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1. Let Hy = {I,(12)} and H, = {I,(123),(132)}. Then
(a) H,,H, are normal subgroups of 5.

(b) H; i1s a normal subgroup of S3 but H; is not a normal subgroup of 5.
(e} Hy, H, are not normal subgroups of S,

\4t7H; is a normal subgroup of S but H, is not a normal subgroup of S.
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2. Llet HH={c €S, :0(n)=n},Hy,={c €8S, :0(k)=k, forsomek, 1 <k <n}. Then

(a) Hy, Hs are normal subgroups of 5.
b+, is a normal subgroup of 5, but H, is not a normal subgroup of S,,.

(c) Hy, Hy are not normal subgroups of S,

(d) Hai is a normal subgroup of S, but H; is not a normal subgroup of S,;.
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3. Let G =

Z__{o+7_,\+7

|. Let H be a normal subgroup of G. Let |[aH| =3 in —" and o H) = 10. then order of a is
(a) 1 T30
(c) oneof 3,6, 15 or 30 (d) none of these.

ol =3 in &, O(W) =

H
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5. Let (7 be a group of order 5. If ® : £y, —+  is a group homomorphism, then ker ® has
order
(b) 30or 6  (c) 30or5 (d) 1
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8. Let H be a subgroup of order 29 of a group & Il K is a subgroup of H, then
(a) K is abelian and normal subgroup of &
{b) K is normal subgroup of H.
() K is cyclic bul may not be a normal subgroup of H .

(d) H is normal subgroup of G and K is normal subgroup G.

Solution :-

Option (b)

H be a subgroup of order 29 of a group G . But 29 is a prime number . So
iIf K be a subgroup of H then either O(K) =1 or O(K) =29 as by
Lagrange's theorem we know O(K) / O(H)

Hence K is a trivial subgroup of H . All trivial subgroups of H are normal
subgroup in H.

Therefore , K is normal in H.

9. Let G~ GLy(R), K {(;’} :;) ca.b,d ¢ HJHI’/”}.” {(‘l: T) b rra}. Then

(a) H is a normal subgroup of K and K is a normal subgroup of (3.

(b) H is a normal subgroup of K but K is nol a normal subgroup of .

{c) H is a not normal subgroup of K but K is a normal subgroup of G.
(d) None of these.

Solution :- Option (b)
Here, G = GL,(R)

_ffa b\ (/1 b
K-{(O d).a,b,deR,ad;tO}and H-{<0 1)beR}

Let us calculate, gh g 1 forh€ H andg € G

_(1 b1) _ (a2 b2\,
Take,h—(0 { ,ble]Randg—(O d2>.a2,b2,dze]R

-1 _ 1 d, —b;
Thenlg _a2d2 <0 a2 )

1 _ [(az by\ (1 bl)_l_ d, —b,
Here’ghg - <O dz) (0 1 ad, O Cl2

. _1_ a, azbl + bz dz _b2

— aZdZ 0 d2 O az

__1 (a,d, —azb, +a3b; + bya,
a,d,\ O a,d,
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1 abq
= d, € H,as
0 1
Hence,gh g ' € H.
= H is a normal subgroup of K.
G = GL,(R) =2 x 2 invertible matrices forms group under
multiplication.

To show that K is a normal subgroup of G.
g thgeK ,forheK andgeqG.

Let,h:(g Z) Ja,b,d €R,ad # 0
Let,g € GLZ(]R)suchthatg:(JZC %)EGLZ(]R),Wherex,y,z,we
R.

_ X a b 1 X
ong = (5 )G d);:y—z G w)
:(xa xb+yd); (x y)

za zb+wd/xw-yz \Z w

1 (xza + xzb + zyd xya + xwb + Wyd) ¢

xza + z?b + wzd yzb + w?d + zwb
Therefore , K does not satisfy the condition of normal subgroup .
= K is not a normal subgroup.

XwW—yz

10. Let H be a normal subgroup of a finite group G. Il |H| = 2 and  has an element, of order
3 then

(a) G has a cyclic subgroup of order 6.

(b) & has a non-abelian subgroup of order 6.

(¢) G has subgroup of order 4.

(d) None of these.
Solution :- Option (c)
H be a normal subgroup of a finite group G . Here | H| = 2. and G has an
element of order 3.
Now let us consider the example :
G=S,={1,(12),(13),(23),(123),(132)}0(G) =6
Here K H={1,(12)}
Sowe get Hisnormal in Gand O(1 2 3) = 3.
But S5 is non abelian, non cyclic group.
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1. Let & be a group of order 30. 1T Z(G) has order 5, then

(a) 7(G) is cyclic.  (b) Z(0) is abelian but not cyclic.
G
() 70 is non-abelian.  (d) None ol these.

Solution :- Option ( ¢)
G be a group of order 30 . If Z(G) has order 5 and we know

o) —odD 0 _,
zZ6)) o0(z@G) 5

We know that all groups of order 6 are isomorphic to S, or Z/6Z.
well known result: If G/ Z(G) is eyelie, then G is abelian.

If G/Z(G) = Z/6Z then G is abelian which is contradietion to | Z(G)| = 5 . Therefore
G/Z(G) = 8,

12, Let ¢ = Gla(R), H = {A € G : detA € Q}, then
(a) M is a normal subgroup of G, (b) H is not a subgroup of G.
(c) H is a subgroup which is not normal in . (d) H C Z((@).

Solution :- Option (a)

G=GL,(R)andH={A€G :detA€Q}

Here,LetM € ¢ and A € H such that det A=awherea€ Q
Consider , M~1AM thenn det(M~1AM) = det(M~1) det(4) det(M)
= det(M~1)det(M).det A

= det (M~1M) det(4)

=detl.detA

= det A

Therefore, M~*AM € H = H is a normal subgroup of G.

13. Let & = GLz(R), H {A € G :detA = 2m3", for some m,n € L}, then
(a) H is a normal subgroup of . (b) H is not a subgroup of G,
(¢) H is a subgroup which is not normal in . (d) H C Z(G).
Solution :-
Option (a)
G=GL,(R)andH={A € G :detA=2M3", for somem,n€Z}
Here,LetM € ¢ and A € H such that det A =2".3",
where forsomem,n € Z
Consider , M~1AM thenn det(M~1AM) = det(M~1) det(4) det(M)
= det(M~1)det(M).det A
= det (M~1M) det(4)
=detl.det A
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=det A =2™.3", where for somem,n € Z
Therefore, M~1AM € H = H is a normal subgroup of G.

14. Let G = U(16), H = {1,15}, K = {1,9}, then
(a) H, K arc isomorphic groups and i—;% are isomorphic groups.
(b) H, K are nol isomorphic groups bul %j—\ are isomorphic groups.
(¢) H is not isomorphic to K.
| G G . hic grotbs
() T not isomorphic groups.
Solution :-
Option (a)
G=U(6),H={1,15},K={1,9),
Here H and K are cyclic group of order 2 . So they are isomorphic with
each other .

G
Hence , —
H

G . .
= — are isomorphic groups .

15, Let H {C i‘r) ca,b,c,d€ EE} .G = My(Z), under addition of 2 x 2 matrices. The
quotient, group H has
(a) 4 clements  (b) 16 clements  (c) 12 elements  (d) 8 elements

Solution :- Option (a)

a b):a,b,c, de zz},a = M,(Z),

Here ,H = { (C J
under addition 2 X 2 matrices

O(G)/O(H) =4

16, Let & = Dy {e,a,a a® b ab,a’h,a’b},a' = ¢ = b* aba = b, H {e,b,a’h,a®}, K

{t',h}
(a) K is normal in / and H is normal in &&. (b} K is not normal in H.
(¢) K is normal in . (d) H is nol normal in (7,

Solution :- Option (a)
G:D4={e,a,az,a3,b,ab,a2b,a3b}Herea4=e=b2andaba:b
Now,H={e,b,a?,a’b} ,K={e,b}Take,be H andb€e K
Thenb™'=bash?=e ,S0,b.b.b™ ' =b.e= beEK
Take,a?b € H andb € K Then, (a?b)™! = a?b

as, (a®b).(a?.b) = a(aba)ab = (ab)(ab) = (aba)p =b.b =b? =e
a’b.b. (azb)_1 = a’b.b.a’b = a®.b%*.a®>.b = a”*.e.a®.b = a*.b
=e.b=b€EK

Take,a’? € H andb € K
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-1
Nowas, a* =e=a%a?=¢ = (a?) = a?

a’. b. (az)_1 = a’ba? = a(aba)a =aba=b €K asaba = b
Therefore we get K is a normal subgroup of G.
H={e,b,a?b,a?}

And G ={e,a,a?a® b,ab,a’b,a®b }

Here,axa®=e = (a®) =aanda~! = a3
a*=e=>a%.a*=e > (az)_l = q?

b.b = ethenb ™ =b

ab.ab = (aba).b = b.b =b?> =e = (ab)™! = ab
(a?b).(a?.b) = a (aba)ab = (ab)(ab) = (aba)o =b.b =b? =e
Then, (a?bh)™! = a?b

Similarly , (a®h)™! = a3b

(i) Take ,beH,a€ G ,(a)"t =ad

So,aba! = aba® = (aba)a®? = ba’? = a’b € H,
(ii)takeb € H and a®b € G and (a3b)~! = a3b

S0, (a®b) b (a3b)”" = a3b.b.a%h = a3.b2.a3b
=al.b=a*.a%.b =e.a’b =a*b €H,

Take ,a’b € Hand ab € G

(ab)™! = ab

Then, ab(a?b)(ab)™! = ab(a?b)ab = (aba)(ab)ab

= b(aba)b = b.b.b=b € H,

Similarly we can show that for all other elements of Gand H .
Therefore H is normal in G .

To show that K is not normal in G .

K={e, b},G:{e,a,az,a3,b,ab,a2b,a3b}

Take b € K and a3bh € G where (a3b)™! = a3b

Hence , (a3b)b (a®h)”" = a3b.b.a®b = a3.b2.a3b
=ad.eal.b=a*a’.b=e.a’.b=a’b ¢ K

Therefore K isnot normal in G .
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7. The guotient, group | =, + ) is

(a) an infinite group in which only identity is of linite order.
(b) is an infinite cyclic group of finite index.

(¢) an infinite group in which every element is of finite order.
(d) None of these.
Solution :- Option ( c)
Example of an Infinite Group Whose Elements Have Finite Orders

Choose some a & (/7. By definition of the quotient group, there is a rational number r for which
a=r+14

Now by the definition of {}, there are integers @ and b # 0 (we take b > 0) without any loss of
generality) for which

i1 1
& L a=247z
b a=3 "

T =
Therefore,
a a
bn:b(g +E)=bE+Z=a+Z

But since @ is an integer, a + # = Z is the identity in (J/Z, so a has finite order (in fact, the order
is at most b) as desired.

18. Let G be a non-Abelian group of order pg, where p and g are distinet primes then
(a) o(Z(G)) =p (b) o(Z(G)) =q
(¢) Z(G) ={e} (d) None of these.
Solution :- Option (c)
O(G) =pg , which is non abelian where p and g are distinct prime.
Then,Z(G)={e}

19. If H is any non-trivial sugroup of a cyclic G then G/H
(a) is infinite if G is infinite.
(b) is finite
(¢) is not eyelic

(d) None of these.

Solution :- Option (a)
As H is any non-trivial subgroup of a cyclic G then G/ H is infinite if G is
infinite .
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20. If G be an Abelian group then H = {(g,9) : g € G} is
(a) normal in G x G.
(b} is not normal in & x G.
(¢) is not a subgroup of G x G

(d) None of these.

Solution :- Option (a)
G be an abelian group then H={ (g, g): g€ G } isanormal subgroup in
GXG.

21. The index of centre of a finite non-Abelian group
(a) is o(G).
(b) is a prime
(¢) can not be a prime
(d) None of these.

Solution :-

Option (b)

By the statement of the theorem we know :

The index of Centre of a finite non-abelian group is a prime number.

22, 1T N is a normal subgroup of ¢ and all the elements of G/N and N have finite order, then
(a) every element of & has finite order.
(b) every element of (¢ has infinite order.
(¢} & can have elements of infinite order.
(d) None of these.
Solution :- Option (a)
If every element of G/H has finite order and every element of H has finite
order, then every element of G has finite order

Let g € G. Consider the coset gH. Since every element in G/ H has finite order, there exists n € I
such that g"H = (gH)" = eH = H,i.e. g" € H .Now we use the fact that every element in i
has finite order, so there exists m € [N such that (g")™ = e, i.e. g™ = e. Thus g has finite order.

23. Il H is a subgroup of S, having order n!/2, then which of the following is not true
(a) H is normal in S,
(b) o* € H for every o € S,.
(¢) H contains all 3-cycles.
(d) H # A,,.
Solution :- Option (a)
We know the subgroup with order n!/ 2 is the Alternating group 4,, of
S,.Hence ,H = A,, And we know
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The alternating group is a normal subgroup of the symmetric group
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