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3-04-2021
Practical - 04

Practical no 4. Homomorphism, Isomorphism of Rings

|. Consider the ring & x £ under component wise addition and multiplication.
Let I ={(a,—a) : ac Z},J ={(a,0) : a c Z}. Then,
(a) I and .J are ideals of Z x Z.
(b) 1is an ideal of Z x Z but J is not an ideal of Z x Z.
(¢) Neither I nor J is an ideal of & x Z.
(d) Jis an ideal of & x Z bul [ is not an ideal of Z x Z.

Solution :-

Consider|={(a,-a) :a € Z }then
Take,(a,-a),(b,-b)€ I,so
(a,-a)-(b,-b)=(a-b,-(a-b)€l as(a-b)e Z
Again, (x,y) €EZ X Z we get
(x,y)x(a,—a)=(xa,-ya) ¢ I
[isnotanideal of Z X Z

Letus consider J]={(a,0):a€ Z} Then,
Take,(a,0),(b,0)€ J so
(a,0)-(b,0)=(a-b,0)e Jas(a-b)eZ
Again, (x,y) €EZ X Z we get
(x,y)X(a,0)=(xa,0)€] asxa € Z
(a,O)x(x,y)z(ax,O)ej as ax € 7
Jisanideal of Z X 7Z .

So we get I is not an ideal but] is an ideal of Z X Z .
Option - (d)

2. Consider the ring My (%) {C‘ :i,) ca,be,de ?5} and

let f {({: :;) s a, b, e, d are divisible by F:}_ Then

(a) I is a subring of My(Z) but not an ideal.
(b) I is an ideal of M3(Z) but not a subring,
() 1 is not an ideal of My(F).

(d) I is both a subring and an ideal of My(Z).

Solution :- Here,Mz(Z)={(CCl Z):a,b,c,dEZ}and
IZ{(? 2):a,b,c,daredivisiblebyS}

5x Sy) 5/ 5m
Let’(Sz 5w '(571 5p €l
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5x Sy) (50 5m)\ _ [(5x—=50l 5y—>5m
Then, (52 5w <5n 50 ) \5z—5n 5w-—5p €l
As, (5x-51),(5y-5m),(5z-5n), (5w - 5p) is divisible by 5

Nowtake(ccl Z) € M,(Z) for,a,b,c,d €Z

5x 5y><a b)_(Sax+5yc 5xb+5yd>
And’(sz sw) \c a) = \5za+5wc 52b+5wd) €

a b\ (5x 5y )
€l
(c d) (52 Sw
Hence I is an ideal of M, ( Z) .
Now lets check it I is an subring .

<5x Sy) (51 5m> .

5z 5w/’\5n b5p

(Sx Sy) « (5l 5m> _ <25xl + 25yn  25xm + 25yp> cJ
5z 5w 5n 5p 25z + 25wn  25zm + 25wp

So Il is also a subring M,( Z) .
Hence | is an ideal as well as subring.
Option - (d)

3. Consider the ideal [ 10& and J = 12£, then
(a) T4+ J=22E, 1J 120F. (b) I+ J=2Z, I.J = 60Z.
{1:] F+J=2¢ 1] 120, {[|} None of these.

Solution :-

I1=10Z = {————— -30,-20,-10,0,10,20,30,———— —}
J=12%2={—-——————,-36,—24,-12,0,12,24,36 ,———— —}
Hence,|+J=27Z , I] = 1207%

Option (¢)

4. In the ring of integers &, consider the ideals I = 4& 4 62, J = m& 4+ n&, m,n € M. Then,

(a) 1 =24E,J =mn& (b) I =2&,J = d& where d = ged (m,n)
(¢) I =12&,.] =I&, wherel lem (m,n) (d) None of the above.
Solution :-
In the ring of integer Z
[=47Z+67Z and | =mZ+nZ ,m,n €N
[=27Z ,] =dZ whered =gcd(m,n)
Option ( b)

5. In the ring of integers Z, consider the ideal I = (6£)(4%), then
(a) 1 —24Z. (b) I | 2. (¢) 1= 2% (d) None of these.

Solution:-1=(6Z)N(47Z) =27
Option (¢)
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6. (nZ)(mi&) = (n&) N (mZ) il and only il
(a) m|n.  (b) (m,n)=1. (c) m=mn (d) None of these.
Solution:-(nZ) N (mZ) = (nZ)(mZ) onlywhen(m,n) = 1
Option (b)

7. Which ol the following is true
(i) & is an ideal of @ (ii) {(n,n) :n € Z} is an ideal of Z x Z
(iii) {f € F(R,R) : f(7) = 0} where F(R,R) is a ring of real valued [unctions.
(a) (i), (i) (b) (i), (i) (c) omly (ii). (d} None of these.

Solution :- Z is not an ideal of Q as foranyse(@ and a € Z we get
sxaz%ez as Z is set of integers..

[={(n,n):n€Z} isnotanideal of Z X Z .

As,(X,y)€ ZXZ and (n,n) € I then
(x,y)x(n,n)=(xn,yn) ¢ I

{fe F(R,R):f(r) =0} whereF (R,R) isan ideal
Option ( ¢)

8. The number ol ring homomorphisms [rom Q@ to itsell is
(a) 1 (b) 2 (c¢) infinitely many  (d) none of these.

Solution :- The number of homomorphism from Q to Q

If f:Q — Q is a homomorphism, prove that f(z) = 0 for all z € Q or
f(xz) = x for all z in Q.

Hence, there are two homomorphism from Q to Q

Option (b)

9. The number of ring homomorphisms from C to itsell is
(a) 1 (b) 2 (e¢) infinitely many  (d) none of these.
Solution :-
Only such ring homomorphism are identity and conjugate
ie.fla+ib)=a+ib andf(a+ib)=a-ib.
Then there are two such homomorphism .
Option (b)

10. Consider the following pair of rings.

(i) Z|v2) and Z[V5] (i) Z[v—2) and Z[v/=5| (iii) Q and R (iv) M {(”h ::) ca,be R} C

(a) (i) and (iv) are isomorphic pairs of rings.

(b) (i) and (ii) are isomorphic pairs of rings.

{(¢) only (iv) is an isomorphic pair of rings.

(d) (i), (ii) and (iv) are isomorphic pairs ol rings.
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Solution :- Z(\/f) and Z(\/g) are not isomorphic.
Z(\/f)={a+\/§b,a,bEZ} and
Z(\/§)={a+\/§b,a,b62}

Suppose Z ( \/2) and 7 ( \/g) are isomorphic then

f(1)=1
Thenforx€e Z,x=(14+1+41 —— — 4+ 1)x times
f(x) =f(1) + (1) + f(1) + === + (1) x times
=14+1+1+ - +1
=X Vx€ Z

Since, f is a bijection ,f(\/f) =+/5

Now,2= f(2) =f(v2.v2) =f(V2)f(V2)
2=5x+5 =5

Which is not possible

Therefore, Z ( \/f) and Z ( \/E) are not isomorphic.
Hence (i) is not true .

. (a b . . a b\ _ .
f: (—b a>—>a+1b ,given by f(—b a) =a+ib
Option :- ( ¢)

Remaining Objectives :- —

11. Consider the following maps from My(Z,) —+ Z, defined by

f ((:’ f:,)) i, ((:’ f’)) a+d, h(A) =det A for A € My(Z,).

(a) f,g,h are all ring homomorphisms.  (b) only h is a ring homomorphism.
(¢) [ is a ring homomorphism and g,k are not.  (d) none of these.

Solution:-f(ccl b)za andf()ZC y)zx

d w
Let us take, (Ccl Z) , (;C V};) € M, (Zy)

P 0+ G 0)=(1F D) =ave= (0 D)+ r(
P 8% D) =St D) - ot be

a b x Yy
* 1 (c d) <! (Z W)
So fis not a homomorphism.

b>=a+d andg()ZC y)=x+w

Consider, g(ccl J w
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men,g (2 0)+ G 2)=(1) S1Y)=@rnrcrm

=(a+d)+(x+w)
_(a b x y
_g<c d)+g(z W)

: a b x y\\_ ,fax+bz bw+ay
Agam,g((c d)x(z W)>_f(cx+dz cy +dw
= (ax + bz) + (cy + dw)

*(a+d)(x+w)
Hence g is not a homomorphism.
h(A) = det A

So,h(A+B) = det(A+B) =det A+ detB=h(A) + h(B)
Again, h(AB) = det (AB) =det A X detB=h(A).h(B)

Hence g is not a homomorphism.
Option (b)

12. Consider the map m : Zx Z — Z and 7y : Z = E x Z defined by oy (m,n) = m,
ma(m) = (m, (), where Z x Z denotes ring with component wise addition and multiplication.
(a) m and 7y are ring homomorphisms.
(b) Both my, my are not ring homomorphisms.
(¢) my is a ring homomorphism but 75 is not a ring homomorphism.
(d) my is a ring homomorphism but 7 is not a ring homomorphism.

Solution :- (b)

ML XZ->7Z ,my(m,n)=m

Then, m4 ((m,n)+(a,b))

=m,(m+a,n+b)

=m-++a

=m,(m,n)+m,(a,b)

Again, 7, ((m,n)x(a,b)) = my(ma,nb) =ma =, (m,n)ny (a,b)
Hence, m; is a group homomorphism.

Consider, m,:Z = Z X Z we get

m,(m) =(m,0)and m,(x) = (x,0)
Then,m,(m+x)=(m+x,0)=(m,0)+(x,0) = m,(m) + m,(x)

Hence, m, is a group hoWism.
So both m; and m, are ring homomorphism.

3. The number of ring homomaorphisms from & 1o Z are
(a) one (b} zero  (c¢) two  (d) inflinitely many.

Solution : —(c)
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Let f : Z — Z be a ring homomorphism. Note that forn € Z, f(n) = nf(1). Thus f is completely
determined by its value on 1. Since 1 is an idempotent in 7 (i.e. 1 = 1), then f(1) is again
idempotent. Now we need to determine all of the idempotents of Z. To this end, take & € Z such
that 2 = . Thus 22 — x = z(x — 1) = (0. Since Z is an integral domain, we deduce that either
z = 0 or £ = 1. Thus the complete list of idempotents of Z are 0 and 1. Thus f(1) being
idempotent implies that either f(1) = O or f(1) = 1. In the first case, f(n) = Oforall nand in
the second case f(n) = nXorall n. Thus, the only ring homomorphisms from Z to Z are the zero
map and the identity map.

14. Let ¢y, : Z[z] — Zy[z] be defined by ¢{ag + a1z + - - - aps®) = ap + ayx + - - - agx®, is a ring
homomorphism only if
{a) n is a prime number.,  (b) n is a positive integer,
(¢) nis an odd integer.  (d) n is an even integer.

Solution : —

d(ap +a;x + ——— — + agx*) = ag + a;x +——— —qgx*
d((ag+aix + ——— — + qgx®) + (bg + byx + ——— — + bx*))
= (ap+bg) + (a; + by)x + ——— — + (ax+br)x"

=¢(ap+ax+ ——— — + apx®) + p(by + byx + ——— — + bxk)
d((ag +a;x + ——— — + qgx®) x (bg + byx + ——— — + bxk))
= ¢(aghy + (aghy + bpay)x + ————————— —aybx?)

= agbgy + (aghy + byay)x + —==—————— —ay by x?*

Option (b)

15. The kernel of the ring homomorphism ¢ : Rlz] — C defined by ¢(f(x)) = f(2+1) is
(a) {f(x) € Rlz]: (x—2)|f(x)}. (b) {f(x) € R[z] : (£* — 4z — 5)|f(x)}.
(¢) {f(z) € R[] : (z® — 4z + 2)|f(x)}. (d) {[f(z) € R[z]: (z* — 4z + 5)|f(x)}

Solution : —

Here, ¢( f(x)) = f(2+1)

The kernal of ¢ is

ker ¢ = {f(x) € R[x] : qb(f(x)) =0+ iO}
= f(24i0)=0
So,x=(2+1i)isasolutionof f(x) =0
Hence, (x — 2)? = i?
x2—4x+4=-1=((x?>-4x+5)=0

So, (x*—4x +5) isa fa‘c’gfof f(x) .

So, (x?—4x +5) | f(x) , Option - (d)

16. Consider the ring homomorphism ¢ : R[z] — R defined by dlag + ez + -+ + a,2™)
ag -+ ay -+ 4+ a,. Then, the kernel ¢ is
(a) {/(x) € Rla]: (1) = 1}, (b) {/(=) € Rl : f(1) = 0}.
(¢) {f(x) € R[x]: f{0)=1}. (d) None of these.

Solution : —
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Here let us consider

¢(ap+ax+ ——— +ax")=ay+a+ ——— +a,
Let us find the kernal of ¢ .
kerg
={f(x) = (a0+a1x+ — - +anx”) € ]R[x]|¢(a0+a1x+ — — +anx”) = 0}
={f(x)=(ay+ax+ —— +apx™) ER[x]| ap+a, + —— — +a, =0}
={(ap+ax+ ——— +a,x") € R[x] |f(1) = 0}
Optiom (b)
17. Consider the ring homomorphism ¢ : R[z] —» R defined by ¢(ay + ayz + -+ + a,z™)
Z[ I}"m,.. Then, the kernel ¢ is
]

(a) {f(z) €Rfz]: f(~1) =0} (b) {f(x) € Rla]: f(—1) = 1}.
() {[f(x) € R[x|: f(—1) 1}, (d) None ol these.

Solution : —
Here let us consider the given map as

n
¢ ( agt+ax+ —— + anx”) — Z(_l)kak
k=0
Therefore the kernal ¢
={(ap+ax+ ——— +a,x") €R[x]|p (ap +a;x+ —— — +a,x") =0}

= {10 = (@ +@x+ ——— +ax") €R| ) (~D¥a; =0}

k=0
—{FOIZ (ao+ma+ ——— +anc™) € Rlx] [f(=1) = 0}
Option (a)

18 Ring H {(: ih) cahe ?I} is

(a) is not isomorphic to Z[v/2).
(b) is isomorphic to Z[v/2].

(¢) is isomorphic to Q[v/2].
(d) None of these.

Solution : —('b)

Here,H = { (g Zab> :a,b €EZ } then it will be isomorphic to Z (\/7) where the

function can be defined as

f: (\Z/?)%Z(\/E) ,f(z zab)=a+b\/§ wherea,b € Z

19. Consider the maps ¢ : Ma(Z) —+ Z delined by ¢, (?’ :;)) = a and ¢ : B — & defined

by o, ((E :;)) a, where R {(ﬁ jj) rab,de Z}. Then

(a) ¢ is a ring homomorphism but, ¢ is not a ring homomorphism.
(b) Boih ¢y, ¢ are ring homomorphisms.
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~—

a b

. ) = a and ¢ : B — £ defined
i ¥

by ¢ ((3 I:)) a, where [ {(3 ::.) sa b d € E}. Then

(a) ¢ is a ring homomorphism but ¢ is not a ring homomorphism.

19. Consider the maps ¢ : Ma(Z) —+ Z delined by ¢,

(b) Both ¢y, ¢ are ring homomorphisms.
(¢) ey is a ring homomorphism but ¢, is not a ring homomorphism.
(d) Both ¢y, ¢ are not ring homomorphisms.

Solution : — ¢,: M, (Z) — Z defined as
¢1<a b)—a andq51( y)zx

w
Let us take, ( ) x y) € M, (Zy)
_I_

y a+x b+y a b Y
¢1(< d) ( W)) <c+z d+w>_a+x_¢1< d)+¢1(z W)
a b AN ax + bz bw+ay\
('bl((c d)x(z )>_¢1<cx+dz cy+dw>_ax+b2$ax
a b X 'y
¢¢1( d) ¢1(Z W)
So ¢4 is not a homomorphism.

a b

¢,: R = 7Z defined as WhereR={<0 J

¢2(a g)za and¢2(;c g)zx

Let us take, ( ) y)ER

(e D)+ z>) (G35 0)erem (e Dl )
¢2<<? 8)><(x )) ¢2<ax+bz Ccl;>=ax+bziax

):a,b,dEZ}

Z

+0:(¢ ) x 0677

So ¢, is not a homomorphism.
Option (d)

Z[i] .
(1+14)

I 1 L i 1 H n -1 f i 1 £ i -1 r el N 3
(a) is an infinite ring, (b)) a feld having 2 elements.
(¢) aring having 4 elements.  (d) a ring with proper zero-divisors.

Solution : — (b)

20. The question ring
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The norm of a + bi is defined to be (a + bi)(a — bi). It is also equal to | Z[i] /(@ + bi)|. This is part

of a larger theorv in Algebraic Number Theory. Let us see what happens in this specific example.

The elements of Z[i] /(1 + i) are the cosets of (1 + i} and they are respectively (1 + i) and
1+ (1 + ). Why is this? Take an element a + bi € Z[i]. By the division theorem, we can write

Therefore n = 2 and you can show that Z[i] /(1 + i) = Z/2Z.

Practical 4 Descriptive Question

1. Check wheiher [ollowing sets are ideals of the ring Z x Z under component wise addition

and multiplication.

(a) I = {{a,a):ac i} (b) 1= {(2a,2b) - a,be Z}.

(¢) I={(2a,0):a€Z}. (d) I={(a,—a):acZ}
Solution :-
Consider1={(a, a) :a € Z }then
Take,(a,a),(b,b)€ I,so
(a,a)-(b,b)=(a-b,a-b)el as(a-b)e Z
Again, (x,y) €EZ X Z we get
(x,y)X(a,a) = (xa,ya) ¢ I
lisnotanideal of Z X Z

ConsiderI={(2a, 2b) :a,b € Z }then
Take,(2a,2b),(2c,2d)€e I, as a,b,c,d € Z ,so
(2a,2b)-(2c,2d)=(2a-2c,2b-2d)€ | as(2a-2c),(2b-2d) € Z
Again, (x,y) €EZ X Z we get
(x,y)x(Za,Zb)z(Zxa,Zyb)E I

(2a,2b) X (x,y) =(2ax,2by)€ I

[is anideal of Z X Z

Letus consider={(2a,0):a€ Z} Then,
Take,(2a,0),(2b,0)€ ] so
(2a,0)-(2b,0)=(2a-2b ,0)€ |l as(a-b)EZ
Again, (x,y) €EZ X Z we get
(x,y)%x(2a,0)=(2xa,0)€l asxa€ Z
(2a,0)x(x,y)=(2ax,0) €l

So I isanidealof Z X Z .

TYBSC Sem 6 Page 9



Considerl={(a,-a) :a € Z }then
Take,(a,-a),(b,-b)€e I,so
(a,-a)-(b,-b)=(a-b,-(a-b)€l as(a-b)e Z
Again, (x,y) €EZ X Z we get
(x,y)x(a,—a)z(xa,—ya)e I
[isnotanideal of Z X Z

2. Check which of the following are ideals of the polynomial ring Z|x|.

(a) I={flz)=ap+mz+ -+ auz™ € Zlz] : 3|ag}.

(b) I ={f(z)=ag+ayx+---+ apz" € Z[zx] : 3|az}.

(e) 1 {f(z) =ap+ a1z + -+ anz™ € Zz] : f(0) = 0}

(d) I={f(z)=ap+axz+---+az" € Llzx|: Xm- 0}.

i=0)

Solution :-
(@)1={f(x)=ay + a;x + ————— — +a,x™ € Z[x]:3| ap }
Let, f(x)=ag +a1x + ————— — 4+ a,x™ and
g(x) = by + byx + byx* + ————— — + b,x™ where 3| a, , 3| b
Then, f(x) - g(x)
= (ag—bo)+(a;—by)x+(a;—by)x?+ ——— +(a, —by)x" €1

As, 3| ag ,3| by = 3 |(a0 — by)

Hence, f(x)-g(x) € I

Again, Letc € R we get

cfx)=c(ag+ayx+ ————— — +a,x")
=cay+cagx+ —————— — +ca,x" € I

Similarly we can show f(x) c€ [

As 3| ay then 3| caq ,3|lapec, forceR

Therefore, I is an ideal of Z[x] .

(b) I={f(x)=ay +a;x + ———— — +a,x™ € Z[x]:3| a, }
Let,f(x)=ag+ayx + ————— — + a,x™ and

g(X) = by + byx + byx? + ————— — + b, x™ where 3| a, , 3| b,

Then, f(x) - g(x)

= (ap—bo)+(ar—by)x+(az—by)x?+ — — +(ap—by)x" €1

As, 3|a; ,3|b; = 3|(az—by)

Hence, f(x)-g(x) € 1

Again, Letc € R we get

cfx)=c(ag+ayx+ ————-— — +a,x")
=cay+ca; x+cax? —————— — +ca,x"€ I

Similarly we can show f(x) c€ [

As 3| a, then 3|ca, , 3|a,c

Therefore, I is an ideal of Z[x] .
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c)I={f(x)=ayp+a;x+ ————— — +a,x" € Z[x]: f(0) =0}

={0+ax+ ————— — 4+ a,x"™ € Z[x] }
Let,f(x) =0+ a;x + ———— — +a,x",
gx)=0+bx+ ————— — + byx™

fx),gx) el
Then, f(x) - g(x)

:(0'0)+(a1—b1)x+(a2—bz)x2+ - - +(an_bn)xn €l
Hence, f(x)-g(x) € I
Again, Letc € R we get

cfx)=c(0+ayx+ ————— — +a,x")
=0+cay x + cax? —————— — +cax™ € I
f(x)c =0+a,cx +a,cx? —————— — +a,cx" € 1

Therefore, I is an ideal of Z[x] .

(d) 1={fx)=ag +a;x + ————— — +ax" € Z[x]: Yiia; =0}
Let, f(x) =ap + ayx + ————— — + a,x™ then

ag+a,+a,+ ——— +a, =0

g(x)=by+byx+ ————— — + b,x™ then

bo+by+by+ ————+b, =0

Hence, f(x),g(x) € I
Then, f(x) - g(x)

= (ag—bo)+(a;—by)x+(a;—by)x?+ — — +(a, —by)x" €1
As,ap+a;+a,+ ————+a, =0 ————— —(1)
b0+b1+b2+_____+bn:0 """""" (2)
By (1) - (2)
Then, (ag—by) + (a1—by) + (ay—by) + ———— + (a,—b,) =0
Again, Letc € R we get
cfx)=c(ag+ayx+ ————-— — +a,x")
= cay+ca; x +cax? —————— — +ca,x" € I
As,ap+a, +a,+ ———— +a, =0then
cag+ca; +ca, + ————— +ca, =0

Similarly we can show f(x)c€ I
Therefore, I is an ideal of Z[x].

3. (a) Let [T be a commutative ring and a € K be non-zero. Show that, annihilator of
i, ri.'FJI:.[ri.] {?' eER: ra ”} is an ideal of 7.

{|J]- Il A, B are ideals of a commutative ring R such that R A + B, show that
AnB = AL,

(¢) 1T A, B are ideals of a commutative ring [ such that AN B = (0) then show that
ab=0forac A, bc B.

Solution :-
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(a) Let R be a commutative ringand a € R be non zero .
Annihilator ann(a) ={re R |ra =0}

Letr,s € ann(a)

>ra=0,sa=0

=>ra—sa=20
=>(r—-s)a=0

=r—s € ann(a)

Let xX€ R and r € ann(a),ra =0

=>x(ra)=0

= (xr)a =0 = xr € ann(a)

As R is a commutative ring Similarly we can show that rx € ann(a)
Hence ann(a) is a ideal of R.

5-04-2021

(b) A and B are ideals of a commutative ring R such that R=A + B
To show that AN B = AB.

Solution: First, suppose that # € AB, Then r = ab,+aby+- - -+a, b, forsome a,. . ... i, €
Aand by, ..., b, € B. Note that, for any 1 € {1,2,..., n}, we have that a;b; € Asince a; € A,
b; € R, and Ais an ideal of R, Similarly, a;b; € B since b; € B, a; € R, and B is an ideal of
R. Hence, aiby + azb; + -« +a,b, € AN B, Thus, AB C AN B (note that this is always

L Tl

true - we did not use the assumption that A+ B = R here],

Now, suppose that y € AN B, Since 1 € B = A+ B, there exist a € A and b € B such
that 1 =a+ b Then y =y(l) =yla+b) = ya + yb = ay + yb. Since y € B, ay € AB. Since
ye A ybe AEB. Hence, y=ay+ybe€ AB. Thus, ANEB C AE. Hence, ANB = AB.

(c) Solution :- As A and B are ideals of a commutative Ring R with
ANnB = (0)
let , x E ANB=(0)= x=0
Now we know that in previous sum wegot, A N B = AB
So,ae A andb € B weget abe AB =A nB = (0)
Hence,ab=0.

4, Let 8= {a+ib:a,bec Z bis even }. Show that S is a subring of Z[i] but not an ideal of
Zli.

Solution:- S={a+ib :a,b€Z ,biseven}
To show that S is a subring of Z[i]
Let,a+ib ,c+id € Z[i] whereb and dis even.
So,(a+ib)-(c+id)=(a-c)+i(b-d)€S asbanddisevenso(b-d)is
also even.
Again,(a+ib)(c+id)=(ac-bd) +i(ad+bc) €S
sband disevenso ( ad + bc) is also even.
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Then, S is a subring of Z[i].

5. Show that [f {(“: j:l') :a, b, e, d are even integers } is an ideal of My(Z).

Solution :-

Here, M,( Z) ={<? Z

IZ{(CCI Z) : a,b,c,daredivisiblebyZ}

2x Zy) 2l 2m
Let’(ZZ 2w ’<2n 2p €l

2x 2y\ (2l 2m\ _ (2x—20 2y—2m
Then,(zz 2W> <2n 2p>_<22—2n 2w — 2p €l
As,(2x-21),(2y-2m),(2z-2n),(2w- 2p) are also even

Nowtake(ccl Z) € M,(Z) for,a,b,c,d €Z

2x 2y> (a b) _ <2xa + 2yc  2xb + 2yd>
And, (22 2w c d)  \2za+2wc 2zb+2wd €l
(a b) (2x Zy) . <2ax + 2cy 2bx + Zdy) 1

c d) \2z 2w/  \2az+2cw 2bz+ 2dw
Hence I is an ideal of M,( Z) .

6. Show that [ Va tac Ry ois an ideal of the ring f a 0 ca,bde R ;.
0 0 d

Solution :-
Here,I={<0 a) ta € ]R} and

):a,b,c,dEZ} and

0 0

IZ{(S Z):a,b,c,dER}
0 a 0O b
LEt’<o 0)’(0 O)EI

0 a 0O bY_ (0 a-—»b
The“’(o 0) (o o)‘(o 0 )EI
As,a—b €ER

a; by
Now take ( 0 d

a; by (O a)_(O a1a>
And,(0 d1> 0o o/=\o o €l asa;a€eR

0 a\f(far by _(0 aa1>
(0 0><0 d1>_ 0 0 €l asaa; ER

Hence I is an ideal of I..

> €l for a;,b;,c1 ER
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| _ .
7. Show that 1 {(:i {;) ca, b, o, d are divisible by .";} is an ideal of My(Z).

Solution :-

Here , M,( Z) ={<CCL Z

IZ{(CCL Z) : a,b,c,daredivisiblebyS}

5x Sy) 5/ 5m
Let, (SZ 5w ’<5n 5p €l
5x 5y>_ 50 5m\ _ (5x—5l 5y—5m
Then, (52 5w <5n 50 ) \5z—5n 5w-—5p €l
As, (5x-5I),(5y-5m),(5z-5n), (5w - 5p) is divisible by 5

Nowtake(ccl Z) € M,(Z) for,a,b,c,d €Z

S5x 5y>(a b)_(Sxa+5yc 5xb+5yd>
And’<5z sw) \c a) = \5za+5wc 526+ 5wd) €

(a b)(Sx Sy)_ (5ax+56y 5bx+5dy)€l
c d/\5z 5w/ \5az+5cw 5bz+ 5dw

):a,b,c,dEZ} and

Hence I is an ideal of M, ( Z) .
8 Isf ={4a+ bi:a,bec &} an ideal ol Zjz|? Justily.

Solution :-

| ={4a+ib :a,beZ}

To show that I is a subring of Z[i]

Let,4a+ib ,4c+id € Z[i] where a,b,c,d€Z
So,(4a+ib)-(4c+id)=(4a-4c)+i(b-d) =4(a-c)+i(b-d)el
(a-c), (b-d)e Z

Let, (x+1iy) € Z[i]

Again, (4a +ib )(x +iy) =(4ax - by) +i(4ay + bx) &€ I here
Similarly we can show that (x + iy)(4a +ib )& [

Then, I is a not an ideal of Z[i] .

9. Let [ be an ideal of ring R. Show that, I™ {Xu“ﬁ{z---u\fm cai; € Rone N} is an
i=1

ideal of R.

Solution :- [ = {Z’{‘zl Aj1-Aj2 o ve e e Ay ER 1M E N}

Letus take , X7y Gi1. G o vee woeove e Qim s 2rtq Dig-Dig ove vovovs v by € 1™

Then ) Z?=1 Ai1-Ajp cee v eve e e Ay — 2?:1 bil' biZ bi‘m

= (a11a12a13 == =) + (A21A22023 ——— —dyp) + —————— +(an1an2an3 —
— anm) — (b11b12b13 = —b1y) — (b21b22a23 —— —bayy) — ——— — —

- (bnlbnzan3 _ _bnm ) e
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Again,letce R

SO, CX Y @ige Ajg v eve ver ee v Ay

=c|(ay1a12013 —— —Ay) + (Ax1022023 ——— —Appy) + ——————
+ (anlanzanB - _anm) ]

= (€.a11012Q13 == —Q1m) + (€. A21Q22023 ——— —Apm) + ——————
+ (C- An1Qn2Qn3 — _anm) e

Similarly , Y12 @i1- Qi e v e vee e Qi X C € T™

Hence, I™ is an ideal of R.

10. Find the characteristic of Z[i]/ < 2 + 1 >.

Solution :- ¢ : Z[i] — Zs is defined as

¢ (a+ib)=(a —2b )(mod5)

(i) To show that ¢ is well define

Suppose,a+ib=c+id

= a=c andb =d

>a—2b=c—2d

= ¢(a+ib) =¢(c+id)

¢ is well define .

(ii) To show that ¢ is onto .
¢ (0+i0)= 0 —2%x0=0(mod5)
¢(1+i0)=1—-2%x0=1(mod5)
¢ (2+i0)= 2 —2%x0=2(mod5)
¢ (3+i0)= 3 —2%x0=3(mod5)
¢ (4+i0)= 4 —2%x0=4(mod5)

Therefore, every element of Z: has a pre-image in Z[i].

Therefore, ¢ is onto.

(ii) To show that ¢ is ring homomorphism.

¢ ((a+ib) + (c +id))
=¢((a+c)+i(b+d))

= (a+c)—2(b+d)

= (a—2b) + (c—2d)
=¢ ((a+ib)) + ¢((c +id))

¢>((a+ib)><(c+id)) = ¢ [ (ac — bd) + i(ad + bc)]
= (a—2d)(c—2d)

= (a—2b) X (c—2d)
= ¢ ((a+ib)) X p((c + id))

Hence , ¢ is aring homomorphism.

TYBSC Sem 6 Page 15



Kergp = {a+ib |¢p (a+ib)= 0 }
{a+ib |(a—2b)= 0(mod5) }
={a+ib |a —2b= 5k, ke€eZ }
= {(5k+2b) +ib |bER ,kEZ}
= {b(2+i)+(2+i)(2-)k |bER,KEZ }
={(2+i)(b+(2-i)k)|bER,KkEZ }
=<2+i>
¢:Z[i]— Zsisaring onto homomorphism with
ker p =<2+1i>
Therefore by first isomorphism theorem
Z[i]/<2+i> =Zs.
AsZec. is afielsZ[i] /<2 +i >isalso afield and charZs = 5.
Hence,char (Z[i] /<2+i>)=5

1. Let B be a ring with prime characteristic p and f : B — R is defined by f(a) = a” lor
a € I, Show that [ is a ring homomorphism (called the Frobenius homomorphism). s it
an isomorphism?

Solution :- R is a ring with prime characteristic p .
f + R - R defined by f(a) =aP for a€ R.

( Called the Frobenius Homomorphism )
f(a+b)=(a+ b)P

p -1 p 252 p ) -1
p p p —_— p p
a +(1)a b+(2)a b~ + +(p 10Lb +b

As the charR=p we get

f(a+b)=a?+0+0 + ————— — +0+ b? = f(a) + f(b)
Again , f(ab) = (ab)P

As pis prime , f(ab) = (ab)P= aP.bP = f(a).f(b)

Therefore, fis a ring homomorphism.

Let,a=Db
= aP = bP
= f(a) = f(b)

Hence, f is well defined.

Conversely, let us suppose f(a) = f(b)
= aP = bP

Ha=>b

Therefore, fisnot 1 - 1

Therefore, fis not isomorphic .
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12. Show that the following are isomorphic:

(a) H {G: ih) ca,b € E} and Z[/2].

i {
(b) M {( uh ‘:) ca b e 31} and C.

Solution :- (a) Let us define a function f: (a 2b) — 72 as

b a
a 2b\ _
f(b a)—a+b\/§
(i) To show that fis 1-1.

er (3 5)=r(a %)
=>a +bV2 =c+dV2

Comparing both side we get,a=c andb=d

Soweget,(a Zb): (c Zd)
b a d c

Hence, fis 1-1.
(ii) To show that f is onto.
Letustake,y = a + b2 €Z (\/f )then there exists x = (Z Zab> such that

f(x)=f(g Zab)=a+b\/§=y

Hence , for everyy =a + b v/2 here exists x = (a 2b

b4 ) such that f(x) =y

So, fis onto.
(iii) To show that fis ring homomorphism.

P62+ (5 %) =r (s 2r2)
=(a+c)+(b+d)V2
=(@+bV2) + (b+dV2)

(G ) %)

(G %)@ %) -r (G Sat)
= (ac + 2bd) + (ad + bc)V2

= (a+b\/§)(c+d\/§)

=5 TG %)

Therefore by (i), (ii), (iii) we get f is a ring homomorphism.
(b) Similarly in this case take the function as
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f: (a b)—)(C as , f(a Z>= a + ib and show that it is one-one, onto

—b a
and ring homomorphism.

—b

13. Let R be a ring and @ € R be a unit. Show that the map from R into itsell given by

oy ara s a ring antomorphism.

Solution :- Here Rbe aring and a € R be a unit.
f:R > R definedas f(x) = axa™?
To show that fis a ring automorphism .
(1) Letusshow fis1-1.
Take f(x) =f(y),where x ,y€ R

= axa ! =aya™?!
Operating both side by a~! and a we get
a Y(axa™l)a = a(aya1)a
(ala)x(a"ta) = (ata)y (a ta)

exe=eye

X=Yy

Therefore f is one one.
(2) To show that fis onto.
Let us take y = axa~?! then there exists x = a”lya such that
f(x)=f(alya) =a(a tya)a™?
= (aa™1)y(aa™?)
= eye
f(x) =y
Therefore f is onto.
(3) To show that fis a ring homomorphism
f(x+y)
=a(x +y)a~
= axa™ !+ aya”
=f)+ 1)
f(x.y)= a(x.y)a‘
= (axa™!)(aya™1)
=f(0.f(»)
Therefore by (1), (2), (3) we get fis a ring automorphism.

1
1

1 1

= ax (a"ta)ya~

14, Suppose [ and J are ideals of ring R so that R =T+ J. Let ¢ : R — B/T x R/J be given
by ¢(r) = (r + I,r + .J), then show that ¢ is a ring homomorphism with ker ¢ = I N .J.
Henee or otherwise show that the rings &, = £, x &, when (n,m) = 1.

Solution:-Here ¢ (r) =(r+1 ,r+])
Then, p(r +1)=(ri+r+1,1+15+))
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:((r1+1)+(T2+1),(T1 +])+(T‘2 +]))
=(r+1,mn+))+(r+1.,1+])

=¢(n)+¢(r)
Again,¢(r1r2)
= (r1r2 + 1,11, +])

= ((7’1 +1)(r +1), (s +J)(r +]))

=(r1+1 ,r1+])(r2+1 , 1o +])
=¢(7‘1)X¢(7’2)

Therefore ,¢ is a ring homomorphism .

Kergb:{reR then ¢ (r) = (r+1,r+]) =(O+I,O+])}
={re€Rthenr+I1=0+1andr+]J=0+]}

={r€R thenr€l andr €]}

=I1nJ

7 T o T 7, 7 i i
Loy X gy 2 Ty == Ly X Iy, is cyclic,

Let (a, b) be a generator of Z,,, x Zy,. Then order((a, b)) = mn.
Let 0, = order(a) and o, = order(b).

O0g|mAoy|n

= 04,0, | lem(m,n)

= lem(m, n) is a common multiple of o, and o,
= lem(o,, 05) < lem(m,n)

order((a, b)) = lem(o,, 05) < lem(m,n) = %
ged(m, n

Therefore, ged(m,n) = 1.

15, Let ¢ : & — R be given by é(n) —n 1. Show that ¢ is a ring homomorphism and Im ¢ is
isomorphic to Z or & for k€ N,

Solution :- Here ¢ : Z — R be givenby ¢ (n) = nly
To show ¢ is a ring homomorphism.

Let,p(m +n)

=(m+n)ly

=mlp +nlpg

=¢(m) + ¢(n)

Again, ¢ (mn)

=mn 1

= (m1g)(nlg)

= p(m)ep(n)

Therefore, ¢ is aring homomorphism.
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Im¢p ={¢p(n): n€eZ}={nlz:nez}

Now we can define a function f : Im ¢ = Z as

f(nlg) =n

This function is one one, onto and ring homomorphism.
Hence,Im ¢ =Z

" = il il
6. Consider the maps ¢y :TE[.::] ry M3(R) defined by ¢lag+ayx+ - -+ azz™) ([;J ]) and
I".i[]

g 1y
¢ R[x] —» Ma(R) defined by ¢(ag + arz + -« - + apz™) 0 ay a; |. Show that ¢y, d
(H ] rr-,,)
are ring homomorphisms and hind their kernels.

Solution :- Consider,
Ap
¢(a0+a1x+___+anxn):<0 ao)
Then,
¢((a0+alx+ —— = +anx")+(b0+b1x+ _— +bnx"))
= ¢ ((ao+bo) + (@ +by)x+ (ay+b)x? + === + (an+by)x")

_f(ag+by a;+bg
- 0 a0+b0

— g aq bo bl

= (0 ap)* <0 b0>

=¢((a0+a1x+ —— — +anx”))+q{)((b0+b1x+ . +bnx"))
Again

¢((a0+a1x+ - = +anx") X (b0+b1x+ —_ +bnxn))

— ¢( aobo + (a1b0 + aobl)x 4+ ——— = 4+ anbann)

_ agby aqby + agby
0 aobo

— (aO al) x by by
—\0 q 0 by
= ¢(ap+ax+ ——— +ax™) x ¢ (by+bix+ —— — +byx")

Kerp ={ag+ a;x + — — + a,x™ € R[x] such that

¢(a0+a1x+———+anx”)=<8 8)}
Kerp ={ag+a;x + — — + a,x™ € R[x] such that
(ao a1>= (O O>}
0 a 0 0
Kerp ={ag+a;x+ — — + a,x™ € R[x] suchthatay, =a, =0 }
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Kergp ={0+ 0+ a,x> ——— +a,x"}

Ker ¢ = {a,x? —— — + a,x™ where a,,a; —— —,a, € R}
Similarly we can prove that
¢ (ap+a;x+ ——— + a,x")

ap a1 a;

=10 ag ay]isalsoaring homomorphism.
0 0 aqag

7. Show that following pairs of rings are not isomorphic.

(a) the rings Z[v/2] and Z[V5]
(b) the rings Z[v/—2| and Z[/~5
(¢) &y x Zg and Zyy.

(d) R and C.

Solution :- (a)
Z ( V2 ) and 7 ( V5 ) are not isomorphic.

Z(\/E)={a+\/§b,a,b€Z} and
Z(\/g)={a+\/§b,a,bEZ}
SupposeZ(\/f) and Z(\/g) are isomorphic then

f(1)=1
Thenforxe Z,x=(14+14+1 —— — 4+ 1)x times
f(x) = (1) + (1) + (1) + ---------------- + f(1) x times
=1+14+14----ommmmme- +1
=X VXx€ Z

Since, fis a bijection ,f (v2) =+/5

Now,2= f(2) =f(~2.V2)=f(V2)f(V2)
2=+/5%x+5 =5

Which is not possible

Therefore , Z ( V2 ) and Z. ( \/5) are not isomorphic.

(b) Similarly we can prove that Z ( \/_—_2_) and Z ( V=5 ) are not isomorphic.
(c) Z4 X Z¢ is not isomorphicto Z,, as (4,6) # 1

(d)
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Example. The ring R is not isomorphic to C. Indeed, assume [ : C —
R is an isomorphism. Remind that the element 7 in C satisfies i = —1.
Applying f to both parts of the equality and taking into consideration
the fact that f(—1) = —f(1) = —1 we get

~1=f(-1) = f(i*) = [(i) - [ (i)-
Thus f(i) is a real number whose square is —1. But we know that there
are no real numbers with this property.

8. Let 2 be acommutative ring and [ be its ideal. Show that (i) J, ~ {z € R:za~ 0Yac I}
(i) Jy ={xec R:z" ¢ I, [or some n € N} are ideals ol 1.

Solution :- (i) Consider, J; ={x € R:xa=0Va€ I}

Let,x,y€J; then xa=0= ya foralla€ [

As,xa=0=ya

Then (x-y)a=0

= (x—y)ehn

Again, as R is a commutative ring then takex € /; andr € R then

(rx)a=r(xa)=rx0=0 as, xa=0

So,rx€e J;.

Similarly we can prove xr € J; .as R is a commutative ring

So, J; is an ideal of R.

(ii) Consider,J, ={x € R:x" €1 for somen € N}

Let,x,y € J,thenx™,y" €1l

Since lis an ideal of Rthen x™ ,y" € [ = x" —y" €]

And (x — y)n € I aslisanideal of R

Then,x-y €/,

Again for, r€ R and x € J, we get

(rx)" =r"x™ €l aslisanideal of a commutative ring R .

So,rxandxr € J,

Therefore, J, is an ideal of R .

19. Find all the ideals of Z/12Z using the correspondence theorem.

Solution :- Theorem 16 :-Correspondence theorem statement :-

16. Let f: R — S be an onto ring homomorphism and K = ker f. Prove that there is one-one
onto correspondence between ideals of R containing K and ideals of S.

The ideals of Z /127 are of the form nZ/12Z, where n € MNis such thatn | 12.

Divisorsof 12 arel1,2,3,4,6
Possible ideals :-Z / 12 Z, 27/ 127,37 [ 12 Z , AZ /127, 6Z /127

20. Show that Z[i]/(2 + 1) is linite field, where (2 4 2) = {(2+ &)(m + in) : m + in € Z[i]}.

Solution :-
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¢ : Z[i] - Zs is defined as

¢ (a+ib)=a —2b (mod)5)
(i) To show that ¢ is well define
Suppose,a+ib=c+id

= a=c andb =d
>a—2b=c—2d

= ¢(a+ib) =¢p(c+id)

¢ is well define .
(ii) To show that ¢ is onto .
¢ (0+i0)= 0 —-2%x0=0(mod)5)
¢(1+i0)=1—-2%x0=1(mod5)
p(2+i0)= 2 —2x0=2(mod?5)
¢ (3+i0)= 3 —2x0=3(modb5)
¢ (4+i0)= 4 —2x0=4(mod5)
Therefore, every element of Zc has a pre-image in Z[i].
Therefore, ¢ is onto.
(ii) To show that ¢ is ring homomorphism.

¢ ((a+ib) + (c+id))
=¢((a+c)+i(b+d))

= (a+c)—2(b+d)

= (a—2b) + (c—2d)
=¢ ((a+ib)) + d((c +id))

¢((a+ib)><(c+id)) =¢ [ (ac — bd) + i(ad + bc)]
= (a—2d)(c—2d)

= (a—2b) X (c—2d)
= ¢ ((a+ib)) x ¢p((c + id))

Hence , ¢ is aring homomorphism.

Kergp = {a+ib |¢p (a+ib)= 0 }

{a+ib |(a—2b)= 0(mod5) }
={a+ib |[a —2b= 5k,k€Z }
= {(5k+2b) +ib |bER ,kEZ}
={b(2+i)+(2+i)(2-)k | PER,KEZ }
={(2+i)(b+(2-i)k)|bER,KEZ }
=<2+i>

¢:Z[i]— Zsisaring onto homomorphism with

ker g =<2+i>

Therefore by first isomorphism theorem

Z[i]/<2+i> = Ze..
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AsZc is afielsZ[i] /<2 +i >isalso a finite field as Zs has finite number of
elements.

21. Show that following rings of order 4 are non-isomorphic

(a) Zy (b) Z.x 2, {v}{(

a b

0 ”) s, b ?Z;;_} (d) Zglz)/(2* + 2+ 1)

Solution :- Z, is not isomorphictoZ, X Z, as (4,2) #1

meses-{ (5 Danen}-((0 9.0 .0 ). D)

But G is akliens 4 group so G is non isomorphic to Z, as Z, is a cyclic group.

22. Show that |Z[i]/(2)| = n* + m* where z = n+ mi € Zli].

Solution :- Here, Z[i]/ (z) = { (a+ib)+(2) ,a + ib € Z[i] }
In(z)weget n+mi =0=>n=—mi in Z[i]/ (2)
= n? = —m?

> n2+m?2 =0=<n+mi>=(z) thenn? + m? € (2)
Z[il/ (z) = { (a+ib)+(z) ,a+ib € Z[i] }
={c+(z) | c€ Z}sincen?+m? € (2)
The distinct elements of Z[i]/ (z) ={c+ (2) |0 < ¢ < n? + m?}
So number of elements of |Z[i]/ (z)| =n? + m?

23. Show that aR is an ideal of R il and only il ar = ra for all r € R.

Solution :- LetaR={ar:r€ R} =(a)

Let aR be an ideal of R then

To show thatar =raforallr € R

Let,ar; € aR

But aR is an ideal of R then for any r € R we get

r.ar; ,ary.r € aRr

As,r.ar; € aR = (a) there exists r, € R such that

r.ar, = an,

So,(ra)=ary,r;t =ar

Conversely if ar =ra then for any x € R we get xar ,arx € aR
Hence, aR is an ideal of R.

r 0
00
and ¢(1) is the multiplicative identity of Im ¢ but not of Ma.(R).

24. Let ¢ : R — Myyo(R) be given by ¢(r) . Show that ¢ is a ring homomorphism

Solution :- Consider, ¢ () = (r 0)

eng (0= (57 9)=(3 D43 =000
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s rxr=(3* 9)=(5 9 9 = ooy
Therefore , ¢is a ring homomorphism.

=g o)

Imp={¢(r) wherere R} = {(6 8) , T ER }

Hence, ¢ (1) is the multiplicative identity of Im ¢ where as the multiplicative

identity of Ml,»,(R) is (é (1))

2h. Give example of a simple ring which is not a field.

Let’s recall that a simple ring is a non-zero ring that has no two-sided
ideal besides the zero ideal and itself. A division ring is a simple ring.
|s the converse true? The answer is negative and we provide here a
counterexample of a simple ring which is not a division ring.

We prove that for n > 1 the matrix ring M, (F') of n x n matrices

over a field F'is simple. M, (F") is obviously not a division ring as
the matrix with 1 at position (1, 1) and 0 elsewhere is not invertible.
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