
Paper I 

Distribution Theory and Stochastic Process 

Unit I: Bivariate Normal Distribution 

 

What is a Bivariate Normal Distribution? The “regular” normal distribution has 

one random variable; A bivariate normal distribution is made up of two 

independent random variables. The two variables in a bivariate normal are both 

are normally distributed, and they have a normal distribution when both are 

added together. Visually, the bivariate normal distribution is a three-

dimensional bell curve. 

Francis Galton (1822-1911) was one of the first mathematicians to study the 

bivariate normal distribution in depth, during his study on the heights of parents 

and their adult children. Bravais, Gauss, Laplace, Plana also studied the 

distribution in the early nineteenth century (Balakrishnan & Lai, 2009). 

 

Definition 1. A two-dimensional RV (X, Y) is said to have a bivariate normal 

 

 

 

 

and  

 

(3)  

is the correlation of 𝑥1and 𝑥2 and is the covariance.  

https://www.statisticshowto.com/probability-and-statistics/normal-distributions/
https://mathworld.wolfram.com/Correlation.html


Marginal Distribution of X and Y 

The moment generating function of (X, Y) can be given by 

 

The moment generating function of X can be given by 

𝑀𝑋(𝑡1) = 𝑀(𝑡1, 0) = 𝑒𝑥𝑝 [𝜇1𝑡1 +
1

2
𝜎1
2𝑡1
2]. 

Similarly, the moment generating function of Y can be given by 

𝑀𝑌(𝑡2) = 𝑀(0, 𝑡2) = 𝑒𝑥𝑝 [𝜇2𝑡2 +
1

2
𝜎2
2𝑡2
2]. 

Thus, X and Y are both marginally normal distributed, i.e.,  

 

𝑋~𝑁(𝜇1, 𝜎1
2), and  𝑌~𝑁(𝜇2, 𝜎2

2). 

 

The pdf of X is 

𝑓𝑋(𝑥) = 𝑓1(𝑥) =
1

√2𝜋𝜎1
𝑒𝑥𝑝 [−

(𝑥 − 𝜇1)
2

2𝜎1
2 ]. 

The pdf of Y is 

𝑓𝑌(𝑦) = 𝑓2(𝑦) =
1

√2𝜋𝜎2
𝑒𝑥𝑝 [−

(𝑦 − 𝜇2)
2

2𝜎2
2 ]. 

 

Theorem: X and Y have Bivariate Normal distribution with means 

𝝁𝟏 𝒂𝒏𝒅 𝝁𝟐 , variances  𝝈𝟏
𝟐𝒂𝒏𝒅 𝝈𝟐

𝟐 𝒂𝒏𝒅 𝒄𝒐𝒓𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝝆. Then 

X and Y are independent if 𝝆 = 𝟎. 

Proof:  

 

 



If 0  , then  

M(𝑡1, 𝑡2) = exp [𝜇1𝑡1  𝜇2𝑡2 +
1

2
 (𝜎1

2 𝑡1
2 + 𝜎2

2𝑡2
2)] 

MGF of X is 

 𝑀𝑋(𝑡1) = 𝑀(𝑡1, 0) = 𝑒𝑥𝑝 [𝜇1𝑡1 +
1

2
𝜎1
2𝑡1
2] 

MGF of Y is 

𝑀𝑌(𝑡2) = 𝑀(0, 𝑡2) = 𝑒𝑥𝑝 [𝜇2𝑡2 +
1

2
𝜎2
2𝑡2
2]  

So if 0  , then  

M(𝑡1, 𝑡2) = exp [𝜇1𝑡1  𝜇2𝑡2 +
1

2
 (𝜎1

2 𝑡1
2 + 𝜎2

2𝑡2
2)] = 𝑀(𝑡1, 0)𝑀(𝑡2, 0) 

 

Therefore, X  and Y  are independent. 

Conversely If X  and Y  are independent, then  

M(𝑡1, 𝑡2) = 𝑀(𝑡1, 0)𝑀(𝑡2, 0) = exp [𝜇1𝑡1  𝜇2𝑡2 +
1

2
 (𝜎1

2 𝑡1
2 + 𝜎2

2𝑡2
2)]

 
Therefore, 0   

Accordingly, we have the following theorem: 

Let X and Y have Bivariate Normal distribution with means 𝜇1 𝑎𝑛𝑑 𝜇2 , 

variances  𝜎1
2𝑎𝑛𝑑 𝜎2

2 𝑎𝑛𝑑 𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝜌. Then X and Y are 

independent if 𝜌 = 0. 

 

Theorem: X and Y have Bivariate Normal distribution with means 

𝝁𝟏 𝒂𝒏𝒅 𝝁𝟐 , variances  𝝈𝟏
𝟐𝒂𝒏𝒅 𝝈𝟐

𝟐 𝒂𝒏𝒅 𝒄𝒐𝒓𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝝆. Then 

aX + bY ~ N (𝒂𝝁𝒙+ 𝒃𝝁𝒚, 𝒂𝟐𝝈𝒙
𝟐 + 𝟐𝒂𝒃𝝆𝝈𝒙𝝈𝒚 + 𝒃

𝟐𝝈𝒚
𝟐 ) 

 

Proof: 
( )( ) t X Y tX tY

X YM t E e E e 


         

Recall that 
1 2

1 2( , )
t X t Y

M t t E e
    , therefore we can obtain ( )X YM t by 

setting 1 2t t t   in 1 2( , )M t t  



That is,  

 2 2 2 2 21
( ) ( , ) exp 2

2
X Y X Y X X Y YM t M t t t t t t t     

 
      

 
 

     2 2 21
exp 2

2
X Y X X Y Yt t     

 
     

 
 

2 2 2~ ( , 2 )X Y X X Y YX Y N                

 

⇒  aX + bY ~ N (𝑎𝜇𝑥+ 𝑏𝜇𝑦, 𝑎2𝜎𝑥
2 + 2𝑎𝑏𝜌𝜎𝑥𝜎𝑦 + 𝑏

2𝜎𝑦
2 ) 

 

The conditional distribution of X given Y=y is given by 

𝑓(𝑥|𝑦) =
𝑓(𝑥, 𝑦)

𝑓(𝑦)
=

1

√2𝜋𝜎1√1 − 𝜌
2
𝑒𝑥𝑝

{
 
 

 
 

−

(𝑥 − 𝜇1 −
𝜎1
𝜎2
𝜌(𝑦 − 𝜇2))

2

2(1 − 𝜌2)𝜎1
2

}
 
 

 
 

. 

Similarly, we have the conditional distribution of Y given X=x is  

𝑓(𝑦|𝑥) =
𝑓(𝑥, 𝑦)

𝑓(𝑥)
=

1

√2𝜋𝜎2√1 − 𝜌
2
𝑒𝑥𝑝

{
 
 

 
 

−

(𝑦 − 𝜇2 −
𝜎2
𝜎1
𝜌(𝑥 − 𝜇1))

2

2(1 − 𝜌2)𝜎2
2

}
 
 

 
 

. 

 

Therefore:  

𝑋|𝑌 = 𝑦 ~ 𝑁 (𝜇1 + 𝜌
𝜎1
𝜎2
(𝑦 − 𝜇2), (1 − 𝜌

2)𝜎1
2) 

𝑌|𝑋 = 𝑥 ~ 𝑁 (𝜇2 + 𝜌
𝜎2
𝜎1
(𝑥 − 𝜇1), (1 − 𝜌

2)𝜎2
2) 

 

 

 

Proof of MGF of (X, Y) 





 

 

 

 

 

 

 



 

 

 

 

 



 

 

 

 



 

 

It determines the joint distribution of X and Y uniquely and it also yields the 

moments: 

𝜕𝑚+𝑛

(𝜕𝑡1)
𝑚(𝜕𝑡2)

𝑛
 M (𝑡1, 𝑡2)∣𝑡1=𝑡2=0     =E (Xm Yn). 

             
𝜕𝑀(0,0)

𝜕𝑡1
= 𝐸(𝑋)                                    

𝜕𝑀(0,0)

𝜕𝑡2
= 𝐸(𝑌) 

           
𝜕2𝑀(0,0)

𝜕𝑡1
2 = 𝐸(𝑋2)       

𝜕2𝑀(0,0)

𝜕𝑡2
2 = 𝐸(𝑌2)  

             
𝜕2𝑀(0,0)

𝜕𝑡1𝜕𝑡2
= 𝐸(𝑋𝑌)  

 

             
𝜕𝑀(𝑡1,𝑡2)

𝜕𝑡1
=

𝜕

𝜕𝑡1
 exp [𝜇1𝑡1 + 𝜇2𝑡2 +

𝜎1
2 𝑡1

2+2𝜌 𝜎1𝜎2𝑡1𝑡2+𝜎2
2 𝑡2

2

2
 ]  

 

  = exp [𝜇1𝑡1 + 𝜇2𝑡2 +
𝜎1
2 𝑡1

2+2𝜌 𝜎1𝜎2𝑡1𝑡2+𝜎2
2 𝑡2

2

2
 ] [𝜇1 +

2𝑡1𝜎1
2+2𝜌𝜎1𝜎2𝑡2

2
] 

             
𝜕𝑀(0,0)

𝜕𝑡1
= 𝐸(𝑋) = 𝜇1 

 

Similarly,   
𝜕𝑀(0,0)

𝜕𝑡2
= 𝐸(𝑌) = 𝜇2 



 

𝜕2𝑀(𝑡1,𝑡2)

𝜕𝑡1
2 = 

𝜕

𝜕𝑡1
 exp [𝜇1𝑡1 + 𝜇2𝑡2 +

𝜎1
2 𝑡1

2+2𝜌 𝜎1𝜎2𝑡1𝑡2+𝜎2
2 𝑡2

2

2
 ] [𝜇1 +

2𝑡1𝜎1
2+2𝜌𝜎1𝜎2𝑡2

2
] 

 

 = exp [𝜇1𝑡1 + 𝜇2𝑡2 +
𝜎1
2 𝑡1

2+2𝜌 𝜎1𝜎2𝑡1𝑡2+𝜎2
2 𝑡2

2

2
 ][𝜎1

2] 

 

+ [𝜇1 +
2𝑡1𝜎1

2+2𝜌𝜎1𝜎2𝑡2

2
] exp [𝜇1𝑡1 + 𝜇2𝑡2 +

𝜎1
2 𝑡1

2+2𝜌 𝜎1𝜎2𝑡1𝑡2+𝜎2
2 𝑡2

2

2
 ] [𝜇1 +

2𝑡1𝜎1
2+2𝜌𝜎1𝜎2𝑡2

2
] 

 

           
𝜕2𝑀(0,0)

𝜕𝑡1
2 = 𝐸(𝑋2)  = 𝜎1

2 + 𝜇1
2 

 

V(X) = 𝐸(𝑋2) − (𝐸(𝑋))
2
 = 𝜎1

2 + 𝜇1
2 − 𝜇1

2 = 𝜎1
2 

Similarly, E(Y) = 𝜇2 𝑎𝑛𝑑 𝑉(𝑌) = 𝜎2
2 

 

             
𝜕2𝑀(𝑡1,𝑡2)

𝜕𝑡1𝜕𝑡2
 = 

 
𝜕

𝜕𝑡2
 exp [𝜇1𝑡1 + 𝜇2𝑡2 +

𝜎1
2 𝑡1

2+2𝜌 𝜎1𝜎2𝑡1𝑡2+𝜎2
2 𝑡2

2

2
 ] [𝜇1 +

2𝑡1𝜎1
2+2𝜌𝜎1𝜎2𝑡2

2
] 

 

= exp [𝜇1𝑡1 + 𝜇2𝑡2 +
𝜎1
2 𝑡1

2+2𝜌 𝜎1𝜎2𝑡1𝑡2+𝜎2
2 𝑡2

2

2
 ][ 𝜌𝜎1𝜎2] 

 

+  [𝜇1 +
2𝑡1𝜎1

2+2𝜌𝜎1𝜎2𝑡2

2
] exp [𝜇1𝑡1 + 𝜇2𝑡2 +

𝜎1
2 𝑡1

2+2𝜌 𝜎1𝜎2𝑡1𝑡2+𝜎2
2 𝑡2

2

2
 ][𝜇2 +              

 
2𝑡2𝜎2

2 + 2𝜌𝜎1𝜎2𝑡1
2

] 

 

             
𝜕2𝑀(0,0)

𝜕𝑡1𝜕𝑡2
= 𝐸(𝑋𝑌) = 𝜌𝜎1𝜎2 + 𝜇1𝜇2 

 



Cov(X, Y) = E(XY) − (EX)(EY) = ρσ1σ2 + μ1μ2 − μ1μ2 = ρσ1σ2  

 

and therefore ρ(X, Y) = 
Cov(x,y)

σ1σ2
 = ρ 

 

Thus, we have: Cov(X, Y) = ρσ1σ2 and ρ(X, Y) = ρ. 

  

 



 

 

 



 

 

Testing using Student's t-distribution 

For pairs from an uncorrelated bivariate normal distribution, the sampling 

distribution of a certain function of Pearson's correlation coefficient follows 

https://en.wikipedia.org/wiki/Bivariate_normal_distribution
https://en.wikipedia.org/wiki/Sampling_distribution
https://en.wikipedia.org/wiki/Sampling_distribution


Student's t-distribution with degrees of freedom n − 2. Specifically, for a 

bivariate normal distribution, the variable  

𝑡 = 𝑟 √
𝑛−2

1−𝑟2
has a student's t-distribution under the null Hypothesis 

H0: 𝜌 = 0 (zero correlation).  

If the value of t is greater than critical value we reject H0 at given level of 

significance and conclude that 𝜌 ≠ 0This holds approximately in case of non-

normal observed values if sample sizes are large enough. For determining the 

critical values for r the inverse function is needed:  

r = 
𝑡

√𝑛−2+𝑡2
 

Alternatively, large sample, asymptotic approaches can be used.  

 

 

The Fisher Z-Transformation is a way to transform the sampling distribution 

of Pearson's r (i.e. the correlation coefficient) so that it becomes normally 

distributed. The “z” in Fisher Z stands for a z-score. ... Fisher's z' is used to find 

confidence intervals for both r and differences between correlations. 

Fisher's z-transformation of r is defined as  

Z = Zr = 
1

2
ln (

1+𝑟

1−𝑟
)  

where "ln" is the natural logarithm function  

If (X, Y) has a bivariate normal distribution with correlation ρ and the pairs 

(Xi, Yi) are independent and identically distributed, then z is approximately 

normally distributed with mean  

𝑍𝜌 = 
1

2
ln (

1+𝜌

1−𝜌
) and standard error 

1

√𝑁−3
 

where N is the sample size, and ρ is the true correlation coefficient.  

The applications of Fisher Z transformation are provided below:  

 

https://en.wikipedia.org/wiki/Student%27s_t-distribution
https://en.wikipedia.org/wiki/Natural_logarithm
https://en.wikipedia.org/wiki/Bivariate_normal_distribution
https://en.wikipedia.org/wiki/Independent_and_identically_distributed_random_variables
https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Standard_error_(statistics)


1. To test whether a provided value is equal to the population correlation or not. 

2. To test the equality of two population correlations. 

3. To combine correlation estimates obtained from different samples. 

 

Significance Testing of Correlation Coefficients: 

• Inference about a population correlation coefficient:  

– Testing H0:  =  0 or some specific value  

– Testing H0:  ≠ 0 for two or more correlations based on the same 

sample 

 

• H0:  = some specified value 

• H1:  ≠ some specified value ( < or > than some specified value) 

 

Method of Testing:  Transform sample and population correlation 

coefficients to Zr and Z 

• Calculate  𝑍𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 = 
𝑍𝑟−𝑍𝜌

1

√𝑁−3

 using the formula. 

• Test against zcritical (determined from table for chosen level of 

significance) 

Confidence Interval: 

Under H0:  =  0, Zr  ~ N(Z, 
1

𝑁−3
 ) 

⇒ 
𝑍𝑟−𝑍𝜌

1

√𝑁−3

 ~ 𝑁(0, 1)  

95% confidence interval for 𝜌 on the  basis of the sample is 

| 𝑍𝑟 − 𝑍𝜌| < 1.96 
1

√𝑁−3
 

⇒ −1.96 
1

√𝑁−3
 < 𝑍𝑟 − 𝑍𝜌 < + 1.96 

1

√𝑁−3
  

⇒ - 𝑍𝑟 −1.96 
1

√𝑁−3
< 𝑍𝜌 <  - 𝑍𝑟 +1.96 

1

√𝑁−3
 



⇒ 𝑍𝑟 −1.96 
1

√𝑁−3
< 𝑍𝜌  <  𝑍𝑟 +1.96 

1

√𝑁−3
 

⇒ 𝑍𝑟 −1.96 
1

√𝑁−3
<   

1

2
ln (

1+𝜌

1−𝜌
) <  𝑍𝑟 +1.96 

1

√𝑁−3
 

⇒ 2(𝑍𝑟 −1.96 
1

√𝑁−3
) <    ln (

1+𝜌

1−𝜌
) <  2(𝑍𝑟 +1.96 

1

√𝑁−3
) 

⇒ 𝑒𝑥𝑝 [2(𝑍𝑟 −1.96 
1

√𝑁−3
)] <  

1+𝜌

1−𝜌
  <  exp [2(𝑍𝑟 +1.96 

1

√𝑁−3
)] 

𝒆𝒙𝒑 [𝟐(𝒁𝒓−𝟏.𝟗𝟔 
𝟏

√𝑵−𝟑
)]−𝟏

𝒆𝒙𝒑 [𝟐(𝒁𝒓−𝟏.𝟗𝟔 
𝟏

√𝑵−𝟑
)]+𝟏 

 < 𝝆 < 
𝒆𝒙𝒑 [𝟐(𝒁𝒓+𝟏.𝟗𝟔 

𝟏

√𝑵−𝟑
)]−𝟏

𝒆𝒙𝒑 [𝟐(𝒁𝒓+𝟏.𝟗𝟔 
𝟏

√𝑵−𝟑
)]+𝟏 

 

 

• Inference about a difference between population correlation coefficients 

– Testing H0:  1 -  2 = 0 (or  1 =  2 ) 

Method of Testing:  Transform sample and population correlation 

coefficients to Zr and Z 

Let Z𝑟1 = 
1

2
ln (

1+𝑟1

1−𝑟1
)                    Z𝑟2 = 

1

2
ln (

1+𝑟2

1−𝑟2
) 

 

• Under 𝐻0,
Z𝑟1−Z𝑟1

√(
1

𝑛1−3
+

1

𝑛2−3
)
 ~ N(0, 1) 

• Test against zcritical (determined from table for chosen level of 

significance) 

 

Example: 

Study of relationship between achievement motivation and performance in 

school (grade point average).  Theory and prior research suggests that the 

correlation between these two variables is positive and moderately high (.50) 

• The observed correlation in this study  was .75 based on N=63 

 

• H0:  = .50 

• H1:  ≠  .50 



• Level of Significance:  .05 

• Verify Assumptions 

– Independence of score pairs 

– Bivariate Normality 

– n >= 30 

• Find Fisher Z transformation  for rxy and xy (from a Table I) 

– r = .75 so Zr = .973 

–  = .50 so Z = .549 

• Set up Zrobserved: Zr-Z/sZ  to get distance of Zr from Z in standard error 

points  

• Computation formula for Zrobserved : 

–  (Zr-Z) (sqrt n-3) =  

– (.973 - .549)/7.75 = 

– (.424)(7.75) = 3.29 

• Find zcritical (from table or memory) = 1.96 

• Decision Rule:   

– Reject H0 if absolute value of zrobserved >= 1.96  (3.29 is greater than 

1.96) 

– Do not reject H0 if absolute value of zrobserved < 1.96 

• Conclusion: the relationship between achievement motivation and school 

performance (grade point average) is greater than the specified value of 

.50 
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