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Practical - 04 

Solution :-
Consider I = { ( a , - a)  :       } then 
Take , ( a , -a ) , ( b , -b)     , so  
( a , -a ) - ( b , -b ) = ( a - b  , -( a -b))    I  as ( a -b)      
Again , ( x , y )       we get 

( x , y )                            

I is not an ideal of     

Let us consider  J = { ( a , 0) : a                 
Take , ( a , 0 ) , ( b , 0)      so  
( a , 0 ) - ( b , 0 ) = ( a - b  , 0 )    J  as ( a -b)     
Again , ( x , y )       we get 
( x , y )                                 

( a , 0)                                 

J is an ideal of    .
So we get I is not an ideal but J is an ideal of       .
Option - (d) 

Solution :-   Here ,           
  
  

                  and 

I =    
  
  

                                   

Let ,  
    
     

   
    
     

    

Then ,  
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Then ,   
    
     

    
    
     

   
          
           

    

As , ( 5x - 5l) , ( 5y - 5m) , ( 5z - 5n ) , ( 5w - 5p) is divisible by  5

Now take  
  
  

                            

And ,   
    
     

   
  
  

    
              
              

    

 
  
  

  
    
     

   

Hence I is an ideal of       .
Now lets check it I is an subring .

 
    
     

   
    
     

    

 
    
     

    
    
     

    
                  
                   

   

So I is also a subring       .
Hence I is an ideal as well as subring . 
Option - (d) 

Solution :-  
I =                                                    

J = 12                                             
Hence , I + J = 2              
Option (c)

Solution :-  
In the ring of integer      
I = 4                                  
I = 2                              
Option ( b) 

Solution :- I = (6              
Option  (c) 
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Solution :- ( n                                                

Option (b) 

Solution :-   is not an ideal of  as for any 
 

 
             we get 

 

 
    

  

 
      as   is set of integers .

I = { ( n , n ) : n      is not an ideal of      .
As , ( x , y )        and ( n , n )      then 

( x , y )                        

{ f                                         is an ideal 
Option ( c) 

Solution :-  The number of homomorphism from         

Hence , there are two homomorphism from        
Option (b) 

Solution :-
Only such ring homomorphism are identity and conjugate 
i.e. f(a + ib ) = a+ ib   and f ( a + ib ) = a- ib .
Then there are two such homomorphism .
Option (b)

Solution :-     
 
         

 
   are not isomorphic. 
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Solution :-       
   
            

   
    are not isomorphic. 

     
   
         

   
               and 

     
   
         

   
               

Suppose      
   
            

   
    are isomorphic  then 

f(1) = 1 
Then for x                                 
f(x) = f(1) + f(1) + f(1) + ---------------- + f(1) x times 
        = 1 + 1 + 1 + ------------------+ 1 
       = x           

Since , f is a bijection  , f (   
   
 )  =   

   

Now , 2 =  f( 2 )  = f (   
   
    
   

) = f (   
   
 ).f (   

   
 )

2 =   
   
   

   
    

Which is not possible 

Therefore ,      
   
            

   
    are not isomorphic . 

Hence (i) is not true .

    
  
   

                     
  
   

        

Option :- ( c) 

Remaining Objectives :-

Solution :-   
  
  

     and   
  
  

   

Let us take ,  
  
  

 ,  
  
  

        

    
  
  

   
  
  

    
      
      

         
  
  

     
  
  

 

   
  
  

   
  
  

     
          
          

          

    
  
  

     
  
  

 

So f is not a homomorphism.

Consider ,    
  
  

        and   
  
  

     

Then ,  
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Then ,    
  
  

   
  
  

     
      
      

             

= ( a + d ) + ( x + w ) 

=   
  
  

    
  
  

 

Again ,    
  
  

   
  
  

     
          
          

 

                 
            
Hence g is not a homomorphism.
h(A) = det A
So , h(A+B) = det(A+B) = det A + det B = h(A) + h(B)
Again , h(AB) = det (AB)  = det A   det B = h(A) . h(B)

Hence g is not a homomorphism.
Option ( b )

Solution :- (b) 
           ,               

Then ,                    

                 
    
                         

Again ,                                                          

Hence ,   is a group homomorphism.
Consider ,           we get 
              and               
Then ,                                                  

Hence ,   is a group homomorphism.
So both           are ring homomorphism.
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=                                  
  

                      
                       

  

                      
                      

    

=                                      
   

                                   
    

Option (b) 

          

Here ,                  

The kernal of     is 

ker                              

          
So , x = (2 + i ) is a solution of f(x)  = 0
Hence ,          

                      
So ,           is a factor of  f(x) . 
So ,                    ,  Option - (d) 

          
Here let us consider
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Here let us consider

                     
                   

Let us find the kernal of    
ker 

                          
                            

     

                            
                              

                      
                

Option (b)

          
Here let us consider the given map as 

                     
           

 

   

Therefore the kernal  

                      
                             

       

                            
                 

 

   

      

                            
                    

Option (a)

              

Here , H =    
   
  

          then it will be isomorphic to     
   
  where the 

function can be defined as 

    
   
  

      
   
   ,   

   
  

       
   
 where a , b   
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                     defined as

   
  
  

     and    
  
  

   

Let us take ,  
  
  

 ,  
  
  

        

    
  
  

   
  
  

    
      
      

          
  
  

      
  
  

 

    
  
  

   
  
  

      
          
          

          

     
  
  

      
  
  

 

So   is not a homomorphism.

       defined as  where R = {  
  
  

             

   
  
  

     and    
  
  

   

Let us take ,  
  
  

 ,  
  
  

   

    
  
  

   
  
  

    
      
    

          
  
  

      
  
  

 

    
  
  

   
  
  

      
       
    

          

     
  
  

      
  
  

 

So   is not a homomorphism.
Option ( d)

          (b)
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          (b)

Solution :-  
Consider I = { ( a ,  a)  :       } then 
Take , ( a , a ) , ( b , b )     , so  
( a , a ) - ( b , b ) = ( a - b  , a- b)    I  as ( a -b)      
Again , ( x , y )       we get 

( x , y )                          

I is not an ideal of     

Consider I = { ( 2a ,  2b )  :          } then 
Take , ( 2a , 2b ) , ( 2c , 2d )     ,  as                     so  
( 2a , 2b ) - ( 2c , 2d ) = ( 2a - 2c  , 2b-2d)    I  as ( 2a -2c) , ( 2b-2d)      
Again , ( x , y )       we get 

( x , y )                              

                                      

I is  an ideal of     

Let us consider I = { ( 2a , 0) : a                 
Take , ( 2a , 0 ) , ( 2b , 0)      so  
( 2a , 0 ) - ( 2b , 0 ) = ( 2a - 2b  , 0 )    I  as ( a -b)     
Again , ( x , y )       we get 
( x , y )                                   
                                
So  I  is an ideal of       .
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Consider I = { ( a , - a)  :       } then 
Take , ( a , -a ) , ( b , -b)     , so  
( a , -a ) - ( b , -b ) = ( a - b  , -( a -b))    I  as ( a -b)      
Again , ( x , y )       we get 

( x , y )                            

I is not an ideal of     

Solution :-
(a) I = { f(x) =                      

              
Let , f (x) =                      

  and 
g(x) =           

               
 where        ,       

Then , f(x) - g(x) 

=                              
                  

    

As ,         ,                     

Hence ,  f(x) - g(x)       
Again ,  Let c    we get 
c f(x) = c (                      

    
            = c                         

      
Similarly we can show f(x) c     
As          then  3 |                   c   
Therefore , I is an ideal of      .

   

(b) I = { f(x) =                      
              

Let , f (x) =                      
  and 

g(x) =           
               

 where        ,       
Then , f(x) - g(x) 

=                              
                  

    

As ,         ,                     

Hence ,  f(x) - g(x)       
Again ,  Let c    we get 
c f(x) = c (                      

    
            = c              

                
      

Similarly we can show f(x) c     
As          then  3 |              
Therefore , I is an ideal of     .
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(c) I = { f(x) =                      
               

        = {                     
      }

Let , f(x) =                     
    

                           
 

f(x) , g(x)   
Then , f(x) - g(x) 

= (0 - 0)+                    
                  

    

Hence ,  f(x) - g(x)       
Again ,  Let c    we get 
c f(x) = c (                     

    
            = 0           

                
      

f(x)c  =0             
                 

      
Therefore , I is an ideal of      .

(d) I = { f(x) =                      
                 

   

Let , f(x) =                      
  then 

                          
g(x) =                      

  then 
                          
Hence , f(x) , g(x)      
Then , f(x) - g(x) 

=                              
                  

    

As ,                                   
                           ------------(2)
By (1) - (2) 
Then ,                                                   
Again ,  Let c    we get 
c f(x) = c (                      

    
          =  c              

                
      

As ,                             
                           
Similarly we can show   f(x) c     
Therefore , I is an ideal of      .

Solution :-  
(a) Let R be a commutative ring and a                   
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(a) Let R be a commutative ring and a                   
Annihilator ann(a) = { r            
Let r , s        
            

        
         

           
Let   x                          
          
                   
As R is a commutative ring  Similarly  we can show that           
Hence ann(a) is a ideal of R .

5-04-2021

(b) A and B are ideals of a commutative ring R such that R = A + B 
To show that  A  B = AB.

Solution :- As A and B are ideals of a commutative Ring R with(c)
A        

Let  , x                     
Now we know that  in previous   sum  we got ,           
So ,                                          

Hence , ab = 0  

Solution :-  S = { a + ib  : a , b                 
To show that S is a subring  of     
Let , a + ib  , c + id         where b and  d is even .
So , (a + ib ) - ( c + id ) = ( a - c ) + i ( b - d )     as b and d is even so ( b - d ) is 
also even.
Again , (a + ib )( c + id ) =( ac - bd) + i(ad + bc)     
s b and d is even so  (  ad + bc ) is also even. 
Then , S is a subring of      
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Then , S is a subring of        

l

Solution :-

Here ,           
  
  

                  and 

I =    
  
  

                                   

Let ,  
    
     

   
    
     

    

Then ,   
    
     

    
    
     

   
          
           

    

As , ( 2x - 2l) , ( 2y - 2m) , ( 2z - 2n ) , ( 2w - 2p) are also even

Now take  
  
  

                            

And ,   
    
     

   
  
  

    
              
              

    

  
  
  

   
    
     

    
              
              

    

Hence I is an ideal of       .

Solution :-

Here ,      
  
  

          and 

I =    
  
  

                  

Let ,  
  
   

   
  
   

    

Then ,   
  
   

    
  
   

   
    
   

    

As ,       

Now take  
    
   

                         

And ,   
    
   

   
  
   

    
    
   

      as       

  
  
   

  
    
   

    
    
   

      as      

Hence I is an ideal of I .
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Solution :-

Here ,           
  
  

                  and 

I =    
  
  

                                   

Let ,  
    
     

   
    
     

    

Then ,   
    
     

    
    
     

   
          
           

    

As , ( 5x - 5l) , ( 5y - 5m) , ( 5z - 5n ) , ( 5w - 5p) is divisible by  5

Now take  
  
  

                            

And ,   
    
     

   
  
  

    
              
              

    

  
  
  

  
    
     

    
              
              

    

Hence I is an ideal of       .

Solution :-
I  = { 4a + ib  : a , b      
To show that I  is a subring  of     
Let , 4a + ib  , 4c + id         where a , b , c , d   
So , (4a + ib ) - ( 4c + id ) = ( 4a - 4c ) + i ( b - d )  = 4( a-c) + i(b-d)     
(a - c) ,  ( b - d )      
Let , ( x + iy )       
Again , (4a + ib )( x + iy) =( 4ax - by) + i(4ay + bx)        here 
Similarly we can show that ( x + iy)(4a + ib )    
Then , I is a not an ideal of        

Solution :-               
 
                     

Let us take  ,          
 
                     

 
              

Then ,         
 
                      

 
           

=                                                          
                                                   
                       

  
Again , let c     
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Again , let c     
So , c          

 
           

= c [                                              
                    
=                                                  
                      

   

Similarly  ,         
 
                

  
Hence ,   is an ideal of  R . 

Solution :-            is defined as
                            
(i) To show that   is well define 
Suppose , a + ib = c + id 
                
          
                   

  is well define .
(ii) To show that   is onto .
                                   
                                   
                                            
                                           
                                               

Therefore ,  every element of          a pre-image in      
Therefore ,    is onto .
(ii) To show that   is ring homomorphism.

                  

                  

                                         

                                            

                      

                                        

                                                                                                                                                             
                                                                                                                     

                                                                                          
                                                                                                      

                                                                                                                                          

          is a ring homomorphism.
Ker   =  { a + ib  |                } 
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Ker   =  { a + ib  |                   } 

            =  { a + ib  |                        ( mod 5)   } 
            =  { a + ib  |                  } 
                              =  { ( 5k + 2b)  + ib  |      ,    } 
                              =  { b(2 + i) + ( 2 + i) ( 2-i)k  |            } 
           =  { ( 2 + i ) ( b + ( 2- i )k ) |            } 
           = < 2 + i > 
              is a ring  onto homomorphism  with  
ker           
Therefore by first isomorphism theorem 

       / < 2 + i  >     ..
As   .  is  a fiels        / < 2 + i  > is also a field and char    .
Hence , char (        / < 2 + i  >) = 5

Solution :-  R is a ring with prime characteristic p .
      defined by  f(a) =    for  a      . 
( Called the Frobenius Homomorphism )
                      

      
 
 
          

 
 
                   

 
      

       

                                        
      

 
                                  

      the char R = p  we get 
                                               
Again , f(ab) =      

As p is prime ,                              
Therefore , f is a ring homomorphism.
Let , a = b 
       
          
Hence , f is well defined.
Conversely , let us suppose  f(a) = f(b)
      

      
Therefore , f is not 1 - 1
Therefore , f is not isomorphic .
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Therefore , f is not isomorphic .

Solution :- (a) Let us define a function  f    
   
  

     
   

   as

  
   
  

       
   
 

(i) To show that f is 1-1.

Let   
   
  

    
   
  

 

        
   
       

   
  

Comparing both side we get , a = c  and b = d 

So we get ,  
   
  

    
   
  

 

Hence , f is 1-1.
(ii) To show that f is onto.

Let us take ,             
   
       

   
  then there exists x =  

   
  

  such that 

f(x) = f   
   
  

   a +     
   
  

Hence , for every y = a +     
   
 here exists x =  

   
  

  such that  f(x) = y

So , f is onto.
(iii) To show that f is ring  homomorphism.

   
   
  

   
   
  

        
         
      

   

   a +c ) + (        
   

  a +     
   
            

   
  

= f   
   
  

     
   
  

 

   
   
  

   
   
  

       
             
           

  

                     
   
 

         
   
        

   
 

= f   
   
  

     
   
  

 

Therefore by (i) , (ii) , (iii) we get f is a ring homomorphism.
(b) Similarly  in this case take the function as 

f   
  
   

            
  
   

         and show that it is one-one , onto 
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f    
  
   

              
  
   

          and show that it is one-one , onto 

and ring homomorphism.

Solution :-  Here R be a ring and     be a unit . 
f :                               
To show that f is a ring automorphism .
(1) Let us show f is 1 - 1 .
Take f(x ) = f( y) , where   x  , y     
                  
Operating both side by     and a we get 

                         

(                             

    e x e = e y e 
      x = y 
Therefore f  is one one .
(2) To show that f is onto.
Let us take  y =       then there exists  x =       such that 
f (x) = f (                    

              

    
f(x)    
Therefore f is onto.
(3) To show that f is a ring homomorphism 
f ( x + y) 
=           
            

          

f( x . y ) =                         

               

          
Therefore by ( 1) , (2) , (3) we get f is a ring automorphism.

Solution :- Here                     

Then ,                              
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Again ,         

                  

                             

                              

                 

                                        

Ker                                                  

                                    
                            

      

Solution :- Here        be given by             
To show   is a ring homomorphism.
Let ,         
         
          
          
Again ,        
      
           

         
             is a ring homomorphism.

Im                         
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Im                               

Now we can define a function            as 
f (        
This function is one one , onto and ring homomorphism.
Hence ,       

Solution :- Consider ,

                     
     

    
   

  

Then , 

                      
                      

   

                                
                    

  

   
          
      

 

   
    
   

    
    
   

 

                       
                         

   

Again 

                      
                      

   

                                      
   

   
             
     

 

    
    
   

    
    
   

 

                       
                         

  

Ker                      
                 

                                                      
     

  
  

     

Ker                      
                 

                                                                      
    
   

    
  
  

     

Ker                      
                            

Ker            
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Ker            
           

     
Ker       

           
                           

Similarly we can prove that 

                     
  

   

      
     
    

                               

Solution :- (a) 

     
   
            

   
    are not isomorphic. 

     
   
         

   
               and 

     
   
         

   
               

Suppose      
   
            

   
    are isomorphic  then 

f(1) = 1 
Then for x                                 
f(x) = f(1) + f(1) + f(1) + ---------------- + f(1) x times 
        = 1 + 1 + 1 + ------------------+ 1 
       = x           

Since , f is a bijection  , f (   
   
 )  =   

   

Now , 2 =  f( 2 )  = f (   
   
    
   

) = f (   
   
 ).f (   

   
 )

2 =   
   
   

   
    

Which is not possible 

Therefore ,      
   
            

   
    are not isomorphic . 

(b) Similarly we can prove  that        
    
             

    
   are not isomorphic. 

(c)       is not isomorphic to                   
(d)

   TYBSC Sem 6 Page 21    



Solution :- (i) Consider ,      = {     R : xa = 0  a    I } 
Let , x , y           xa = 0 =  ya  for all a   
As , xa = 0 =  ya 
Then ( x - y) a = 0 

              
Again , as R is a commutative ring then  take x    and r     then 
(rx)a = r(xa) = r     as ,  xa = 0 
So , rx      .
Similarly we can prove  xr       as R is a commutative ring
So ,   is an ideal of R.
(ii) Consider ,     = {     R :                    }
Let , x , y     then         
Since I is an ideal of R then                 

And      
 
   as I is an ideal of R

Then , x - y    
Again for , r                       
              as I is an ideal of a commutative ring R .
So , rx and xr      
Therefore ,    is an ideal of R .

Solution :-  Theorem 16 :-Correspondence theorem statement :-

Divisors of 12 are 1 , 2 , 3 , 4 , 6
Possible ideals :-   / 12  , 2 / 12 , 3 / 12  , 4  /12 , 6 /12 

Solution :-
        is defined as
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          is defined as
                          
(i) To show that   is well define 
Suppose , a + ib = c + id 
                
          
                   

  is well define .
(ii) To show that   is onto .
                                   
                                   
                                            
                                           
                                               

Therefore ,  every element of          a pre-image in      
Therefore ,    is onto .
(ii) To show that   is ring homomorphism.

                  

                  

                                         

                                            

                      

                                        

                                                                                                                                                             
                                                                                                                     

                                                                                          
                                                                                                      

                                                                                                                                          

          is a ring homomorphism.
Ker   =  { a + ib  |                   } 

            =  { a + ib  |                        ( mod 5)   } 
            =  { a + ib  |                  } 
                              =  { ( 5k + 2b)  + ib  |      ,    } 
                              =  { b(2 + i) + ( 2 + i) ( 2-i)k  |            } 
           =  { ( 2 + i ) ( b + ( 2- i )k ) |            } 
           = < 2 + i > 
              is a ring  onto homomorphism  with  
ker           
Therefore by first isomorphism theorem 

       / < 2 + i  >     ..
As     is  a fiels      / < 2 + i  > is also a finite field as     has finite number of 
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As     is  a fiels        / < 2 + i  > is also a finite field as     has finite number of 
elements.

Solution :-                                              

The set G =    
  
  

               
  
  

    
  
  

    
  
  

    
  
  

   

But  G is a kliens 4 group  so G is non isomorphic to                              

Solution :- Here ,     / ( z) = { ( a+ib)+(z)  , a + ib         
In (z) we get                  =                    / ( z)
       

                         = < n + mi > = ( z )  then          
    / ( z) = { ( a+ib)+(z)  , a + ib         
                 = { c +(z)   | c        since           
The distinct elements of     / ( z) = { c + (z) |             
So number of elements of  |    / ( z)|  =      

Solution :- Let aR = { ar : r    R }  = (a)
Let aR be an ideal of R then 
To show that ar = ra for all r    R
Let , a      
But aR is an ideal of R then for any r    R we get 
r.a    , a  .r     
As , r.a           there exists        such that 
          
So , ( ra) =      

     
Conversely  if ar = ra  then for any x                        
Hence , aR is an ideal of  R.

Solution :- Consider ,           
  
  

 

Then ,            
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             is a ring homomorphism.

        
  
  

 

Im                              
  
  

          

Hence ,       is the multiplicative identity of Im   where as the multiplicative 

identity of              
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