.org/wiki/Bivariate_normal_distribution
https://en.wikipedia.org/wiki/Independent_and_identically_distributed_random_variables
https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Standard_error_(statistics)

1. To test whether a provided value is equal to the population correlation or not.
2. To test the equality of two population correlations.

3. To combine correlation estimates obtained from different samples.

Significance Testing of Correlation Coefficients:
 Inference about a population correlation coefficient:
— Testing Ho: o= 0 or some specific value
— Testing Ho: p # 0 for two or more correlations based on the same

sample

* Ho: p=some specified value

* Hji: p+# some specified value ( < or > than some specified value)

Method of Testing: Transform sample and population correlation

coefficients to Z; and Z,

Zy—7Z .
 Calculate Z,pserpeq = —= Using the formula.
N-3

« Test against Zgitica (determined from table for chosen level of
significance)

Confidence Interval:

Under Ho: p= 0, Z; ~ N(Zp, —)
Zr—Z,

— ~N(0,1)

N-3

95% confidence interval for p on the basis of the sample is
1

| Z, = 2,] <1.96 =
1 1
> —196==<Z, —Z, <+ 196 =—
1
=-Z, —196 ==< 7, < - Z, +1.96 =



VN VN-3

= Zr v% oI G+p) =

1 1 1
= 20 —L m)< In (3 +p) )

= exp [2(Z, — )] < 1_—2 < exp|

= =)

exp [2(Z,—1.96 exp [2(Z,+1.96

J—n
\/_)]+1

=1
<
A+

exp [2(Z,—1.96 exp [2(Z,+1.96

 Inference about a difference between population correlation coefficients
— Testing Ho: p1-p2=0(0r p1=p2)
Method of Testing: Transform sample and population correlation

coefficients to Z; and Z,

() mein()

-T1 1_7'2

Zrl Zrl

« Under H,,
(

~N(O, 1)
)

n13n23

» Test against Zgiticar (determined from table for chosen level of

significance)

Example:

Study of relationship between achievement motivation and performance in

school (grade point average). Theory and prior research suggests that the

correlation between these two variables is positive and moderately high (.50)

« The observed correlation in this study was .75 based on N=63

* Ho:p= .50
o H1:,0:/: .50



Level of Significance: .05
Verify Assumptions
— Independence of score pairs
— Bivariate Normality
— n>=30
Find Fisher Z transformation for ryy and pxy (from a Table I)
— r=.75s0Z2,=.973
— p=.50s02Z,=.549
Set up Zrovserved: Zr-Z,/Sz 10 get distance of Z, from Z,, in standard error
points
Computation formula for Zopserved :
— (Z+-Zp) (sqrt n-3) =
— (.973 - .549)/7.75 =
— (.424)(7.75) = 3.29
Find Zcritical (from table or memory) = 1.96
Decision Rule:
— Reject Ho if absolute value of zopserved >= 1.96 (3.29 is greater than
1.96)
— Do not reject Hy if absolute value of Zropserved < 1.96
Conclusion: the relationship between achievement motivation and school
performance (grade point average) is greater than the specified value of
50



Select all of the following choices that are possible confidence intervals on the
population value of Pearson's correlation:

[] (-0.4, 0.6)
1 (0.3, 0.5)
] (-0.85, -0.47)

[](0.72, 1.2)

A sample of 28 was taken from a population, and r = .45. What is the 95%
confidence interval for the population correlation?

O (.058, .842)
O (.093, .877)
O (.058, .687)

O (.093, .705)

\

The sample correlation is -0.8. If the sample size was 40, then the 99%

confidence interval states that the population correlation lies between -.909
and




